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Chapter 5. LANCHESTER ATTRITION-RATE COEFFICIENTS 

5.1. General Con~ ide ra t ions .  

For applying any kind of LANCHESTER-type combat model t o  s tudy a 

p a r t i c u l a r  hypothesized c d a t  engagement i n  a defense-planning s tudy,  o 

must be a b l e  t o  p red ic t  t h e  r a t e s  a t  which weapon systems would I n f l i c t  

s u s t a l n  ca sua l t i e s .  In o the r  words, one m e t  be a b l e  t o  compute a r e l i a  

numerical value f o r  t he  l o s s  r a t e  of each and every weapon-eystem type o 

the  b a t t l e f i e l d .  This c a p a b i l i t y  is e s s e n t i a l  f o r  u t i l i z i n g  UCHESTER-

type models of warfare i n  combat analyses .  Thus, i n  t h i s  chapter  we w i l  

consider  methods f o r  predicting UCXESTER a t t r i t i o n  r a t e s  and, i n  par- 

ticular, the  c o e f f i c i e n t s  t h a t  por t ray  these  r a t e s .  

Two approachee that have been developed and used t o  p red ic t  l o s s  

r a t e s  f o r  LANCHESTEt-type combat models a r e  based on using 

(Al) an a n a l y t i c a l  submodel of t he  a t t r i t i o n  process f o r  t he  

1p a r t i c u l a r  t a r g e t  type , 

and (A2) a statistical es t imate  based on "combat" d a t a  generated by 

2a de ra i l ed  Monte Carlo combat s imulat ion . 

-
33 t h i s  chapter  we w i l l  examine each of t hese  approaches in d e t a i l .  For 

now, however, l e t  us say a few general  ~ r d e  about each of them. 

S .  BONDER [15] b e  c a l l e d  t h e  f i r s t  approach (All t h e  use of a 

f reestanding or independent a n a l y t i c a l  model, s i n c e  t h i s  type of  ana ly t ic  

model cau be run independently of any d e t a i l e d  Monte CarPo a i m l a t i o n  of 

t h e  aamc combat process.  The, baaiic conceptual idea  is t o  develop an 

a n a l y t i c a l  expressiou f o r  every required k i l l  r a t e  by considering a sing1 

f i r e r  engaging a "passive" t a r g e t  ( i . e .  one t h a t  doasn ' t  f i r e  back) and 

then t o  " t i e  a l l  the a t t r i t i o n  r a t e s  together" wtth a ML1HESTER-type 

model. One deeigns much a model t o  uae the  same types af i npu t s  a8  used 

1 



by Monte Carlo s i m l a t i o n s  of the  the  same combat process.  Hopefully, t he  

freestanding a n a l y t i c a l  model w i l l  p r ed ic t  s rhd la r  outputs  in an e f f i c i e n t  

and e a s i l y  i n t e r p r e t a b l e  manner. A n  example of such an independent a n a l y t i  

cal model i o  the  BONDER/IUA d i f f e r e n t i a l  model, which was f i r s t  used i n  

the United S t a t e s  in 1969 [ IS ] ,  m d  t he  many subsequently enricht;,l vers ions  

of it (see-Sect ion 1.3 above). BONDER and FARRELL [ l i ]  hove reported ex-

c e l l e n t  agreement between outputs  from the  BOKDERIIUA model a d  a cor-

responding b n t e  Carlo sfmulation. 

has been c a l l e d  by BONDER [15] t he  use ofThe second a p p r ~ a c h  (a) 

a fitted-para mete^ a n a l y t i c a l  madel. The bas i c  idea here  f o r  p red ic t ing  

MCH&STEB a t t r i t i o n - r a t e  c o e f f i c i e n t s  i n  t o  s t a t i s t i c a l l y  estimate the  

parameters of t he  l o s s  r a t s  f o r  each type of weapon system from the  output  

of a high-resolution Monte Carlo combat s imulat ion.  This  idea  is ap-

parent ly  due t o  G. CLARK [24] and is schematical ly  shown in Figure 5.1. 

Thus, the  f i t t e d  parameter a n a l y t i c a l  model must be  used in conjunction 

with a Monte Carla  s imulat ion (or appropr ia te  da ta  from the  a c t u a l  process 3,, 

The da t a  o r  oa tpu t s  of t he  s imulat icn a r e  used t o  f i t  one o r  more f r e e  

parameters in t h e  a n a l y t i c a l  model so  t h a t  t he  - a ly t i ca l  model w i l l  ( a t  

l e a s t )  dap i i ca t e  and (hopefully) pred ic t  r e s u l t s  comparable t o  those ob- 

t a inab le  from the  s imulat ion model. The C O W  model [24] is an example 

of such a f i t t e d  parameter model. Encouraging r e s u l t s  have been reported 

[361. Such a model is  b u i l t  on a phys ica l  b a s i s  with only a minimum num- 

ber  of parameters t o  be estimated ( in  con t r a s t  t o  s t a t i s t i c a l  regress ion  

funct ions)  . 
Both the  above general  approaches (Al) and (A2) f o r  pred ic t ing  LAN-

CHESTBR s t t r i t f m - r a t e  c o e f f i c i e n t s ,  however, in some sense make use of 

t he  genera l  p r i n c i p l e  t h a t  the  l o s s  r a t e  is  equal  t o  t he  rec iproca l  of 





the expected time for a target to be killed. The details of both app 


should be more readily comprehended if we will keep this principle in 


Let UR therefore provide a mzi- ati ion for this principle. We start b 


conaiderhg cornbet between two homogenous forces. Assuming that the : 

rates only depend on the numbers of combatants and not time explicitl: 


we may model the attrition process with the following deterministic L 


CHESTER-type equations of warfare 


with x(O) = xg, 
(5.1< 


with y(0) = yo, 

where x(t) and y(t) denr Ce, respectively, the X and Y force 16 

at time t. Here w e  find it convenient to represent, for example, the 

actual number of X combatants, which is a nonnegative integer, with 


real number x(t). Let us assume that there are no replacements and 


withdrawals, and then A and B are the attrition rates of the X a 


Y forces, respectively. 


If we want to statistically estimate the Loss rates in the model 


(5.1.1) from Monte Garlo simulation output data (i.e. casualty data ge 


by a (pseudo-) random proce~s), we must coneider a stochastic versi.on 


(5.1.1) in which caeualties occur randomly over t h .  It is now con- 


venient to consider the restriction that the force levels are really n 


negative integers and to model the combat attrition process as a conti 


parameter MABKOV chain. Letting M(t) , a random variable4, denote the 

tegral number of X combatants alive at time t (with corresponding 


realization denoted as m) and sldlarly for the Y force, we then ha 


the following so-called forward KOWCORQV equations ( ~ eChapter 4) f~ 


the evolution of the state probablitiee for 0 < m (m 0 and 0 < n ( 
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where P(t,m,n) = P[M(t) = m, N(t) = n l ~ ( 0 )= m,,, N(0) = no] and we ha 

adopted the  convention t h a t ,  f o r  example, A(m,n) = 0 f o r  m > % Or 

n > no. From t h i s  s t o c h a s t i c  model, w e  f i n d  t h a t  (see Chapter 4 above) 

where TXI, a random va r i ab l e ,  denotes t h e  time requi red  f o r  the Y foi 

t o  k i l l  an X combatant ( i . e .  t h e  t i m e  between two successive X c a s u  

and E[T] denotes t he  expected va lue  of T. For t he  case  of equal  cast 

r a t e s  t h a t  a r e  independent sf t h e  numbers af combatants (1.e. A(m,n) = I 

= A = cons tan t ) ,  (5.1.3) becomes the  well-known r e s u l t  f o r  c a s u a l t i e s  oc 

curr ing  t o  a Poisson atream 

where T denotes t he  time between the  occu.rrences of successive canualt  

events  and 5 = E[T 1. 

Thc reader  may be f a m i l i a r  with this well-knawn r e s u l t  (5.1.4), an 

i n  acy case,  t h e  more genera l  vers ion  (5.1.3) should provide a h e u r i s t i c  

motivation f o r  s s r t a i n  subsequent results i n  p red ic t ing  a t t r i t i o n - r a t e  

coe f f i c i en t s .  Thus, i n  e t a t i e t i c a l l y  est imating l o s e  r a t e s  from simulat  

output da t a ,  we should expect t o  use e t a t i s t i c e  about t h e  times between 

casua l t i e s .  Furthermore, BONDER'S f rees tanding  a n a l y t i c a l  model approac 



is a l s o  conceptually based on (5 .1 .3 ) :  one develops a model for  
TxY' 

ana ly t i ca l l y  computes E[TXI 1, and takes A(x,y) = 1 / E  [T*]. Therefo 

(5.1.3) should i n  some sense be taken a s  a general pr inc ip le  that is e 

s e n t f a l  for  understanding subsequent developments i n  t h i s  chapter. 
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5 , i .  Attrition-Rate Coefftciante for LWCHESTER's Equations of Modern Warfore. 

Lee us now conridrr the detmmination of  numerical values for the aet:i-

tion-rate coefficianrs in a particular combat modal. We accordingly con-


sldsr "aiaPsd-fire" combat between two homageneoue forces and assume that 

target-acjuirition t h e  rrra coneeanr (independent of the number of erraury 

targatlaa). l 'hiu combat situation m y  be modelled with the following LAN-

CHESTER-type rqua~ionr for rodera warfareS (see -Section 2.11 for a further 

diecusrion of the miLitary circumstances hypothesized to yield them) 


where for a purticular battle a and b are positive conatants called 

ta?SCBESXER attrition-rate coefficients (=Figure 5.2). Each of these 

attrition-rate coefficients in such o combat model rep- lsents the .€-re 

effectiveners of one aide's weapon system against enemy targets. For 


example, a is the rate at which one Y firer kills X targets. The 


dhmenrions of a ace (number of X ccasualties)/(tCme x number of Y 

firerr). Thuo, a is indeed a rate and has the dimensions of reciprocal 

time. 

Before direusring a 8iPlplo analytical model for determining numerical 

voluee far the LANCHESTEX attrition-rate coefficient in particular mill-


tary engagementr, let us point out a very important relation between the 


daily casualty rate (exprerscd as a fraction of the side's current strength) 


of o homogcjleours force and such a LANCHESTER attrition-rate coefficient. 

We will rhow that for tha model (5.2.1), for example, the LANCHESTER 




Figure 5.2. LANCHESTER a t t r i t i o n - r a t e  c o e f f i c i e n t s  a and b 

(here  assumed t o  be constant)  f o r  LANCHESTER-type 

equat ioae of modern warfare .  The c o e f f i c i e n t  a 

represen ts  the f i r e  e f f ec t i venes s  of the weapon- 

system type used by the Y force i n  t he  ope ra t i ona l  

circumstances of the b a t t l e  under cons idera t ion .  

More p rec i se ly ,  a is t h e  r a t e  a t  which one Y 

f i r e r  k i f  1s X t a r g e t s .  



J 

a t t r i t i o n - r a t e  c o e f f i c i e n t  a i s  the s lope of t he  p lo t  of f r a c t i o n a l  casu 

t i e s  per un i t  time versus a  c e r t a i n  force  r a t i o .  Let u s  acccrdingly con- 

s i d e r ,  fo r  example, X ' s  f r a c t i o n a l  c a s u a l t i e s  per u n i t  time. From the  

f i r s t  of equations (5.2.1), we obtain 

a (,I. ,act i ona l  casual  t i e ~  (5.2.2)( per u n i t  time 

where u denotes t he  fo rce  r a t i o  of X t o  Y ,  i . e .  u = x/y, and v 

denotes k t e  r ec ip roca l ,  i . e .  v = y/x. 

In  Figure 5.3 we have p lo t t ed  X ' s  f r a c t i o n a l  c a s u a l t i e s  per u n i t  time 

as a func t ion 'of  a c e r t a i n  fo rce  r a t i o .  The force  r a t i o  t h a t  we have used 

is  the  quot ient  of t h e  a t t a c k e r ' s  s t r eng th  (here,  fo rce  l e v e l )  divided by 

t h a t  of t he  defender and have denoted i t  a s  A/D, s ince  most combat analyql 

use t h i s  r a t i o  A I D  and cotrsequentlg we will be ab le  t o  more e a s i l y  r e l a t i  

t he  simple LAHCHESTER-type model (5.2.1) t o  them. The s o l i d  l i n e  i n  

Figure 5 .3  represellts X ' s  f r a c t i o n a l  c a s u a l t i e s  per u n i t  time as a functior 

of t he  fo rce  r a t i o  A/D when X defends and Y a t t acks .  It is  a s t r a ig l  

l i n e  through the  o r i g i n  wi th  a  s lope  equal  t o  the  value of t he  LANCHESTER 

a t t r i t i o n  r a t e  c o e f f i c i e n t  a a s  t he  reader  can see  by r e f e r r i n g  back t o  

(5.2.2). Thus, w e  have developed an important r e l a t i o n  between f r a c t i o n a l  

ca sua l ty  r a t e  and t h e  LANCHESTER a t t r i t i o n - r a t e  c o e f f i c i e n t .  F ina l ly ,  t he  

dashed l i n e  (which is  a hyperbola) i n  Figure 5.3 represents  X's f r a c t i o n a l  

c a ~ u a l t i e s  per u n i t  t h e  a s  a func t ion  of t h e  force  r a t i o  AID i n  t h e  0 t h  

case  i n  which X a t t a c k s  and Y defendo. Similar  curves f o r  d a i l y  

casua l ty  r a t e s  a r e  commonly used t o  a s s e s s  c a s u a l t i e s  i n  cu r r en t ly  opera- 

t iona l  large-scale  ground-combat models (=Sect ion  7.13) . 
Let u s  now r e t u r n  t o  our discuss ion  of numerically determining the  
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FORCE RATIO,  A I D  

Figure 5 . 3 .  Relation between X's casualty rate  (expressed as a 

fraction of  h i s  current force l e v e l  x ( t ) )  and the 

force ra t io  (expressed as the rat io  of  the attacker's 

force l e v e l  to that of  the defender) for  LANCHESTER's 

equations of modern warfare (5.2.1) . [NOTE: In the 

bottom legend of  the above figure, A denotes the 

attacker's force level, and D denotes that o f  the 

defeader .] 



WCBESTER a t t r i t i o n - r a t e  c o e f f i c i e n t s  u aqd b for  the model (5.2.1).  

I n  genera l ,  we may th ink  o f ,  f o r  example, the LANCHEETLR a t t r i t i o n - r a t e  

coeff i c i o n t  a a s  being given by (c f .  ' (5.1.3) above).-

where TXy again is a random va r i ab l e  (frequent ly abbreviated r.v.)  and 

denotes the time f o r  on ind iv idua l  Y f i r e r  t o  k i l l  a  s i n g l e  X t a rge t .  

J u s t i f i c a t i o n  f o r  using (5.2.3) is  givsn i n  the next  sec t ion  (Section 5.3 

As we discussed i n  general terms i n  Section 5.1 above, such a  LANCLIESTER 

a t t r i t i o n - r a t e  c o e f f i c i e n t  may be predicted f o r  p a r t i c u l a r  m i l i t a r y  

engagements by using 

(W1) an a n a l y t i c a l  submudel Involving phys ica l ly  measurable 

weapon-system c h a r a c t e r i s t i c s  of t he  a t t r i t i o n  process 

f o r  an ind iv idua l  f r i e n d l y  f i r e r  engaging a s i n g l e  enemy 

t a r g e t ,  

or 


(W2) a s t a t i s t i c a l  es t imate  based on "combat" da t a  generated 

by a d e t a i l e d  Monte Carlo combat s imulat ion.  

In the  remainder of t h i s  s ec t ion  we w i l l  d i scuss  t h e  f i r s t  way (Wl), 

while the  second way (W2) ts discussed i n  Section 5.15 below. 

In  t h e  s implest  case  (a more complicated one is considered below), 

the  LhEJCHESTER a r t r i t i o n - r a t e  c o e f f i c i e n t  is  simply given by, f o r  example, 

where v denotes Y ' s  f i r i n g  r a t e ,  and P
S S K X ~  

denotes Y ' s  s i n g l e  shot 
Y 

k i l l  p robab i l i t y  aga ins t  X. This  simple expr&sion (5.2.4) is usua l ly  

hypathesized t o  apply t o  "aimed-fire" combat when the  fallowing condi t ions  



I 

hold : 

(Cl) neg l ig ib l e  ta rge t -acquis i t ion  time, 

(C2) s t a t i s t i c a l  independence among f i r i n g  outcomes, 

and (C3) uniform r a t e  of f i r e .  

The reader  can probably bes t  apprec ia te  t he  i n t u i t i v e  p l a u s i b i l i t y  of the  

expression (5.2.4) by not ing t h a t  a represents  the average number of 

k i l l s  per u n i t  time by a s i n g l e  Y f i r e r ,  v denotes h i s  r a t e  of f i r e ,
Y 


and (on the  average) he k i l l s  a given f r a c t i o n  of an X t a r g e t  with each 

round f i r e d  denoted by P
SS'kr ' 

A s  we see  from (5.2.3), t he  LANCHESTER a t t r i t i o n - r a t e  c o e f f i c i e n t  

is the  r ec ip roca l  of the  average time f o r  an ind iv idua l  f i r e r  t o  k i l l  

an enemy t a r g e t .  Let us  t he re fo re  consider  a simple model f o r  t he  time 

t o  k i l l  a t a r g e t .  I f  we l e t  T, a r . v . ,  denote t h i s  time f o r  a f i r e r  t o  

k i l l  an enemy t a r g e t ,  then . T  is given by 

where Ta denotes the  time t o  acqui re  a t a r g e t ,  and Tkl denotes the  a 

time t o  k i l l  an acquired t a r g e t .  

Again, i n  t he  s implest  case  ( a s  above, assuming: (Al) a uniform r a t e  

Q £  f i r e ,  and (A2) s t a t i s t i c a l  independenc,e among f i r i n g  outcomes) we have 

E[Tk,J - t
k l a  

= 
v PSSK 

, 

where v denotes t he  f i r i n g  r a t e ,  denotes t he  single-shot k i l l
and 'SSK 

probabi l i ty .  The reader  may f i n d  t h e  following i n t u i t i v e  j u s t i f i c a t i o n  

f o r  the  average time t o  k i l l  an acquired t a r g e t  (5.2.6) t o  be he lpfu l :  

1 P represents  t he  average number of rounds t o  k i l l 6 ,  while 11" 



represent8 the average time between rounds, and consequently their product 

is the average time to kill an acquired target EITtlal 

Thus, if wc let 

then our simple model for the time to kill a target yields 

and consequently, for example, 

where El% 1 = t + 11 (vyPSSKm ) Thus, we see that (5.2.4) is just 
%Y 

the special case of (5.2.9) in which t = 0. 

Let us finally note that, strictly speaking, (5.2.8)  holds only when 

(Al) and (82) are satisfied [i.e. there is (Al) a uniform rate of fire, 

and (A2) statfetical independence among firing outcomes]. There are, 

however, amny weapon systems and engagement circumstances under which 

these arei~mptions are not at all appropriate. Consequently, S. BONDER 

has developed an expression more complicated than (5.2.8) for target en- 

gagement & ~delled by MAmv-dependent fire. He developed this expression 

for the A ~ I ,  ..ye18 of tank operations in which it is very important to con- 

eider MARKOV dependence. We will examine BONDER'S work in the section 

Eol.lowing the next me. 



5.3. J u s t i f i c a t i o n  of General Expression f o r  Attr i t ion-Rate Coeff ic ien t  

f o r  LANCHFSTER's Equations of Modern Warfare. 

I n  t h i s  s ec t ion  we present  j u s t i f i c a t i o n  f o r  taking an a t t r i t i o n  

r a t e  c o e f f i c i e n t  f o r  LANCHESTER's equat ions of modern warfare (5.2.1) 

os the rec iproca l  of the expected t i m e  f o r  an ind iv idua l  f i r e r  to  k i l l  a 

t a rge t ,  e.6.  

where Tm is a random va r i ab l e  (abbreviated r .v . )  denot ing the  time fo, 

an ind iv idua l  Y f i r e r  t o  k i l l  an X t a r g e t  and E[T] denotes the 

expected value of T. BONDER and FAWLL [17] (seea l s o  [28; 88; 891)  

have based t h e i r  approach f o r  determining a t t r i t i o n - r a t e  c o e f f i c i e n t s  

f o r  a wide spectrum of weapon-system types on t h i s  d e f i n i t i o n  (5.3.1). 

It i s  therefore  of considerable i n t e r e s t  t o  i nqu i r e  as t o  what j u s t i f i c a l  

there is f o r  basing the ca l cu la t ion  of LANCKESTER a t t r i t i o n - r a t e  ooef f ic j  

on (5.3.1). We have already provided h e u r i s t i c  j u s t i f i c a t i o n  of (5.3.1) 

i n  Sect ion 5.1 above, and here  we w i l l  consider  s eve ra l  more r igorous 

j u s t i f i c a t i o n s  .,, 

A l l  juatificatiottcl  of (5.3.1) k110WII t o  t h i s  author a r e  ultimately 

baaed on the  following bas i c  hypotkesie.  

BASIC HYPOTHESIS: Combat is a complex random process,  and 

the  LANCHESTER-type equations (5.2.1) a r e  an approxlmt ion  

t o  'the mean course sf combat. 



I f  we assume tha t  real-world combat a t t r i t i o n  m y  be modelled 

a s  a continuous-parameter MAWOV chain corresponding t o  (5.2.1),  then 

the probabi l i ty  d i s t r i b u t i o n  f o r  the numbers of combatants s a t i s f i e 8  

(5.1.2) with,  f o r  example, ~ ( m , n )  = an. Here, m is the  r e a l i z a t i o n  of 

an  integer-valued r . v .  M(t) denoting the  number of X combatants 

a t  time t, and s i m i l a r l y  far n and N( t )  ,* I n  t h i s  case,  the times 

between casualties f o r  each s i d e  a r e  exponent ial ly  d i s t r i b u t e d ,  and (5.3.: 

holds e w c t l y ,  I n  o ther  words, (5.3.1) holds exac t ly  f o r  axponentially- 

d i s t r i bu ted  times between c a s u a l t i e s .  Let ua f i n a l l y  observe t h a t  as 

long a s  there i s  "negl igible"  p robab i l i t y  t h a t  e i t h e r  s i d e  i s  ann ih i l a t ed ,  

then the mean course of combat may be taken t o  be given by (eee -Sect ion 4 ,  

above) 

where m(t) denoteo the average X force  l e v e l  a t  time t ,  i.e. 

m(t> = E[M(t)], and G(t)  denotes the average Y fo rce  l e v e l  a t  time t. 

Both BONDER I l l ]  and BARFOQT [3 ]  base t h e i r  determinations of 

an expression f o r  the  LANCHESTER a t t r i t i o n - r a t e  c o e f f i c i e n t  on consider- 

ing  the mean course of combat corresponding t o  (5.2.1) t o  be given by 



-

where a denotes t he  expected value of the r a t e  a t  which an ind iv idua l  Y 

f i r e r  k i l l s  X t a r g e t s  and sPmilar ly  f o r  . This  d e f i n i t i o n  of the  

LANmESTER a t t r i t t o n - r a t e  c o e f f i c i e n t  ae [ c f .  ( 5 . 3 . 2 ) ] ,  f o r  example, 

r a t e  a t  which a  s i n g l e  
a = ; - E  

f i r e r  k i l l s  X t a r g e t s  

implies  an  underlying d i s t r i b u t i o n  f o r  t he  a t t r i t i o n - r a t e  c o e f f i c i e n t  (as  

s t r e s s e d  by BONDER [14; 151).  No p a r t i c u l a r  d i s t r i b u t i o n  f o r  the  times 

between c a s u a l t i e s  has  been assumed here ,  though. I n  h i s  o r i g i n a l  paper 

[I11 BONDER took the LANMESTER a t t r t i o n - r a t e  c o e f f i c i e n t  t o  be given by 

a = E[l/Tm] but  could not  ob ta in  e x p l i c i t  r e s u l t s  f o r  i t .  BARFOOT [ 3 ]  

then pointed ou t  t h a t  there  a r e  two possibilities f o r  computing i, the 

average r a t e  a t  which a s i n g l e  Y f i r e r  ills X t a r g e t s :  namely, 

-
(PI) a r i t hme t i c  mean, a - E 

Furthermore. BARFOOT has argued tha t theha rmon ic  mean is more appropriate ,  

s i n c e  we should think of the p robab i l i t y  d i s t r i b u t i o n  func t ion  f o r  an 



a t t r i t i o n - r a t e  c o e f f i c i e n t  a s  r e p r e s e n t i c g  t h e  f r a c t i o n  of t a r g e t s  

k i l l e d  a t  each r a t e .  Thus, BARFOOT [3]  has  j u s t i f i e d  (5.3.1) f o r  

any d i s t r i b u t i o n  o f  the  times between c a s u a l  t i e s .  

7Following BONDER and FARRELL 1171, l e t  us  now g ive  a moro 

r igorous  j u a t i f i c a t i o n 8  of (5.3.1).  Aa above, we cons ider  combat i n  

which t h e  i n i t i a l  numbers of X and Y combatants, denoted a s  mg and 

n0 , a r e  s u f f i c i e n t l y  l a r g e  t o  i n s u r e  t h a t  t h e r e  is a "neg l ig ib le"  prob-

a b i l i t y  t h a t  t h e i r  s i d e  w i l l  be a n n i h i l a t e d  d u r i n g  o u r  examination of 

t h e  b a t t l e f i e l d .  Le t  us now focus  on a s i n g l e  Y weapon system. We 

w i l l  m k e  no assumption about  t h e  d i s t r i b u t i o n  o f  t ims  between k i l l s ,  

b u t  w e  w i l l  assume t h a t  each i n d i v i d u a l  Y weapon system k i l l s  enemy 

t a r g e t s  according t o  an a t t r i t i o n  p rocess  i n  which t h e  times between k i l l s  

are independent and i d e n t i c a l l y  d i s t r i b u t e d  random v a r i a b l l  ( so -ca l l ed  

i . i . d .  random v a r i a b l e s ) .  In t h e  pa r lance  of t h e  theory of s t o c h a s t i c  

p rocesses ,  such an a t t r i t i o n  p rocess  is c a l l e d  a renewal p rocess  (e .g .  

s e e  PARZEN [58 ,  Chapter 51 f o r  f u r t h e r  d e t a i l s ) .  - L e t  <(t) be  a r . v .  

denot ing t h e  number of X c a s u a l t i e s  produced by a s i n g l e  Y weapon 

system, and l e t  -X n ( t )
C 

denote  i t s  expected va lue ,  i . e .  

the expected number of X c a s u a l t i e s  produced by a s i n g l e  Y weapan 

system i n  [OPT]. Let  us  now i n t r o d u c e  A ~ ; ( d t , t )  de f ined  by 



which i s  the expected number of X c a s u a l t i e s  produced by a s i n g l e  Y 

weapon system i n  the time i n t e r v a l g  ( t ,  t + At) .  For exponent ia l ly  

d i s t r i b u t e d  times between k i l l s ,  we have t h a t  (e.g.  .seePAaZEN /58, p .  177 

where uT denotes the average time f o r  a s i n g l e  Y f i r e r  to  k i l l  an X 

t a r g e t ,  1 .e .  uT E[Tm].  For any o ther  d i s t r i b u t i o n  f o r  t he  time0 

between k i l l s ,  (5.3.7) holds only asymptot ical ly  i n  the  sense t h a t  

The above r e s u l t  (5.3.8) i s  usua l ly  known a s  BLACKWELL'S theorem (see  -
PARZEN [58, p. 1831). Assuming now t h a t  each Y f i r e r  a c t s  independently 

and i d e n t i c a l l y ,  we f i nd  t h a t  f o r  the  e n t i r e  Y fo rce  

number of k i l l s  by Y 

force  i n  ( t ,  t + A t )  

which holds exac t ly  f o r  exponent ia l ly  d i s t r i b u t e d  times between k i l l s  and 

only asymptoticalPy in the same sense as (5.3.8) f o r  any o the r  d i s t r i b u t i o r  

LANCHESTER's equat ions f o r  modem warfare (5.2.1) with " la rge  enough" 

numbers of combatants suggest  t h a t  [ c f .  (5.3.2)] 

- number of k i l l s  by Y Ia -
-Am = E I . 

fo rce  i n  ( t , t + ~ t )  



Comparison of (5.3.9) and (5.3.10) suggests  taking the LANCIIESTER 

a t t r i t i o n - r a t e  c o e f f i c i e n t  t o  be the  r ec ip roca l  of  the average t i m e  f o r  

an ind iv idua l  f i r e r  t o  k i l l  an enemy t a r g e t ,  i . e .  (5.3.1) has been 

j u s t i z i e d  . 
More genera l ly ,  BONDER and FAKRELL [17] take an a t t r i t i o n - r a t e  

c o e f f i c i e n t  f o r  a s p e c i f i c  range r i n  heterogenaaus-force combat t o  

be given by, f o r  example, 

where E [ T ~  lrl denotes t he  expected t i m e  f o r  a s i n g l e  Y f i r e r  
i j 

of  type j t o  k i l l  an enemy t a r g e t  of type is given t h a t  t he  range between 

the f i r e r - t a r g e t  p a i r  i s  r. Again, t h i s  d e f i n i t i o n  of an a t t r i t i o n - r a t e  

c o e f f i c i e n t  f o r  heterogenous-force combat i s  equiva len t  t o  the  harmonic 

mean f o r  the a t t r i t i a n  r a t e  of a  s i n g l e  combat system when t h i s  s ingle-  

system a t t r i t i o n  r a t e  is  viewed a s  a  random va r i ab l e  a t  range r. 



5.4. BONDEIPfs Model f o r  MARKOV-Dependent Fire .  

For many weapon systems and engagement circumstances modelled 

by (5.2.1), the extremely simple a n a l y t i c a l  model (5.2.4) f o r  p r e d i c t i o  

of numerical values  f o r  the LANCHESTER a t t r i t i o n - r a t e  c o e f f i c i e n t  i s  

t o t a l l y  inadequate.  I dea l ly  one should analyze the engagement process 

f o r  each p a r t i c u l a r  t a r g e t  type by each ? a r t i c u l a r  weapon-system type t 

p r e d i c t  such a t t r i t i o n - r a t e  c o e f f i c i e n t s .  BONDEH and FARRELL [I73 have 

developed general  methodology f o r  p r ed i c t i ng  a t t r i t i o n - r a t e  c o e f f i c i e n t  

f o r  a wide spectrum of  weapon-system types.  Bas ica l ly ,  t h e i r  approach 

founded upon ca l cu l a t i on  of the LANCHESTER a t t r i t i o n - r a t e  c o e f f i c i e n t  a 

the rec iproca l  of the expected t i m e  t o  k i l l  a s i n g l e  t a r g e t ,  a . g .  (5.3. 

above. Hence, c e n t r a l  t o  t h e i r  developments is the ana lys i s  and model1 

of the t i m e  to  k i l l  a t a r g e t .  

To f a c i l i t a t e  such ana lys i s  BONDER and FARRELL [17] have c l a s s i :  

the  engagement of  p a r t i c u l a r  t a r g e t  types by d i f f e r e n t  weapon-system tyl 

according t o  the  taxonomy1' shown i n  Table 5. I. Weapon-system types are 

f i r s t  c l a s s i f i e d  according t o  t h e  mechanism by which they k i l l  p a r t i c u l i  

t a r g e t  types ( i . e .  t h e i r  l e t h a l i t y  c h a r a c t e r i s t i c s )  a s  being e i t h e r  imp: 

to-kill oysteme o r  a r ea - l e tha l i t y  systems1'. Within each of these two 

ca tegor ies  BONDER and FARReLL f u r t h e r  c l a s s i f y  weapon-system types a c c o ~  

ing t o  how they use f i r i n g  information t o  con t ro l  the system's aim point 

and t h e i r  de l ivery  c h a r a c t e r i s t i c s ,  1.e. the  f i r i n g  doc t r ine  employed. 

Expressione have been developed f o r  LANCHESTER a t t r i t i o n - r a t e  coef f ic ien  

corresponding t o  the weapon-system c l a s s i f i c a t i o n s  tagged with a s t e r i s k s  

i n  Table 5. I .  



TABLE 5.1. C la se i f i ca t i on  o f  Weapon-System Types f o r  the Development 

of LANCEESTER Att r i t ion-Rate  Coef f ic ien t8  f o r  the Model 

(5.2.1). 

Le tha l i t y  mchanium 

(1) Impact 

(2)  Area 

F i r i ng  Doctrine 

(1) Repeated S ingle  Shot 

(a)  * Without Feedback Control of him Point  

(b)* With Feedback on Innnediately Preceding Round 

(MARKOV-Dependent Fire) 

(c)  With Complex Feedback 

(2)  Burst  F i r e  

(a)* Without A i m  Change o r  D r i f t  in o r  Between Bursts 

(b)* With A i m  D r i f t  i n  Bursts ,  A i m  Refixed t o  Original  

A i m  Point  f o r  Each Burst 

( c )  With Aim D r i f t ,  Re-aim Between Burs t s  

(3) Mult iple  Tube F i r ing :  Feedback S i tua t ions  ( l a ) ,  ( lb )  , ( l c )  

(a)* Salvo o r  Volley 

(4) Mixed-Mode F i r ing  

(a )  Adjrutment Followed by Mult iple  Tube F i r e  

(b)* Adjurtmant Followed by Burst F i r e  

* 
Ind ice tee  t h a t  a n a l y ~ i s  of t h i s  category has been performed by BONDER 
and FABRELL ( 17] . 

21 



A l a r g e  claeft of weapon systems (e.g. tanks f i r i n g  a t  t anks ,  

an t i - t ank  weapon systems f i r i n g  a t  tanks,  e t c . )  may be c l a s s i f i e d  a s  

MARKOV-dependent-fire weapon^, i . e .  the  outcome of the  f i r i n g  of  a round 

by the  weapon system depends on only t he  outcome of the  immediately pre- 

ceding round* For such weapon systems and an impact-to-kil l  l e t h a l i t y  

rchanism12, BONDER I l l ;  141 has  developed a genera l  expression f o r  the  

13LANCHESTER a t t r i t i o n - r a t e  c o e f f i c i e n t  . H i s  expression a p p l i e s  when the  

fol lowing assumptions hold: 

(Al) MARKOV-dependent f i r e  with  parameters pl, P (h 1 h) , and 

~ ( h l m ), 

(A2) geometric d i s t r i b u t i o n  f o r  the  number of  h i t s  requ i red  

f o r  a  k i l l  with parameter P(KI H). 

Here p1 denotes Prob[h i t  on f i r s t  round], ~ ( h l h )  denotes the  condi t iona l  

h i t  p robab i l i t y  Prob [ h i t  1 round h i t ] ,  ~ ( hlm) denotes t h e  con-

d i t i o n a l  h i t  p robab i l i t y  Prob [ h i t  ( p revious round miss] ,  and P (IC ( H) 

denotes the  condi t iona l  k i l l  p r o b a b i l i t y  Prob [ k i l l  t a r g e t  / h i t  t a r g e t ] .  

It is  we l l  known (e.g. see PARZEN [57,  pp. 129-1321) t h a t  t h e  t h r ee  h i t  

p r o b a b i l i t i e e  p ~ ( h1h)  , and P (h lm) completely descr ibe  MARKOV-dependent 
1' 

f i r e  i n  c o n t r a s t  t o  the  s i t u a t i o n  w i th  s t a t i s t i c a l  Independence between 

the outcomes of any two rounds f i r e d i n w h i c h  case only a  s i n g l e  h i t  prob- 

a b i l i t y ,  denoted simply a s  p, completely de sc r ibe s  t h e  process .  

A s  above l e t  us denote t he  t i m e  f o r  t he  f i r e r  t o  k i l l  a t a r g e t  ae T 

( a  r . .  . Then, BONDER I l l ;  141 has  developed t h a t  



TABLE 5.11. Factors  Included in Expression f o r  LANCFESTER Attr i t ion-Rate  

Coef f ic ien t  f o r  Single-Shot MARKOV-Dependent-Fire Weapon 

Systems with a Geometric D i s t r i bu t ion  f o r  the Number of H i t s  

Required f o r  a K i l l .  

Time t o  acquire  a t a r g e t ,  ta  

Time t o  f i r e  f i r s t  round a f t e r  t a r g e t  acquired,  tl 

T i m e  t o  f i r e  a round following a h i t ,  th 

Time t o  f i r e  a round following a m i s s ,  

Time of  f l i g h t  of t he  p r o j e c t i l e ,  tf 

Probabi l f ty  of a h i t  on f i r s t  ro~md,  pl 

P robab i l i t y  of a h i t  on a round following a h i e ,  ~ ( h lh) 

P robab i l i t y  of a h i t  on a round fol lowing a m i s s ,  P(h lm) 

Probab i l i t y  of des t roy ing  a t a r g e t  given i t  is h i t ,  P ( K I H )  



where a l l  t he  v a r i a b l e s  a r e  def ined i n  Table 5.11. The corresponding 

LANCHBSTER a t t r i t i o n - r a t e  c o e f f i c i e n t  (seeSect ion  5.3 above) is  then 

the  r ec ip roca l  of (5.4 . I ) ' ~ ,  i .e. f o r  the  homgeneous-force model (5.2 . l )  

w e  have, f o r  example, 

where TXy (a t . v . )  denotes t he  time f o r  an ind iv idua l  Y f i r e r  t o  k i l l  

a s i n g l e  X t a rge t .  (5.4.1) is  the  general  expression15 f o r  the  expectec 

time t o  k i l l  a t a r g e t  with MARKOV-dependent f i r e  and a geometric d i s t r i -  

bution f o r  the number of h i t s  required for a k i l l .  I t  may be developed 

(sge the  next  see t ion)  by consider ing the  t i m e  required f o r  an ind iv idua l  

f i r e r  t o  engage and k i l l  a s i n g l e  enemy t a r g e t .  We w i l l  s e e  i n  Sect ion 5 .  

below how t h i s  complex expression reduces t o  very simple ones i n  opec ia l  

cases ,  e.g. E[T] - l / (vP& for  a uniform r a t e  of f i r e ,  s t a t i s t i c a l  

independence between rounds, and n e g l i g i b l e  time of f l i g h t  and t a rgz t -

acqu i s i t i on  time. 

Together (5.4.1) and ( 5 . 4 . 2 )  allow ua t o  es t fmare a r r r i t i o n - r a t e  

coef f i c i s n t s  f o r  a homogeneous-force F 1 P LANCHISSTER-type a t t r i t i o n  proce 

[ i .e . force-on-force combat a t t r i t i o n  modelled by equat ions (5.2.1) above 1 

and consequently one may canaidex using such a model t o  opera t iona l ly  



analayze combat between two homogeneous forces .  Ia, such au ope ra t i ona l  

model o r  i t s  extension t o  heterogen.eous fo rces  (zSect ion 7 . 7 ) ,  we would 

want t o  consider  v a r i a b l e  a t t r i t i o n - r a t e  c o e f f i c i e n t s  t o  model temporal 

v a r i a t i o n s  i n  f i r e  e f f ec t i venes s  when, f o r  exam?l.e, t he  range betwoen 

f i r e r s  and t a r g e t s  changes appreciably during b a t t l e .  We w l l l  d i s cus s  

below In Sect ion 5.11 t h e  v a r i a b l e s  upon which such attrition-rate 

c o e f f i c i e n t s  ( i n d i r e c t l y )  depend, wi th  some t y p i c a l  range dependencies 

being given i n  Sect ion 5.12. Moreover, t h i s  a t t r i t i o n - r a t e - c o e f f i c i e n t  

model given by (5.4.1) and (5.4.2)  i s  a general  one i n  the sense t h a t  i t  

all.ows a uni.form treatment  of both a r ea - f i r e  a s  we l l  as d i r e c t - f i r e  weapons 

see  Sect ion 5.13 below and a l s o  BONDER [11, p. 2311 f o r  f u r t h e r  d e t a i l s ) .  (--

Furthermore, w e  noce tha t  t he  MARKOV-dependent4 f r e  assump t i on  has  been 

n a t u r a l l y  motivated, s i n c e  BONDER'S model f o r  MARKOV-dependent f i r e  a rose  

i n  t h e  ana lys i s  of armored opera t ions  (e.g. s ee  BONDER [ 9 ;  111, ESONDER 

and FARRELL 1171, o r  KLMBLETON [49] f o r  f u r t h e r  d e t a i l s ) .  For example, 

i n  the  ana lys i s  of tank main gma i t  is usua l ly  assumed (e.g. see BONDER 

[12, p. 111-111) t h a t  t he  r e s u l t  of the  previous round is  observed before  

the next  one is f i r e & .  I f  t he  round f i r e d  misses the  t a r g e t ,  the  tank 

gunner w i l l  make an a p ~ r o p r i a t e  adjustment;  i E  a h i t  is obtained,  the 

s u m  gun s e t t i n g  r d l l  be used again.  

F ina l ly ,  l e t  us b r i e f l y  d i s c u ~ s  da ta  sources  f o r  BONDER's model 

(5.4.1).  A l l  the inpur  dgta  f o r  t h i s  model i e  ehown i n  Table 5.11. 

Data is  a v a i l a b l e  f a r  a l l  these inputs  from a v a r i e t y  of eources: 

baLl i s t ics - labora tory  tests, m i l i t a r y  f i e l d  experiments, t roop exe rc i s e s ,  

f u r t h e r  submodela, e t c .  A d e t a t l e a  discussion o f  such da ta  eources  i s  

is given i n ,  f o r  example, [ 5 4 ,  pp. 167b1683 and [28, pp. 173-1741, We 



should add, however, that all such experimental data is for systems 


under simulated combat condition0 and not for actual combat. 




5.5. Derivation of BONDER'S Resul t  f o r  the Expected Time tu K i l l  a  

Target (Approach Based on the Exact Distribution of  Time t o  K i l l ) .  

I n  t h i s  s e c t i o n  we w i l l  der ive BONDER'S expression (5.4.1) f o r  

the  expected time t o  k i l l  a t a r g e t ,  which app l i e s  under the  fol.lowing 

condi t ions : 

(C1) MARKOV-dapenden t f i r e ,  

(C2) geometric d i s t r i b u t i o n  f o r  t he  number of  h i t s  t o  k i l l ,  

(C3) de t e rmin i s t i c  event  times ( i . e .  ta, tl, th, tm,and 
* t f  

a r e  a l l  assumed t o  be de t e rmin i s t i c  

BONDER'S result (5.4.1) is p a r t i c u l a r l y  s i g n i f i c a n t  because i t  is  the  

bas i s  f o r  es t imat ing  weapon-system k i l l  r a t e s  i n  a v a r i e t y  of  o p e r a t i o ~ i a l  

models t h a t  a r e  f a i r l y  widely used i n  defense planning today (see 
Sect ion 7.9 f o r  f u r t h e r  d e t a i l s ) .  The combat-modelling approach of 

S. BONDER and h i s  a s soc i a t e s  a t  VECTOR RESEARCH, INC. b a s i c a l l y  de- 

c o q o s e s  the  b a t t l e f i e l d  i n t o  u n i t  and subuni t  engagemnts ,  which are 

e s s e n t i a l l y  f u r t h e r  decomposed i n t o  a series o f  one-on-one due l s  between 

opposing weapon-system types. For each type of f i r e r - t a r g e t  p a i r ,  one 

m u s t  perform a d e t a i l e d  ana lys i s  of a s i n g l e  f i r e r  engaging a passive 

( i . e .  one t h a t  does no t  r e tu rn  f i r e )  t a r g e t  and compute the  weapcn- 

system type ' s  k i l l  r a t e  according t o  (5.4.1) and (5.4.2), e .g .  see 
BONDER and FARlZELL [17],  TAYLOR [80, Sect ion  5.5; 81, Sect ion 6.61, 

Sect ion 7.9 of the book a t  hand, o r  [28; 88; 891. Thus, (5.4.1) is 

-a key r e s u l t  i n  the  force-on-force combat-modelling business  ( see  

a l s o  [84; p.  16-21). 



Before we der ive (5.4.1) , though, l e t  us b r i e f l y  examine the 

shortcomings ( i  .e . l i m i t a t i o n s )  of BONDER'S approach t o  es t imat ing  

weapon-system k i l l  r a t e s  based on the  l og i ca l17  a n a l y s i s  of a  s i n g l e  

f i r e r  engaging a  s i n g l e  passive t a rge t .  Besides assuming t h a t  the  

above s t a t e d  condi t ions  (Cl) through (C3) hold,  BONDER'S approach 

possesses  the fol lowing l i m i t a t i o n s :  

(Ll) no considerat ion of i n t e r a c t i o n s  between f i r e r  and 

t a r g e t ,  

(L2) cumulative damage assumed t o  be neg l ig ib l e ,  

(L3) precludes s i t u a t i o n s  of both group f i r e r s  a.nd group 

t a r g e t s .  

The f i r s t  l i m i t a t i o n  (Ll)  i s  a  d i r e c t  consequence of BONDER'S general  

approach of consider ing a  f i r e r  engaging a  passive t a r g e t .  In  r e a l i t y  

there  a r e  i n t e r a c t i o n s  between f i r e r  and t a r g e t ,  e.g. the f i r e r  m y  

"duck" and degrade h i s  f i r i n g  e f f ec t i venes s  when the  t a r g e t  r e tu rns  

f i r e .  The second l i m i t a t i o n  (L2) is due t o  the assumption of a geo-

metr ic  d i s t r i b u t i o n  of h i t s  t o  k i l l .  I n  r e a l i t y ,  a t a r g e t  may be 

p a r t i a l l y  k i l l e d  by the  f i r s t  h i t  and " f in i shed  off"  by a  second one. 

However, BARFDOT [3, pp. 890-0921 (see- a l s o  KIMBLETON [49, pp. 704-7051 

has  ind ica ted  how t o  overcome t h i s  shortcoming. The l o e t  l i m i t a t i o n  (I 

may i n  soar sense be considered t o  be an e l a b o r a t i ~ n  and extension 

of the f i r e t  l i m i t a t i o n .  In  p a r t i c u l a r ,  the  i n f a n t r y  f i r e  f i g h t ,  

f o r  example, has  been charac te r ized  a s  being a  group-targetlgroup-fire1 

environment ( ~ ~ e e-- STOCKFISCH [72; pp. 72-73]; a l s o  [83; p.  2-42]), 



and i t  i s  extremely quest ionable  whether t he  a t t endan t  combat i n t e r -  

ac t i ons  can be captured by any methodology based on considerat ion of 

a s i n g l e  f i r e r  engaging a passive t a r g e t .  

Thus, w e  w i l l  now de r ive  (5.4.1) by analyzing t h e  process of 

a s i n g l e  f i r e r  engaging a s i n g l e  passive t a r g e t  and following S .  BONDER'S 

[ l l ]  o r i g i n a l  M a l y s i s  path18, which included determining t h e  p r o b a b i l i t y  

d i s t r i b u t i o n  f o r  the  number of  rounds necessary t o  achieve z h i t s ,  

pNiZ(n1 z ) ,  where N (a  r .v .  with r e a l i z a t i o n  n) is the  number of  rounds 

f i r e d ,  Z ( a  r .v .  with r e a l i z a t i o n  z) i s  the  aumber of h i t s  achieved, 

and pNIZ(nl Z) denotes a condi t iona l  p r o b a b i l i t y  mass funct ion.  In  

some sense,  t h i s  approach might be c a l l e d  a "brute  force" approach, 

due t o  the  labor ious  d i r e c t  computation of t he  condi t iona l  expectat ion 

E [ N ~ Z= z ]  by means of  i t s  d e f i n i t i o n  a s  Zm1npNIZ(n (z ) .  We w i l l  

l a t e r  (see-Sect ion 5.6 below) presen t  a much s impler  and more general  

approach f o r  developing n o t  only E [ N ( Z= z j  but a l s o  E[T] (see-
Sect ion 5.8).  Our review here of  BONDER'S o r i g i n a l  approach f o r  deter-  

mining E[T] w i l l  l e t  the  reader  app rec i a t e  the s i m p l i c i t y  of  our  new 

approach. F ina l ly ,  flONDERts o r i g i n a l  approach is l imi t ed  t o  consider- 

a t i on  of only de t a rmln i s t i c  event  times ( i . e .  ta, tl, th, tm, and t
f 


a r e  a l l  assumed to  be de t e rmin i s t i c  q u a n t i t i e s ) ,  hut  our new approach 

w i l l  be a b l e  t o  handde s t o c h a s t i c  ones (eeeSect ion 5.8 below). 

Accordingly (following BONDER [ I l l ) ,  we cons ider  t he  process 

by which a s i n g l e  f i r e r  engages and k i l l s  a s i n g l e  pass ive  enemy t a r g e t .  

We conceptual ize  t h l e  procesa a s  cons i s t i ng  of t he  following sequence 

of events  from t a r g e t  acqu i s i t i on  t o  des t ruc t ion :  
i 



(El,) The sequence begins with t a r g e t  acqu i s i t i on  which takes  

minutes t o  occur. 

(E2) The f i r s t  round is  then f i r e d  and a r r i v e s  i n  t h e  t a r g e t  

area ( t1+ t f )  minutes l a t e r .  

(E3) I f  t h e  f i r s t  round misses,  t he  next round w i l l  a r r i v e  

(tm+ t f )  minutes a f t e r  the ,  f i r s t .  

(E4) I f  the f i r s t  round h i t s  t he  t a r g e t  and more than one h i t  

i s  required ( f . e .  z > I ) ,  the  nex t  round w i l l  a r r i v e  

(th + t f )  minutes l a t e r .  

(E5) The above sequence of f i r i n g  a f t e r  h i t s  and misses is 

continued u n t i l  t h e  f i n a l  h i t ,  which des t roys  t h e  t a r g e t ,  

is  obtained. 

The above conceptual target-destruct ion-process  model is c o n s i s t e n t  

with t h e  assumption of MARKOV-dependent f i r e  i n  which t h e  outcome of 

t he  previous round i s  observed before  t h e  next one is f i r e d .  . 

For the above conceptual model of a s i n g l e  f i r e r  engaging a 

s i n g l e  passive t a r g e t ,  w e  w i l l  now compute the average time f o r  t he  

f i r e r  t o  k i l l  a t a r g e t ,  E[T] .  This important r e s u l t  w i l l  be obtained 

by accomplishing t h e  following atepe : 

(Sl)  development of mathematical model f o r  the time t o  ob ta in  

z h i t s  Tz (a r.v.) , 



(S23 computation of t h e  expected va lue  f o r  TZ, i.e. 

E[Tz ]  = E [ T ( Z  z]  which is the  expected t i m e  t o  k i l l  t h e  

t a rge t  given t h a t  z h i t s  a r e  required f o r  a k i l l ,  

(S3) computation of t h e  uncondit ional  expectat ion E[T]  from t h e  

condi t iona l  expec ta t ion  obtained i n  s t e p  (SZ), i . e .  

Here, pZ(z) denotes the  p robab i l i t y  mass func t ion  f o r  t h e  number of h i t s  

t o  k i l l  (assumed t o  follow a geometric d i s t r i b u t i o n  i n  BONDER'S develop-

ments). The reader  should no te  t h a t  the  conceptual approach taken here 

f o r  determining t h e  t i m e  t o  k i l l  a t a r g e t  is t o  decompose the  k i l l i n g  

process i n t o  a h i t t i n g  process and a process of k i l l i n g  t h e  t a r g e t  

with hits1'. For a geometric d i s t r i b u t i o n  of t he  number of h i t s  t o  k i l l ,  

we have 

pZ(z) = { 1 - ~ ( K I H )
2-1 

P(KIH)) .  (5.5.2) 

L e t  u s  now ca r ry  out t h e  above th ree  computational s t e p s  (S l )  

through (S3) f o r  obtaining E [ T ] .  We w i l l  s e e  t h a t  t h i s  computation 

w i l l  r equ i r e  u s  t o  u se  t h e  expected number of rounda t o  ob ta in  z h i t s ,  

E[NIz = z]  , which w i l l  be subsequently derived below. Turning t o  t he  

f i r s t  computational s t e p  ( S l ) ,  w e  consider  t h e  above sequence of events  

(El) through CE5) t o  k i l l  a t a r g e t  and focus on t h e  time t o  ob ta in  z 

h i t s ,  TZ, which is a r.v.  In  t h i s  case,  the  number of h i t s  z is  

considered t o  be a parameter ( r e a l i z a t i o n  of t h e  r .v.  Z). Observing 



t h a t  there  a r e  (2-1) rounds f i r e d  a f t e r  immediately preceding h i t s  

and (NZ - z) rounds f i r e d  a f t e r  hmed ia t e ly  preceding misses b e c a ~  

th
the  t a r g e t  i s  assumed t o  be destroyed by the  z--- h i t ,  w e  may mathema 

express our model a s  

where t h e  f i r s t  term on the  l e f t  corresponds t o  (E l ) ,  t he  seconl 
ta 

( t1 + t f )  cwresponds  t o  (EZ), the  th l rd  ( t h  + t f )  (2-1) t o  (E3), 

and the  fou r th  t o  ( E 4 ) .  Thus, we have completed s t e p  (S l ) .  

Turning now t o  s t e p  (S2),  w e  wr i t e  (5.5.3) i n  t he  more con- 

venient  form 

and take its expected va lue  t o  obta in  

It vhould be  noted tha t  (5.5.6) has been obtained without our making 

any asrumption about t he  r .v .  N, i.e. (5.5.6) hold8 i n  general .  We 

could a t  t h i s  po in t  u.~conditioa the  condi t iona l  expectat ion (5.5.6) 

a d  obta in  



but  w e  w i l l  not  fol low t h i s  course of development any f u r t h e r  here ,  

s i n c e  w e  wish t o  fol low BONDER'S o r i g i n a l  a n a l y s i s  path.  Here E[N] 

denotes  t he  average number of rounds requi red  t o  k i l l  t h e  t a r g e t .  Thus, 

(5.5.7) is an important r e s u l t  t h a t  r e l a t e s  t h e  expected time to  k i l l  a 

t a r g e t  t o  t h e  expected number of rounds required t o  k i l l  t h e  t a r g e t  

and t h e  expected number of h i t s  required t o  k i l l .  Only de t e rmin i s t i c  

event times, cf .  condi t ion  (C3) above, a r e  required f o r  i t  t o  hold.  -
Again, i t  should be  nated t h a t  (5.5.7) has  been obtained without our  

making any assumptions about t h e  random. v a r i a b l e s  N and 2. Return-

ing  now t o  BONDER'S o r i g i n a l  development path,  w e  aga in  consider  (5.5.6) 

and s u b s t i t u t e  fo r  E[NIZ= z ]  . It w i l l  be shown below t h a t  f o r  MARKOV-

dependent f i r e  

Subs t i t u t i ng  (5.5.8) i n t o  (5.5.6), we ob ta in  

We are now ready t o  execute s t e p  (S3). Assuming a geometric 

d i s t r i b u t i o n  f o r  t h e  number of h i t s  to  k i l l  [ i . e .  (5.5.2) holds] ,  we may 

uncondition (5.5.9) by mult iplying both s ides  of i t  by pZ!z) and 



I 

and summing over z from 1 t o  0, whence fol lows (5.4.1),  s ince  

The reader  should observe how the  condit ions (Cl) through (C3) have 

entered i n t o  the  above development of (5.4 . l )  . 
It remains f o r  us  t o  d e r i v t  t he  r e s u l t  (5.5.8) f o r  the  condit ion 

expectat ion E[NIZ= z ]  . To de r ive  t h i s  key intermediate  expression, 

20
we assume MARKOV-dependenr f i r e  and execute t he  following two t a sks  

(TI) develop expression f o r  the  d i s t r i b u t i o n  of t h e  number 

of rounds t o  obta in  z h i t s  pN I  z (nl z) , 

(T2) compute the  des i red  condi t iona l  expectat ion E[NIz = z] 

by "brute force,"  i . e . ,  

To develop the  d i s t r i b u t i o n  f o r  the  number of rounds t o  obta in  

z h i t s  (with the sequence of f i r i n g s  ending i n  a h i t ) ,  i t  is convenient 

t o  e p l i t  the  p robab i l i t y  t h a t  N rounds a r e  required t o  obta in  z 

h i t s  i n t o  two p a r t s  a s  follows 

(n l z )  = P[N = n l 2  = z ]* N ~ Z  

= P[N - n l z  = z with h i t  on f i r s t  roundj 

+ P[N = n l z  = z with m i s s  on f i r s t  round] , (5.5 .: 



which holde because the  outcome of t h e  f i r s t  f i r i n g  is  e i t h e r  a h i t  

o r  a u i s s .  This s p l i t  w i l l  be seen to  he convenient i n  l i g h t  of sub-

sequent combinatorial  arguments. For convenience w e  w i l l  a l s o  wr i t e  

(5.5.12) a s  

where p z ( n l ~ )  denotes  t h e  f i r s t  of t he  two p r o b a b i l i t i e s  on t h e  

right-hand s i d e  of :5.5.12) and p (nll4) denotes  the  second. 
2 

We dl1 now focus on t h e  development of t he  p robab i l i t y  Pl(nl~). 
To develop t h i s  probabi l i ty ,  we consider  the rrequenice of events, denoted 

a s  SH, i n  which the  f ollowing occurs: 

In t h e  f i r s t  - r, 
,.. f t r i n g s ,  t h e  event  h i t  occurs  everyti=; 

I n  t he  next sl 
f!.rings, t he  event m i s s  occurs everytime; 

In t he  next  f i r i n g s ,  the event  h i t  occurs  everytime; 

In  t he  next  f i t i n p ,  t h e  event  m i s s  occurs everytime;.-. 

I n  the  n  s 8k-1 f i r i n g s ,  the event  m i s s  occurs everytime; 

In t h e  last f i r i u g s ,  t he  event  h i t  occurs  everytime. -

We observe t h a t  f o r  t he  j o i n t  occurrence of the  above events  

where ri and sf are. p o s i t i v e  in t ege r s  f a r  a l l  1 .  The prob-

a b i l i t y  of she j o i n t  occurrence of t he  above events ,  denoted as 



P[SH occurs ] ,  i s  obtained according t o  tho  MAHKQV-dependence assumption 

by m u l t i p l y i w  toge ther  t h s  p r o b a b i l i t i e s  of a l l  t h e  i nd iv idua l  f i r i n g -

outcome events.  Hence 

r +r  +=-*+rk-k s +s +"*+sbl-(s-l) k-t
(1-u) k-l(l-v) 1 2  v (5.5P[SH occurs]  = p  u 1 2  

1 

where f o r  conven.ience be have introduced 

Using (5.5.14), we may w r i t e  t h i s  l a t t e r  p r o b a b i l i t y  a s  

P[SH occurs]  = plu z-k (I-u)k-l(l-v) n-z-k+lvk-1 

Now t h e  above p r o b a b i l i t y  ho lds  f o r  Kny p a r t i c u l a r  sequence of even ts  SH 

i n  w h k h  t h e r e  are z h i t s  and (n-z) misses. Furthermore, t h e  z h i t s  

occur  i n  k s t r i n g s  of one o r  more h i t s  between which t he r e  a r e  sandwiched 

(k-3.) s t r i n g s  of one o r  more misses. Thus, t o  compute t he  p robab i l i t y  

pz(nla) we must consider  t h e  number of ways i n  which such an SH can 

occur wi th  z h i t s  and (a-z) misses. Now 



number of ways 
i n  which such 
an SH can O C C L ~  

number of ways i n  number of ways i n  which 
which k s t r i n g s  (k-1) s t r i n g s  of one 

w of one o r  more h i t s  o r  more misses can . (5.5. 
can conta in  exac t ly  ) conta in  exac t ly  (n-z) 

( z h i t s  misses 

Also (c f .- Lennna 5.5.2 below) 

number of ways i n  
which k s t r i n g o  
of one o r  more h i t s  ( can conta in  exac t ly  )z h i t s  

where ( )  denotes t h e  binomial c o e f f i c i e n t  z!/ k ) ! k and k! 
k 


denotes "k f a c t o r i a l "  - 1 i f o r  k 2 1. Simi lar ly  
i=1 

af one o r  more misses 
can contain exac t ly  
(n-z) misses 

Hence 

a d  thus 



P[N = n l2  = z with b i t  on f i r s t  round] 

PIN = n l ~  z w i t h  h i t  an f i r s t  round] = 

(z-l)ri:y) uz-k (1-u)k-1 (1-v) n-z-k+Ivk-1 
= P1 k-1 

Such an outcome can occur f o r  all values oh k such t h a t  1(k 5 z. It 

follows t h a t  

f o r  n > z , 

s ince  ( n ~ f ; l )  - 0 f o r  k = 1 and n > z ( i . e .  i t  is  impossible t o  have 

(k-1) s t r i n g s  of one o r  more misses sandwiched between k s t r i n g s  of one 

o r  more h i t s  when n > z and k = 1). kn a s imi l a r  fashion i t  may be 

shown t h a t  

pz(n1~) = (l-pl) n-z-k 

Subs t i t u t ing  (5.5.25) aild (5.5.26) i n t o  (5.5.13>, we obte in  t h e  

des i red  d i s t r i , bu t ion  pNIZ(n lz )  f o r  the nmhsr  ixf rounds t o  obta in  z h i t s  



f o r  n < z ,  

f o r  n = z , 

f o r  n > z , 
. . 

where the  reader  should r e c a l l  t h a t  u and v a r e  condi t iona l  h i t  prob- 

abilities defined by (5.5.17). Thus, we have completed the f i r s t  t a sk  

(TI) f o r  der iv ing  E [ N I Z  = z]. 
For accomplishing the  second t a sk  (T2). i t  i s  more convenient 

t o  consider  t h e  c h a r a c t e r i s t i c  func t ion  f o r  PN I (n 1 z) , denoted as 

b N I Z ( s ) ,  i.e. 

00 

i s n  
( N 1 z ( ~ )- L e p N I Z ( n l z ) 9 

n=0 

=where i = ~'-1,than i t  is t o  compute E [ N ~ Z  z ]  d i r e c t l y  by (5.5.11). 

The des i red  condi t iona l  expectat ion E[N 1.2 - z] is  then given by 

t o  compute Q,N I Z  (s) we begin by s p l i t t i n g  it i n t o  two sumnaations 
C 1 

and z2 ,  i.e. 

4 , l Z W  ' (5.5." + r 2  , 



where 

i s z  2-1 
e u1 - P l (  

and 

We w i l l  now concentrate on simplifying the expression (5 .5 .31 )  

for E l .  Interchanging the order of summation i n  ( 5 . 5 . 3 1 ) ,  we obtain 

fie w i l l  now concentrate on evaluating the l a s t  stmunation i n  ( 5 . 5 . 3 3 ) .  T 

t h i s  end, let u s  denote t h i s  summation as Sk, i . e .  for k = 2 ,  3 ,  ... 

For subsequent manipulations, i t  is convenient t o  introduce 

m - n - 2 - 1  and j m k - 2 ,  

and then write ( 5 . 5 . 3 4 )  as 



L 

or, simplifying, for j - 0 , 1 , 2 , . . .  

(7)s ince  = 0 when m < j .  It is then convenient to  further introduce 

m-j and rearrange (5.5.37) into  

L e t  us now r e c a l l  that the-binombal theorem says that for  1x1 < 1 

Let us nou temporarily assume that ~ ( h l m )> 0 .  I t  fol lows that Ir is (I-v) I < 1, 

and consequently (5 .5 .38 )  may be written a s  

or, equivalently,  



Using (5.5.34). we may w r i t e  (5.5.33) as  

whereupon s u b s t i t u t i o n  of (5.5.41). f o r  Sk y i e l d s  

which by in t roduct ion  of % a k-1 may be more conveniently w r i t t e n  as 

Again r e c a l l i n g  the  binomial theorem, i.e. f o r  i n t ege r  n we have 

( 1  + *In = (L) 2, we m y  rewrite (5.5.42) t o  obta in  C1 i n  i ts  f i n a l  

form 

It may be s i m i l a r l y  shown t h a t  

Substituting (5.5.43) and (5.5.44) i n t o  (5.5.30). we obta in  

our des i red  r e s u l t  f o r  $ (a ) ,  namelyN I  2 



Let us observe that (as it should) ( (0) = 1, since pNIZ(nl~) is a 
N 12 


00 

probability mass function and consequently LmopNlz(nl z) = 1. 

For the computation of the conditional expectation E[NIZ = z] by 

(5.5.29), it is convenient to split (s) into three multiplicative 
4 N I Z  
factors eisz, PI('), and P2(s) as follows 


whete 


and 


For future purposes, we observe that 

Because of the multiplicative representation of $ N 1 z(a) (5.5.461, it is 

convenient to obtain d+
N I zIds from its logarithmic darivative 


d{ln ( ~ ~ ~ ~ ( s ) ~ / d s ,  
which is given by 




Consequently, we f ind that 

where 


and 

I t  fol lows from (5.5.49) that 

since 

and 

Recalling (5.5.29) ,  we see that 

and thus by (5 .5 .17)  we have proved (5.5.8)  for ~ ( h l m )> 0. I t  should be 

clear, however, that (5.5.8)  holds for ~ (h l td )2 0.  



Fina l ly ,  i t  remains t o  j u s t i f y  (5.5.20). Thus, we consider  t he  

number of ways i n  which k s t r i n g s  of one o r  more h i t s  can conta in  exac t ly  z - 
h i t s .  It i s  obvious that t h i s  number is the  same a s  ttie number of ways t o  - 
obta in  z h i t s  on k t a r g e t s  with each t a r g e t  being h i t  a t  l e a s t  once. 

Moreover, the  problem of determining t h i s  number has exac t ly  t he  same 

mathematical s t r u c t u r e  a s  t h e  c l a s s i c  occupany problem of p robab i l i t y  theory 

see  mLLER [35, pp. 36-37]), when w e  agree t o  t r e a t  t he  h i e s  a s  ind is t inguish-  (- 

able .  To s e t  t he  s t a g e  f o r  proving (5.5.20), l e t  us  consider  t h e  somewhat 

simpler problem of determining the  number of ways t o  ob ta in  z h i t s  on k 

t a r g e t s  without r equ i r ing  t h a t  each t a r g e t  be h i t  a t  l e a s t  once. To t h i s  

end, w e  s t a t e  and prove the  following lemma. 

LEMMA 5.5.1: The number of ways t o  obta in  z h i t s  on k 

t a r g e t s  (without r equ i r ing  t h a t  each t a r g e t  be h i t  a t  l e a s t  

once) is given by ( zzil) 

PROOF. Consider z h i t s  d i s t r i b u t e d  among k t a r g e t s .  Use the  symbol * 
( s t a r )  t o  represent  a h i t  and t h e  symbol I (bar) t o  represent  a t a r g e t ' s  

boundary. Any s t a r s  contained wi th ln  two ba r s  between which no f u r t h e r  

bars  l i e  represent  t h e  h i t s  on a t a r g e t .  Thus, I** 1 I *** I *  I would repre- 

s en t  6 h i t s  on 4 t a r g e t s  with the  f i r s t  t a r g e t  having 2 h i t s ,  the  second 0 

h i t s ,  t h e  t h i r d  3 h i t s ,  and the  fou r th  1 h i t .  I n  general ,  (k+l) ba r s  a r e  

required t o  represent  k t a r g e t s .  The des i red  number of ways f o r  ob ta in ing  

h i t s  i s  determined by considering the  number of poss ib le  arrangements f o r  

the  above symbols. I n  a l l  such arrangements, however, t he  f i r s t  and last 



symbols must be bars ,  and accordingly t h e r e  are z s t a r s  and (k-1) b a r s  

remaining t o  be  arranged. Thus, the  des i r ed  number of arrangements is  

determined by consider ing t h e  number of ways t o  s e l e c t  (k-1) p laces  ou t  

of (z+k-l), which is  w e l l  known (e.g. sac FELLER [35,  pp. 32-35]) t o  be  

given by t he  binomial c o e f f i c i e n t  i 

Q.E.D. 


We a r e  now ready t o  prove ( 5 . 5 . 2 0 )  i n  t h e  fol lowing equiva len t  form. 

LEMMA 5.5.2: The number of ways t o  ob t a in  z h i t s  on k 

t a r g e t s  with each t a r g e t  being h i t  a t  l e a s t  once i s  given by 

PROOF..-
 Introducing t h e  s t a r  and bar  symbols a s  used above i n  t h e  proof of 

Lemma 5.5.1, we consider  t h e  number of poss ib le  arrangements for  t he se  

symbols. Again, t h e  f i r s t  and l a s t  symbols must always be ba r s ,  and 

consequently t he re  ate z star3 a d  (k-1) b a r s  remaining t o  be arranged. 

However, t h i s  time t h e  requirement t h a t  each t a r g e t  must r ece ive  a t  l e a s t  

one h i t  imposes t h e  add i t i ona i  condi t ion  t h a t  no two bars  can ever  be 

adjacent  t o  each o ther  i n  such arrangements. We may conceptual ize  t h i s  

a i t u a t i o n  by moving and placing each of the  (k-1) arrangeable  ba r s  above 

t h e  s t a r  t o  its l e f t .  I n  o the r  words, ve would consider  I ** 1 * [ *** I  * 1 a s  



I I  I 
****a**. Since t h e  l a s t  s t a r  rece ives  no bar [ r e c a l l  t h a t  the  f i r s t  and 

l a s t  of the  o r i g i n a l  (k+l) ba r s  have been omitted from f u r t h e r  cons idera tL  

because they a r e  f ixed  and consequently not a r rangeable] ,  t h e r e  w i l l  be 

(k-1) s t a r s  with bars  over them out  of a t o t a l  of (2-1) s t a r s  ava i l ab l e  

f o r  such arrangements. Thus, t h e  des i r ed  number of arrangements is determine 

by considering the  number of ways t o  s e l e c t  (k-1) p laces  ou t  of (2-I),  

which is  given by t h e  binomal c o e f f i c i e n t  

Q.E.D. 




5 .6 .  A Simple Derivation of the ~ x ~ e c t e d  Number of Rounds Necessary t o  
'. .. 

Obtain z ? 3 i t s .  

I n  t h i s  s ec t ion  we w i l l  p resent  a v*q7 simple der iva t ion  o f  a general. -
expression f o r  the expected number of rounds t o  ob ta in  z h i t s ,  denoted 

above a s  the  conditional. expectat ion E [NIZ = 21.  I n  tho s p e c i a l  case of 

MARKOV-dependent f i r e ,  our  general. expression reduces t o  BONDER'S r e s u l t  

(5.5.8), which was a key r e s u l t  i n  the  development of the expected time 

tc k i l l  a t a r g e t  with MARKOV-dependent f i re  i n  Sect ion 5.5 above. The 

approach t h a t  we w i l l  use here is p a r t i c u l a r l y  s i g n i f i c a n t ,  s ince  i t  r ead l ly  

leads  t o  o ther  important more general r e s u l t s  [e.g. see (5.8.1) b$Pow]. 

Let N1 ( a  r.v.) denote the n u d e r  of rounds f i r e d  t o  ob ta in  the 

f i r s t  h i t ,  and l e t  Ni ( a  r .v.)  f o r  i 2 2 denote t he  number of rounds 

t h
f i r e d  a f t e r  the ( i - l )= h i t  to  obta in  the i- h i t .  We then have the follow- 

ing  very simple model f o r  t he  number of rounds t o  ob ta in  z h i t s  NZ ( a l s o  

The above r d s u l t  (5.6.1) is a p a r t i c u l a r l y  t ransparent  model f o r  N . I t  
2 

. 
Let uu again denote E[N 1 as E [ N I Z  21 and assume t h a t  t he  random 

2 

var iab les  N
i' i = 2,3,. ..,2, a r e  i d e n t i c a l l y  d i s t r i b u t e d .  Let us a l s o  

introduce Ns a6 a random var iab le  having the same d i s t r i b u t i o n  as the 

random var iab les  Ni f o r  i 2 2. It  follows then t h a t  



--- -- 

We have there  fo re  proved the following important lemma. 

i - 2,3, ...,z ,LEMHA 5.6.1: Let tho r a ~ d o m  va r i ab l e s  Ni, 

be i d e n t i c a l l y  d i s t r i b u t e d .  The cond i t i ona l  expec ta t ion  f o r  

the number of  rounds t o  achieve z h i t s ,  E [ N (  Z - z], is  then 

given by (5.6.3),  where W denotes a random va r i ab l e  having s 

the same d i s t r i b u t i o n  as the random v a r i a b l e s  Ni for 1, 2. 

I t  should be noted t h a t  there  is no assumption about MARKOV dependence 

f o r  (5.6.3) t o  ho ld ,  only t h a t  the  random va r i ab l e s  Ni,  i = 2,3,. . . , z ,  

be i d e n t i c a l l y  d i s t r i b u t e d .  

For the case  of MARKOV-dependent f i r e ,  i t  amy be  shown (and w e  w i l l  
P 

do eo below) tha t  

(1-pl) 

E I N 1 l  * + .imz* 

and 

1+ --E ~ N , ]  = P(h m) . (5.6.5) 

Subet i tu t ing  (5.6.4) and (5.6.5) i n t o  (5.6.3), we ob ta in  BOhQER's expression 

f o r  MAR#OV-dependent f i r s  (5.5.8) . 
I t  remains f o r  us t o  develop the expressions (5.6.4) and (5.6.5). 

We begin by observing t h a t  the ra~dorn va r i ab l e  N1 has the  d i s t r i b u t i o n  

f o r  n = 1 , 

(5.6.7) 

( l -p l ){ l -~(h lm)~"2  ~ ( h l r )  f o r  n 2 2 
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and similarly the random variable han the distribution 
NS 


Direct computation now yields 

Let us now observe that for 0 < 1x1 differentiation o f  the geometric series 

y i e l  da 

and (for future purposes) 

I t  follaws that for 0 4 1x1 



Let us now tennporarily asswse that ~ ( h l r n )> 0. Our desired re su l t  (5 .6 .4)  

for EIV1] now follows by using (5.6.13) to simplify ( 5 . 6 . 9 ) .  I t  should 

be c lear  that ( 5 . 6 . 4 )  holds for ~ ( h l m )-> 0 .  The expression ( 5 . 6 . 5 )  for  

E [Ns ] follows s imi lar ly .  



5 . 7 .  -The N d e r  of Rounds Necessary to  K i l l  a Target  (General Derivation) . 
It i n  of considerable  i n t e r e s t  t o  a l s o  compute the  expected n u d e r  

of rounds necessary t o  k i l l  a t a r g e t  E[N]. Our development he re  is  

p a r t i c u l a r l y  s i g n i f i c a n t  because i t  sugges ts  a way tc compute both the  mean 

and the var iance  of the timo t o  k i l l  a t a r g e t  under *rary general  condi t ions.  

These l apo r t an t  new r e s u l t s  a r e  given i n  t h e  next s e c t i o n ,  

Assuming t h a t  the random va r i ab l e  S is independent of li f o r  all 

i -3 1 and then tak ing  the  expected value of (5.6.31, w e  accordingly obta in  

t bwhere Z denotes the random va r i ab l e  t ha t  the  z-- h i t  k i l l s  the t a r g e t .  

We have therefore  proxed the  following important lema. 

LEMMA 5.7 .l: Let  t he  random va r i ab l e s  Ni, i - %, 3, ... 
be i d e n t i c a l l y  d i s t r i l m t e d  and assume t h a t  the number 

of  h i t s  required to k i l l  the t a rge t ,  a random varioblo 

denoted as 2, is independent o f  the random va r i ab l e s  

Ni f o r  a l l  i -) 1. The expected number of r a u d s  t o  

b i l l  a t a r n a t ,  E[M], is then given by (5.7.1),  where Z 

denotes the random va r i ab l e  t h a t  the  z s  h i t  k i l l s  t he  

t a r g e t  and Ne denotes a random va r i ab l e  having the same 

d i s t r i b u t i o n  as the random va r i ab l e s  N f o r  i -> 2.
i 



i t  should 'be noted here  t h a t  no assumption has been made about the s p e c i f i c  

na ture  of the d i s t r i b u t i o n  of the  number of h i t s  t o  k i l l  a t a r g e t .  I n  o the r  

words, (5.7.1) a p p l i e ~ .under much more general  circtnnstances than j u s t  f o r  a 

geometric d i s t r i b u t i o n  of the  number of  h i t s  t o  k i l l  a t a r g e t .  However, i f  

we do a s s u e  MRKOV-dependent f i r e  and a geometr ic  d i s t r i b u t i o n  f o r  t h e  number 

of n i t s  t o  k i l l ,  then we may s v b s t i t u t e  (5.6.4) and ( 5 . 6 - 5 )  i n t o  (5.7.1) 

t o  ob ta in  

s ince  we have for u geometric d i s t r i b u t i o n  of t h e  number o f  h i t s  t o  k i l l  

F ina j ly ,  i t  should be noted t h a t  (5.7.2) and (5.7.3) may be s u b s t i t u t e d  i n t o  

(5.5.7) t o  y i e l d  ROPillER's r e s u l t  f o r  t h e  expected ;ime t o  k i l l  a t a r g e t .  

The above approach of consider ing as a sum of random v a r i a b l e s  NZ 


(3.6.1) i s  p a r t i c u l a r l y  s i g n i f i c a n t ,  s i nce  i t  al lows us t o  a l s o  compute 

higher momntx f o r  NZ land consequently a l s o  f o r  N). We w r l l  acccrdingly 

now compute the varxance 02 the number af  rotiu.de t o  k i l l  a t a r g e t ,  denoted 

as var[N], which give8 us some idea  of the  v a r i a b i l i t y  i n  t h s  average number 

of rounds to  k i l l  a t a r g e t  E[N] .  W e  w i l l ,  begin by computing t h e  cond i t i ona l  

variance vcir [NI Z = z]. Here we w i l i  assume 



(A11 the  random v a r i a b l e s  Ni, i - 1,2 ,3 , .  . . , a r e  not  

only independent o f  one another ,  bu t  they a r e  a l s o  

independent of the  random v a r i a b l e  Z represen t ing  

the  number of h i t s  required t o  k i l l  t h e  t a r g e t ,  

and 

( A I I )  the  random va r i ab l e s  Ni, i = 2,3,4 ,... , a r e  

i d e n t i c a l l y  d i s t r i b u t e d .  

It then follows from (5.6.1) (e.g. see PARZEN [57, pp. 405-4071) t h a t  

v a r  [~k-z]- va r  (51 + (2-1) va r  INs 1 . (5.7.4) 

We have t h e r e f o r e  proved the fol lowing companion r e s u l t  t o  Lemma 5.6.1 

LEMMA 5.7.2: Aseume t h a t  (AI) and (AII) hold.  The cond!.tional 

var iance f o r  t he  number of  rounds t o  achieve z h i t s ,  

v a r [ ~ ) ~ = z ] ,is then given by (5.7.4), where 
NS 

is as defined 

i n  Lemma 5.6.1. 

For the  case of MRKOV-depandeut f i r e ,  i t  may be shown (and we w i l l  

do so  below) t h a t  

and 




It should be noted that f o r  independent f i r e ,  i .e. p1 P(h lh) = ~ ( h l m ) ,  

(5.7.5) and (5.7.6) both reduce t o  the  well-known r e s u l t  f o r  the geometric 

2
d i s t r i b u t i o n ,  namely var[number of rounds f a r  f i r s t  h i t ]  = (1-pl)Ipl. 

Subst:Lcuting (5.7.5) and (5.7.6) i n t o  (5.7.4), w e  f i n d  t h a t  f o r  M A W V -

dependent f i r e  the condi t iona l  var iance f o r  the  number of  rounds t o  achieve 

z h i t s  is  given by 

2
which f o r  independent f i r e  reduces t o  v a r [ N I ~ = z ]  ~ ( l - ~ ~ ) / p ~  

It  remains f o r  u s  t o  develop the  expressions (5.7.5) and (5.7.6). 

2 2 2We begin by computing EIN1]. Direct  computation y i e l d s  E [N1l a 1im1n pN1(d, 

o r  by (5.6.7) 

whence s u b s t i t u t i o n  of  (5.6.12) and (5.6 . l3) i n t o  (5.7.8) and some a lgeb ra i c  

manipulation y i e l d s  



2 2 
S u b s t i t u t i n g  (5.6.4) and (5.7.9) i n t o  var[N 1 - EIN1l - E IN1], we e a s i l y  1 

ob ta in  our  des i r ed  r e s u l t  (5.7.5). The sxpression (5.7.6) f o r  var[Ns] may 

be developed i n  a s i m i l a r  way. 

To compute t he  uncondi t ional  var iance var[N] from (5.7.4), we 

observe t h a t  there  is an important formula (e.g. see PARZEN [58, p.  551) 

expressing the  uncondi t ional  var iance i n  terms of the condi t iona l  var iance,  

namely 

where E Z [ * ]  e x p l i c i t l y  denotes t h a t  the expected va lue  i s  being computed 

with r e spec t  t o  the r .v. Z and s i m i l a r l y  f o r  varZ [ 1.  A gain w e  wdll  

assume t h a t  asmmptions (AS) and (GII) hold .  From (5.7.4), w e  sea t h a t  the 

expected value o f  t h e  condi t iona l  var iance EZ [ v a r [ ~ I Z ]  1 is given by 

From (5.6.31, w e  see t h a t  the  var iance of the condi t iona l  expectat ion 

var, [I [N  I z I I is given by 

S u b s t i t u t i n g  (5.7.11) and (5.7.12) i n t o  (5.7.10), w e  ob t a in  t h e  fol lowing 

expression f o r  the  var iance of  t he  number of rounds t o  k i l l  a t a r g e t  



We have the re fo re  proved the Eolllowing important lemma. 

LEMMA 5.7.3: Assume t h a t  (AI) and (AII) hold. me variance 

of the  number of rounds t o  k i l l  a t a r g e t ,  var[N], is then 

given by (5.7.13) , where Z and Ns a r e  aa defined in 

Lemma 5 . 7 . 1 .  

For the spec i a l  case of MARKDV-dependent f i r e  and a geometric d i s t r i b u t i o n  

fo r  the number of h i t s  t o  k i l l ,  (5.7 .13) becoms 

where u = ~ ( h l h ) ,v = ~ ( h l m ) ,and w P ( K ~ H ) .  This important r e s u l t  ( 5 . 7 . 1 4 )  

is equivalent  t o  one obtained by KIMBLETON [ 4 9 ]  by o t h e r  means i n  a much 

l e s s  e x p l i c i t  form. 



5.8.  General result^ f o r  Time t o  K i l l  a Target. 

I n  t h i s  s ec t ion  we w l l l  extend the  approach used i n  t h e  previous s e c t i o  
f 

( f o r  developing the  mean and the  varionce f o r  t!ae number of rounds t o  k i l l  a 

t a r g e t )  t o  develop new important r e s u l t s  f o r  t he  time f o r  a s i n g l e  f i r e r  t o  kil 

a s i n g l e  passive enemy t a r g e t .  +Spec i f i ca l ly ,  we w i l l  use a very t ransparent ,  

simple model t o  obta in  very general  expressions f o r  the  mean and variance of t h  

t i m e  t o  k i l l  a t a r g e t .  As t he  reader  undoubtedly knuws by now, such r e s u l t s  a r  

very s i g n i f i c a n t  because they provide a b a s i s  f o r  est imating weapon-system k i l l  

r a t e s  i n  d e t a i l e d  opera t iona l  LANCHESTER-type models of combat a t t r f t i o n ,  and 

our new r e s u l t s  allow such k i l l  r a t e s  t o  be estimated under more generai  condi t  

than before.  Additionally,  the  simple d i r e c t  approach used t o  obta in  these  new 

important r e s u l t s  is s i g n i f i c a n t  i n  i t s  own r i g h t ,  s ince  i t  appears t o  be 

appl icable  i n  o ther  r e l a t ed  cases  of i n t e r e s t .  

Thus, t he  main r e s u l t  of t!le s ec t ion  a t  hand is  t o  show t h a t  undex f a i r :  

general  circumstances the  expected time t o  k i l l  a t a r g e t ,  E[T], is given by 

E[Tl - E[T,] + EITfrl - EITtl {BITh] + E [ T ~ I IE[Z1 

+ IE[T,l + EITfl) ( E [ N  s I - 1) + EIN1] - E[N,]) , 

where 

(a r e v . )  denotes the  time t o  acquire  a t a r g e t .. 'Pa 

(a r.v.1 denotes the time t o  f i r e  the  f i r s t  round a f t e r  t he  T f r  

t a r g e t  has been acquired, 

Th (a r.v.1 denotes the  t i m e  t o  f i r e  a round following a h i t ,  



(a r.v.1 Tm 

Tf (a r .v . )  

N1 (a r.v.1 

Wg (a  r .v.)  

denotes the  t i n e  t o  f i r e  a rounl! following a miss, 

denotes t he  time of f l i g h t  of the  p r o j e c t i l e ,  

denotes the  number of rounds f:,.red t o  obta in  ihe  f i r s t  h i t  

denotes the  number of rounds f:!Lred t o  obta in  any h i t  

subsequent t o  the  f i r e t  one (and measured from the  

occurrence of t he  last h i t )  , 

denotes the  number of h i t s  relquired t o  k i l l  the  t a r g e t .  

Also, a sanewhat less e x p l i c i t  and more complicated r e s u l t  f o r  t h e  variance of 

the time t o  k i l l  a t a r g e t  is  given by (5 .8 .U) ,  (5.8.20), and (5.8.28) below. 

For the  s p e c i a l  case of =QV-dependent f i r e  and a peometric d i s t r i b u t i o n  

of t he  number of h i t s  t o  k i l l ,  t he  above general  r e s u l t  f o r  the  expected time E 

t o  k i l l  a t a r g e t  reduces t o  21 

which the  reader  w i l l  e a s i l y  recognize a s  (5.4.1) with the  de t e rmin i s t i c  event 

times ta, tl, th, tm9and tf replaced by the  expected v d u e e  of t he  corre-

sponding tsndorn var iab les .  

Let us now turn  ro  the  development of (5.8.1) for the  expected value 

of the  time f o r  a s i n g l e  f i r e r  t o  k i l l  a e ing le  passive enemy t a r g e t  and 

the variance of t h i s  eima. We w i l l  again consider  the conceptual model (given 

r' i n  Section 5.5) of the process by which a s i n g l e  f i r e r  ezigagae and kills a 

and 

Z (a r.v.1 



s i n g l e  passive enemy t a r g e t .  It cons i s t s  of t he  sequence of events  (El)  

through ( 8 5 )  given above i n  Sect ion 5.5. For t h i s  model w e  w i l l  compute the  

average time f o r  t he  f i r e r  t o  k i l l  a t a r g e t ,  E[T], by executing the two 

fo l l a r i n g  s t e p s  : 

(S l )  r e l a t e  expected eime t o  k i l l  a t a r g e t  t o  the expected times t o  

obta in  the f i r s t  and subsequent h i t s  and t o  t he  expected number 

of h i t s  t o  k i l l  [ s ee- (5.8.6) below], 

(S2) develop submodel f o r  the  expected times t o  obta in  the  f i r s t  and 

subsequent h i t s  [see(5.8.15) and (5.8.23) below] . 

The variance of t he  time t o  k i l l ,  var[T] ,  w i l l  be obtained i n  a s imi l a r  (but 

much l e s s  e x p l i c i t  and more complicated) manner. The bas i c  idea  behind 

developL.g these  r e s u l t s  is t o  decompose an event time of i n t e r e s t  i n t o  the  

sum of a random number of component event times and t o  compute the  appropriate  

momeuts along the  l i n e s  a s  done i n  Sect ion 5.7 above. For the  development of 

these  r e s u l t s ,  we w i l l  l e t  
T1 Ia. r.v.) denote the  length of t he  time in te rva l  

from the t i m e  a t  which the  l a s t  t a r g e t  w a s  k i l l e d  u n t i l  t he  f i r s t  h i t  is 

obtalned on the ' target a t  hand, and Ti (a r.v. f o r  i = 2 ,  3, 4 ,  ...) denotc 

11. length of t h e  time i n t e r v a l  from the  time a t  which t h e  (i-11% h i t  was 

thachieved u n t i l  t h e  i- h i t  is obtained on the  t a rge t .  We w i l l  then assume 

t h a t  



(Al) the random variables Ti, i - 1,2,3, ... , are all independent 
of the random variable Z representing the number of hits 


required to kill the target, 


(A2) the random variables Ti, i = 2,3,4, ... , are all identically 
distributed, 


and (A3) the random variables Ti, i - 1,2,3, ... , are all independent 
of one another. 


Let us now carry out the above two computational steps (Sl) and (S2) 


for obtaining E[T] and var[T]. Accordingly, we turn to the first computa- 


tional step (Sl) and consider [cf -. (5.6.1) above] the following model for the 

time to obtain z hits, TZ (a r.v.),

F 


where z denotes a previously-specified positive-integer number (i.e. it is 


a positive-integer-valued deterministic parameter upon which the r.v. is con- 


ditioned). Ilkre (as elsewhere) we have adopted the convention ~hai Ti = 

for z < 2. The above result (5.8.3) is a particularly transparent modal 

for TZ. It follows that 

Denoting E[TE] as E[T~Z zl and recalling assumption (AZ) above, we may 

then write 
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where Ts denotes a r .v .  having the  same d i s t r i b u t i o n  a s  t h e  random va r i ab l e s  

Ti f o r  1 2 2 .  Recal l ing assumption (Al), we mul t ip ly  both s i d e s  of (5.0.5) 

by pZ(z) and sum from 1 t o  - t o  ob t a in  t h e  expected va lue  f o r  t h e  time t o  

k i l l  a t a r g e t  

-To compute var[T] ,  w e  observe t h a t  (cf. Sect ion  5.7 above or 

P M E N  [58, p. 551) 

Now it  fol.lows by arguments s i m i l a r  t o  those  used f o r  t h e  development of 

(5.7.4) above t h a t  

whence 

Mere, assumption (A3) is needed fo r  (5.8.8) t o  hold. We a l s o  observe t h a t  

(5.8.5) yieldrr [cf. the  development of (5.7.12) above] 



Subs t i t u t ing  (5.8.9) and (5.8.10) i n t o  (5.8.7) .  we obta in  the  following expres- 

s ion  f o r  the var iance  of t he  time t o  k i l l  a t a r g e t  i n  terms of the  variance 

f o r  the  time t~ obte in  the  f i r s ;  h i t  T1 and t h a t  f o r  t he  t i m e  t o  obta in  any 

subsequent h i t  Ts 

We have the re fo re  proved the  following important lemma. 

LEMMA 5.8.1: Assume t h a t  ( A l )  and (A2) hold. The ez.pected time 

t o  k i l l  a t a r g e t ,  E[T], is then given by (5.8.5), where T1 (a r . v . )  

denotes the t i m e  t o  ob ta in  t h e  f i r s t  h i t ,  Ts (a  r . v . )  denotes t he  

t i m e  between any two subsequent consecutive h i t s ,  and Z ( a  r .v . )  

denotes t he  number of h i t s  required t o  k i l l  the  t a r g e t .  I f  we  

add i t i ona l ly  assume t h a t  (A3) holds, then the  variance of the  time 

t o  k i l l  a t a r g e t ,  var [T] ,  i s  given by (5.8.11). 

The reader  should note  t h a t  t he  above r e s u l t s  f o r  t he  time t o  k i l l  

a t a r g e t  a r e  expressed i n  terms of the moments f o r  the  time t o  obta in  t h e  f i r s t  

h i t  and the  time between any two subsequent consecutive h i t s ,  and not  i n  

terme of the  bas ic  event t h o  f o r  the  sequence of events  ( E l )  through (E5) 

i n  the  conceputal mcdel of Sect ion 5.5 (i.e. the  rwdom va r i ab l e s  Tap Tfr, 

Th, Tm, and Tf).  Accordingly, w e  now turn  t o  the  second computational s t e p  



(S2) mentioned above and consider the  following model f o r  the time t o  obta in  

the  f i r s t  h i t ,  T1, 

where N (a  r .v.)  denotes the  number of rounds f i r e d  t o  obta in  the f i r s t  h i t .  1 


We w i l l  now assume t h a t  

(a)t h e  random va r i ab l e s  Ta, Tf , Tfr ,  and Tm a r e  a l l  independent: 

of t he  random va r i ab l e  Nl r epresent ing  the  number of rounds 

f i r e d  t o  obta in  the f i r s t  h i t ,  

and (B)t he  random va r i ab l e s  Ta, Tf, Tfr, and Tm a ra  a l l  independent 

of one another.  

To compute the  expected value of TI, we consider  t he  t i m e  required 

t o  f i r e  o rounds T: (here n may be considered t o  be a r e a l i z a t i o n  of 

ill) and obta in  from (5.8.12) 

and hence 

where E[T~] has b e m  denoted aa E [ T ~IN^ = nl. Using arguments s i m i l a r  co 

= n] t o  obta in  those use4 above, we may uacondition E [ T ~ I N ~  
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To compute var[T1], we f i r s t  obaarve t h a t  

From (5.8.13) and assumption (2)i t  follows t h a t  

whence 

Here, assumption (3.)is needed t o  j u s t i f y  obtaining (5.8.18) from (5.8.17). 

Also, (5.8.14) y i e l d s  

2- var[N1] { E [ T ~ )+ L [ T ~ ] ~va r  [ E [ T ~ I N ~ ] ]  . 
1 

Subs t i tu t ing  (5.8.18) and (5.8.19) i n t o  (5.8.161, we obta in  the  following 

expresslon f o r  t h e  variance of t he  time t o  obta in  t h e  f i r a t  h i t  



We have the re fo re  provad the  following importarit lama. 

LEMTiA 5 . 9 . 2 :  Assume chat  (2)holds.  The expected time t o  

obta in  the  f i r s t  h i t  on a t a r g e t ,  E[T1], i e  then given by (5.8.15). 

(a)If we add i t i ona l ly  assume t h a t  holds,  then rhe vlrriance 05 

the  time t o  obtaia t he  f i r s t  hit on ,:I t a r g e t ,  var[T 11 ,  is  given by 

(5.8.20). 

We haw now completed the  f i r s t  ha l f  of s t e p  (S2). This ccrinpurational 

s t e p  is completed by repea t ing  the above ca l cu la t ion  procedure f o r  the  time 

between any two sub~equen t  consecutive h i t s  on the target: Ts, which has 

the same d i s t r i b u t i o n  as Ti f a r  i 2.  Here w e  w i l l  merely sketch develop- 

ments, s ince  the  d e t a i l s  a r e  completely anahgous  t o  thosc given above f o r  

We w i l l  now aasume t h a t  
TI. 

(k) the  random va r i ab l e s  T f9  Th, and Tm are 711 independe~ t  

of the  random var+,ablc Ni ( f o r  i -> 2 )  t epreseni ing  the 

nuinber of rounds f i r e d  a f t e r  t he  i l . - ~ ) = ~ -h i t  t o  obta in  

th
the  i-- h i t ,  

and (k )  the  r a n d m  va r i ab l e s  Tf. Th, nnd T ere dl independent 

of one another ,  

Similar  t o  t he  above, it m y  be shown t h a t  the  f o l 2 d n g  model (For 1 1  2)  



leads to  

where we  Save t a k a  the l iberty of replacing Ti and Ni by their equivalents 

Ts and Ns. We now turn t r  the variance. In general, we have for i 2 2 


I t  i s  easily shown that 

whence (again, replacing Ti by Ts and Np by Ns) follows 



and the  following important lemma. 

LEMMA 5.8.3: Assume t h a t  (XI) holds.  The expected t i m e  t o  obta in  

any subsequent h i t  on a t a r g e t  (where t h i s  time i n t e r v a l  i s  measured 

from t h e  occurrence of the  last previous h i t ) ,  E[TS], is then given 

by (5.8.23). I f  we add i t i ona l ly  assume t h a t  (2)holds,  then t h e  

variance of t he  time t o  obta in  any subsequent h i t  on a t a r g e t ,  

var[Ts], is  given by (5.8.28). 

W e  a r e  now ready t o  develop our f i n a l  r e s u l t s  f o r  E[T] and var[T] .  

Subs t i t u t ing  (5.8.15) and (5.8.23) i n t o  (5.8.6). we obta in  the des i red  f i n a l  

r e s u l t  (5.8.1) f o r  t he  expected time t o  k i l l  a t a r g e t .  Because of t h e  com- 

p l e x i t y  of corresponding tenns f o r  the variance of the t i m e  t o  k i l l  a t a r g e t ,  

we w i l l  not present  here  one f i n a l  expression f o r  var[T] i n  terms of t he  

fundamental opera t iona l  v a r i a b l e s  appearing i n  (5.8.11, but  we w i l l  let  

var[T] be given by (5.8.11) i n  t a m  of var  [TI] and var  [Ts I , which i n  

t u rn  a r e  expressed i n  terms of the  fundamental opera t iona l  va r i ab l e s  by 

(5.8.20) and (5.8.28). Thus, t o  compute var[T] one must f i r s t  use (5.8.20) 

t o  compute var[Tl] and (5.8.28) t o  compute var[Tsl and then use (5.8.11) 

t o  combine these  intermediate  r e s u l t s  i n t o  the  f i n a l  des i red  r e s u l t  f o r  

var[T].  It remain6 f o r  u s  t o  reconci le  the  th ree  d i f f e r e n t  s e t s  of assumptionr 

used t o  develop Lemmas 5.8.1, 5.8.2, and 5.8.3, upon which the  f i n a l  r e s u l t s  

f o r  E[T] and var[T] a r e  bared. In p a r t i c u l a r ,  i f  we assume t h a t  t he  randon 



1 va r i ab le s  Wi f o r  i - 1,2,3, . .  a r e  independent of one another ,  then assump- 

t i o n  (a), ( x l ) ,  and (2)imply t h a t  aesumptfon (A3) holds (1.e. the(a), 

random va r i ab l e s  Ti f o r  i = 1 , 2 , 3 , .  a r e  independent of one another) .  

Thus, a11 these  above assumptions may be merged i n t o  the  following consol idated 

s e t :  

(r\l) t he  random va r i ab l e s  Ta, Tf,  Tfr, and T, a r e  a l l  independent 

of the  random va r i ab l e  N1 represent ing  t h e  number of rounds 

f i r e d  t o  obta in  t h e  f i r s t  h i t ,  

(k)the random v a r i a b l e s  Tf ,  Th, and % a r e  a l l  independent of 

the random va r i ab l e  Ni ( f o r  1, 2) represent ing  t h e  number 

t h
of rounds f i r e d  a f t e r  t he  (i-11% h i t  t o  obta in  the  i- h i t ,  

( i 3 )  the random va r i ab l e s  Ni f o r  1 = 1,2,3, .  . . a r e  a l l  independent 

of t he  random va r i ab l e  Z represent ing the  number of h i t s  re-

quired t o  k i l l  t he  t a r g e t ,  

., 
( A 4 )  the  random va r i ab l e s  Ni f o r  i - 2 , 3 , 4 ,  ... a r e  a l l  i d e n t i c a l l y  

d i s t r i b u t e d  ( l e t  Ng denote a random v a r i a b l e  having the  same 

d i s t r i b u t i o n  a s  thees  random v a r i a b l e s ) ,  

(G) the  random var iab lea  Ni f o r  i - 1,2 ,3 , .  .. a r e  a11 independent 

of one another,  

and ( i 6 )  the random va r i ab l e s  Ta, Tt, Ttr, Th, and Tm a r e  a11 independent 

1: of one another.  
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We a r e  now ready t o  summarize the  f i n a l  r e s u l t s  of t h i s  s e c t i o n  f o r  t h e  mean 

E[T] and the  variance var[T]  of t he  time t o  k i l l  a t a r g e t .  We do t h i s  with 

the  following theorem. 

- -, 

THEOREM 5.8.1: Assume t h a t  ( A l )  through (A4) hold. The expected 

t h e  t o  k i l l  a t a r g e t ,  E[T] , is then given by (5.8.1). I f  we 

add i t i ona l ly  aeraume t h a t  (A5) and ( 8 6 )  hold, then the  variance of 

t h e  time t o  M I 1  a t a r g e t ,  var[T] , is given by (5.8.11) , with ( i n  turn)  

var[T1] given by (5.8.20) and var[Ts] given by (5.8.28). 

The above r e s u l t  (5.8.1) f o r  the  expected time t o  k i l l  a t a r g e t  holds 

under the  very general  condi t ions described by assumptions (k,)through (;\4). 

Moreover, there  are some s p e c i a l  cases  of p a r t i c u l a r  i n t e r e s t  t o  t h e  combat 

modeller. I n  p a r t i c u l a r ,  f o r  MARKOV-dependent f i r e  (with s t a t i o n a r y  t r a n s i t i o n  

p ~ o b a b i l i t i e s ) ,  we have shown t h a t  (=Sect ion 5.7) 

For a geometric d i r t r i b u t i o n  of t he  number of h i t s  t o  k i l l ,  we have 

Thus, f o r  MARKOV-dependent f i r e  and a geometric d i s t r i b u t i o n  of t he  number of 

hits t o  k i l l ,  (5.8.2) then follows from (5.8.1). We leave it as an exercise 



for the reader to verify that assumptions (i1) through ( i 6 )  are satisfied 

in  th i s  case. Finally, we could a l so  uee in th i s  special  case (5.7.5)  and 

( 5 . 7 . 6 )  t o  compute var[T] by means of (5.8.11), (5.8.201, and ( 5 . 8 . 2 8 ) .  



5.9. Development x€ Expected Time to Kill a Target as Mean State-Recur. 


Time in Csntinuouu-Time Semi-YsARKOV Process. 


In this section we present a third approach for developing the 


expected time to kill a target. It is based on conceputalizing the proc 


by whish a single firer engages a single passive target as a so-called 


continuaus-time semi-MARKOV (or MARKOV-renewal) process and invoking a 


result by EARLOW 14, p. 531 for the mean recurrence time for a state in 


such a stochastic process with an imbedded ergodic MARKOV chain (1.e. tl 


system can be in any one of a fiaite number of states after a sufficient 


long lapse of time). Although our approach based on considering the 


expected value of the sum of a random number of random variables is und< 


the simpl.est and most transparent one far deriving attrition-rate-coeffj 


results far homogeneous-force combat, the state-recurre~.ce-time approad 


may have greater applicability for heterogeneous-force combat, and it 


does farm the basis for determining nmerical values for attrition-zate 


coefficients in the VECTOR series of combat modelsZ2 of VECTOR ZSEARCH, 

INC. 128; 54; 89; 901 (see -also SectLon 5.16 below). 

The state-recurrence-time approach may be considered to have 


received it8 in~etus from BARFOOT [3], who in 1969 (besides first propos 

that an attrition-rate coefficient be defined as the reciprocal of the 


expected time to gill a target) presented aa al~ternative (to BONDER'S 


1111) method for deriving an expraseion for the expected time for a sing 


firer to kill a target. BARFOOT considered that the target could be in 

one of, in general, m etatee [to obtain a re~iult like BONDER'e [Il] for 

the time to kill a target, one of three states: killed, hit (but not ki 


and missed (and not killed)], traneitions between these states would 
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occur from the jmpacts of rounds in the target area, and this target- 


destruction process formed a MMKOV chain. PARRELL [17, pp. 136-1371 then 

observed that if the target-destruction process could be conceputalized 


in such a way that every state has some probability of eventually occurring, 


then m e  can invoke a known result on mean state-recurrence time from the 

theory of semi-MARKOV processes to determine the expected time to kill 


a target. 


Loosely speaking, a semi-MARKOV process (W)
is completely describe 


by a matrix of transition probabilities for an imbedded MAIUCOV chain (MC) 


and a matrtx of distribution functions for the "wait" in a state before goin 


to another state. For a continuous-time MC, the "wait" in a state is 


exponentially distributed, while the SMP considers more general distri- 


butions for waiting tlmes (e.g. see BARLOW [4], SINEAR [22], COX and MILLER 
[39, p. 3521, or ROSS [59; 691). For such a SKP, BARLOW [4, p. 531 (see -
also 5INLA.R [22 ,  Theorem 6.121 or ROSS 159, Theorem 5.161) proved the 

following impartant result. 


THEOEtEM 3.9.1 (BAFUOW [4]): Consider a semi-MARKOV process 


(with J states S1, S2, ... , SJ) in which all states 

communicate. The mean recurrence time for state Si, denoted 


as Rii, is then given by 


where p denotes the unconditional mean wait in state S 
j j 


and nj is an element (correeponding to state S ) of the 
j 


stationary dietribution of the imbedded W O V  chain. It follows 


that 
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and 

where p is  the  t r a n s i t i o n  p robab i l i t y  t h a t  t he  system goes 
il 

from s t a t e  Si t o  s t a t e  S when s u c h , a  change does occur,  and 
j 


P denotes the  mean t i m e  t h a t  t he  system remains i n  s t a t e  S
Ik j 

before it t r a n s i t i o n s  t o  s t a t e  Sk. 

. -- -- - -

It should be noted t h a t  no assumption a t  a l l  i s  made here  about t he  d i s t r i -  

bution of waiting time i n  s t a t e  S before t he  system t r a n s i t i o n s  t o  
l 

s t a t e  Sk* 

Let us  now show how BARLOW'S r e s u l t  (Theorem 5.9.1) may be used t o  

develop the  general  r e s u l t  (5.8.2) f o r  the expected time f o r  an ind iv idua l  

f i r e r  t o  k i l l  a s i n g l e  passive enemy-target type with MARKOV-dependent 

f i r e  [ a  s p e c i a l  case of which is 80NDER's r e s u l t  (5.4.1)].  Af te r  developin 

r e s u l t s  f o r  t h i s  important s p e c i a l  case,  w e  w i l l  ou t l i ne  how t h i s  approach 

may be ased t o  determine the expected time t o  k i l l  a t a r g e t  under more 

general  circumstances (e.g. under condit ions a f  creveral t a r g e t  types with 

d i f f e r e n t  p t i o r i t i s s  f o r  t h e i r  engagement). 

To develop (5.8.2), ve correider a s i n g l e  f i r e r  t ry ing  t o  engage and 

k i l l  a s i n g l e  type of t a rge t .  We aesume t h a t  a l l  the  aseumptions required 

f o r  (5.8.2) (and given i n  Section 5.8) hold. Let u s  focus on the  t a rge t .  

It can be 



(1) undetected, 

(3)  missed, 

or ( 4 )  k i l l e d .  

When a t a r g e t  has been k i l l e d ,  aearch immediately begins f o r  a new t a r g e t .  

We now seek t o  def ine  the  system s t a t e s  s o  t h a t  t h e  condi t ions  r e q u i s i t e  

f o r  invoking BARLOW'S 'theorem ( i . e .  Theorem (5.9.1) a r e  met ( i n  

p a r t i c u l a r ,  given any s t a r t i n g  s t a t e ,  a f t e r  s u f f i c i e n t  l a p s e  of time the  

system could be i n  any s t a t e ) .  Thus, the  "k i l led"  s t a t e  cannot be absorbin$ 

To accomplish such a  def in ing  of system s t a t e s ,  we observe t h a t  the  follow- 

ing two s i t u a t i o n s  a r e  mathematically t r e a t e d  the  same: (I) a new t a r g e t  

i rumediat~ly appearing upon t h e  des t ruc t ion  of the  cu r r en t ly  engaged t a r g e t ,  

and (11) the  same t a r g e t  being repeatedly k i l l e d .  Thus, w e  will. def ine  

the following three  system s t a t e s :  

S1 = k i l l e d  s t a t e  (which l a s t s  from the  des t ruc t ion  of the  

previous t a r g e t  u n t i l  the f i r s t  round has been f i r e d  a t  

a  new t a r g e t ) ,  

S2 - h i t  s t a t e  ( i n  which the  t a r g e t  has been h i t  but no t  k i l l e d  

by the  l a s t  round f i r e d ) ,  

and S3 - missed s t a t e  ( i n  which the  t a r g e t  has been missed and not 

k i l l e d  by t he  l a s t  round f i r e d ) .  



These states and the corresponding transition probabilities for changes 


in system state are shown in Figure 5.4. The transition probabilities for 


the imbedded MARKOV chain are given by 


Furthermore, the expected wait in each state is independent of the next 


state visited and given by 


where all the subscripted T ' s  are as defined in Section 5.8. 

With the above definitions, all states communicate, and the expected 


time to kill a target is just the expected time between visits to state S1, 


1.e. the mean recurrence time of etate Sy . Hence, the expected tin
11 


to kill a target E[T] is given by 


where the stationary probabilitie. are given by the ayetern of equationo 




HIT I I MISSED 
(but Not Killed) 1- P(hlh1 (and Not Killed) 

Figure 5 . 4 .  Syatem s t a t e s  and transit ion probabi l i t ies  used i n  

alternate derivation of expected time t o  k i l l  a 

target. by invoking BARLOW'S [ 4 ]  resul t  for mean 

recurrence ti= of semi-MARKOV process with 

imbedded ergodic MARXOV chain. 



From (5.9.6)  we see  that what we need fox computing the -an recurrence 

tine f o r  a t a r g e t  being k t l l e d  Ell is  not  tbe s t a t i o n a r y  p r o b a b i l i t i e s  

fox j * 1,2,3 ehemselvco but  t he  r a t i o s  a /n. for j - 1,2,3.
=j 9 1 
Accordingly, let  us  define 

We may then write 

where r2 and rg a r e  determined by t h s  l i n e a r  system of equat ions 

The reader  should r e c a l l  here  that only tw of t h e  th ree  equations (5.9.7) 

3 a r e  l i n e a r l y  independent. since pi, - 1 Solving (5.9.10). we 



Subs t i t u t ing  (5.9.4) i n t o  (5.9.11), w e  f ind  t h a t  

whence f o l l w s  (5.8.2) from s u b s t i t u t i o n  of (5.9.5) and (5.9.12) i n t o  (5.9.6). 

In  general ,  the above agproach may be used t o  develop an expression 

fo r  the expected t i m e  t o  k i l l  a t a r g e t  E[T] i n  any f i r i n g  process  with 

a set of J d i s t i ngu i shab le  s t a t e s  SIP S2,  ... , SJ a s  long as the  

f  ollowfng assumptions hold : 

(Al) the process makes t r a n s i t i o n s  a t  d i s t i n c t  po in ts  i n  time, 

(A2) given t h a t  one is i n  s t a t e  Si, the p robab i l i t y  of t r a m i t i o n  

t o  s t a t e  S does not  depend on any h i s to ry  of the process; 
1 

we l e t  p
il 

denote the p robab i l i t y  of t r a a a i t i o n  t o  s t a t e  

S 
j 

from s t a t e  Si, 1.e.  

r system in s t a t e  system i n  s t a t e  1 
P i j  = 

S a f t e r  t r a n s i t i o n  Si before t r a n e i t i o n  [- I 
) given that OW is i n  state Si, the  mean wait before a 

t r a n s i t i o n  t o  s t a t e  S depends only on the s p e c i f i c a t i o n  
j 

of t h e m  two s t a t e s ;  we l e t  u
13 

denote, the mean wait  i n  

s t a t e  Si before a t r a n s i t i o n  t o  s t a t e  S 
j ' 



(A4) nu matter  where the system starts, every s t a t e  has some 

probab i l i t y  of eventua l ly  occurring, 

and (A5) t h e  s t a t e s  a r e  s o  defined t h a t  t he  expected t h e  i n t e r v a l  

between successive e n t r i e s  i n t o  s t a t e  S1 corresponds t o  

t he  expected time b e t m e n  c a s u a l t i e s *  

In essence, t h i s  approach may be appl ied t o  any ta rge t -des t ruc t ion  process 

t h a t  can he modelled as a semi-MARKOV process23. Let us now introduce 

the  r a t i o  r = rr /r The expected time t o  k i l l  a t a r g e t  E[T] i s  
j 1' 

then s b p l y  t h e  expected t i m e  between t h e  occurrencee of two s u c c e ~ ~ i v e  

casua l t i ec  L and is given by 11 

where r2, ... , rJ a r e  determined by the  l i n e a r  system of equat ions 

f o r  j - 2 , . .  .,J, 

and d denotes t he  KRONXCKER d e l t a  defined ae = 1 f o r  i = j and
i J  

= 0 otherwise. Hare we should r e c a l l  t h a t  assumption ( A 4 )  guarantees t h a t  

we CM elways 8olve the l i n e a r  system cf eqr?s t ims  (5.9.14) (e.g. see 

FELLER (35, pp. 354-3621 o r  PAdlZEN [ 57 ,  p. 2651). I f  the  P a r e  not  
j 

d i r e c t l y  a v d l a b l e ,  they may be obtained from the  v by using (5.9.3). 
1) 




5-10. &?cia1 Cases of BONDER'S General Expression for the LANCHESTER- 


--Attrition-Rate Coefficient. 
We began our examination of the analytical modelling of a LANCHESTE' 


attrition-rat'@ coefficient [i.e. approach (Al) of Section 5.11 by consider- 


ing in Section 5.2 some very simple models for such coefficients in the 


case of aimed fire and an impact lethality mechanism, and then we progressel 


to much nore complicated models for the time to kill a target [namely, 


BONDER'S result (5.4.1) for MARKOV-dependent fire and our more general 


ones (5.8.1) and (5.8.2)]. Thus, we started by presenting without justifi- 


cation results fax a couple of very simple analytical submodels for a 


LANCHESTER attrition-rate coefficient under conditions of "aimed" fire, 


and we subsequently developed a fairly general model for the expected 

time to kill a target and obtained a general result for this model. 


At this juncture it now seems appropriate for us to show how the earlier- 


obtained simple results may be viewed as special cases of these later- 


obtained, mere general results. In particular, we will show how BONDER'S 


result for the expected time to kill a target with MAKKOV-dependent fire 


(5.4.1) simplifies and yields (under the appropriate circumstances) a 


simple result like (5.2.4) for the LANCHESTER attrition-rate coefficient. 


We will aJ.80 examine an analogous simplification that yields that "aimed" 


fire can lead to an FT target-type-attrition proce~a24 when a model 


proposed for target-acquisition times by H. BRACKNEY [20] is congidered. 

ILIpreparation Ear developing these results, though, let us briefly review 

how the different results that we have developed for varying degrees of 

generality are related to ane anather. 


The most general re~ule that we have developed to the expeeted 


time foz an individual firer to kll.1 a single enemy passive target 




" " 

given  by 6 .8 .11 ,  which holds  f o r  assumptions (Al) through (AQ) of Sect ior  

The ope ra t i ona l  condi t ions  corresponding t o  these  assumptions a r e  more gec 

than MARKOV-dependent f i r e  and a geometric d i s t r i b u t i o n  of t he  number of k 

required f o r  a k i l l  wi th  random event times. When w e  do assume MARKOV-

dependent f i r e  and ri geometric d i s t r i b u t i o n  f o r  t h e  number of h i t s  t o  k i l l  

however, our most genera l  r e s u l t  (5.8.1) s i m p l i f i e s  and we obta in  (5.8.2), 

which s t i l l  conta ins  random event times. BONDER'S r e a u l t  (5.4.1) is a 

s p e c i a l  case  of (5.8.2), i . e .  i t  is the  s p e c i a l  case i n  which a11 event ti 

. a r e  de te rmin is t ic .  In turn ,  (5.2.8) is a s p e c i a l  case a f  BONDER'S r e s u l t  

(5.4. I ) ,  and (5.2.4) corresponds t o  a s p e c i a l  case  of (5.2.8), i .e. t h e  

s p e c i a l  case  i n  which t h e  t i m e  t o  acqui re  a t a r g e t  is n e g l i g i b l e  with 

respec t  t o  t he  time required t o  des t roy  an acquired t a r g e t  and i s  taken t o  

be equal  t o  zero.  

Let us  now cons ider  more sys temat ica l ly  t h e  s imp l i f i ca t i on  of 

BONDER'S genera l  r e s u l t  (5.4.1) i n  some s p e c i a l  cases  of t a c t i c a l  i n t e r e s t  

Other such s p e c i a l  cases  (and ones t h a t  we w i l l  no t  examine here)  a r e  t o  

be found i n  BONDER and FARRELL [17, pp. 106-1071 and a l s o  [88, p. 281. 

We begin by l i s t i n g  assumptions t h a t  a r e  more r e s t r i c t i v e  than those used 

t o  develop (5.4.1) but a r e  y e t  of t a c t i c a l  i n t e r e s t  (see [88, p. 281 f o r  

a f u r t h e r  discueeion):  

(All e t a t i e t i c a l  independence among f i r i n g  outcomes, i . e .  

(A2) "uniformt' r a t e  of f i r e ,  1.s. tl th = t - t - l/v;m v 



(A3) n e g l i g i b l e  t i m e  of f l i g h t  f o r  p r o j e c t i l e ,  i.e. assume t h a t  

and (A4) t a rge t - acqu i s i t i on  time neg l ig ib l e ,  i .e.  assume t h a t  ta = 0. 

If  w e  take assumption (Al) t o  hold,  i.e. independent f i r e  i n s t ead  of MARKOV-

dependent f i r e ,  then BONDER'S general  expression reduces t o  

where = P P ( K ~ H )  denotes t he  s ingle-shot  k i l l  p robab i l i t y .  I f'SSK SSH 


we a d d i t i o n a l l y  take  assumption (A2)  t o  hold,  i .e.  uniform f i r i n g  r a t e ,  

thcn t h i s  last r e s u l t  f u r t h e r  reduces t o  

which may a l s o  be w r i t t e n  a s  

where v denotes  t h e  f i r i n g  r a t e  (assumed uniformj.  I f  we a d d i t i o n a l l y  

take arsumption (u)t o  hold,  i.e. n e g l i g i b l e  p r o j e c t i l e  f l i g h t  t i m e ,  then 

t h i s  l a s t  r e s u l t  f u r t h e r  reduces to  



which is the same as (5.2.8) above. If we additionally take assumption 


(A4) to hold, i.e. negligible target-acquisition time, then we finally 


obtain 


. 
which is equvalent to the LANCHESTER attrition-rate coefficient being given 


by, for exmaple, (5.2.4), i.e. the kill rate of a single weapon system is 

equal to the product of its firing rate times the (single-shot) kill prob- 


ability of each round. We swnarize the above results with the following 


LDfMA 5.10.1: Assume that assumptions (Al) through (A2) above hold. 

BONDER'S general expresslion for the expected time to kill. a target 


(5.4.1) then reduces to (5.10.4), with the LANCHESTER attrition-


rate coefficient being given by, for example, (5.3.1) [i.e. 


a = l/{ t 1 . If we additionally take assumption 
aXY 


(A4) to hold, i . e .  ta 0, then (5.10.4) reduces to (5.1.0.5) and 

the WCHESTER attrition-rate coefficient is given, far example, 

Thua, we have nhown that the simple models that we initially considered 

may be viewed ins opecia1 cases of much more geceral. ones. 


Along the same lines, let us now consider a targat-acquisftion- 

time model proposed by E. BRACKNEY 1201 and see k 3 7  "aimed" fire can lead 

to an FT targot-type-attrition procese when target-acquisiLirn times are 




target-type-force-level dependent and arc the constraining factor in the 


attrition process. Following BRACKNEY [ 2 0 ,  p. 321, let us accordingly 

replace assuglption (A4) above by ( x 4 ) .  

( i 4 )  the mean time to acquire a target is inversely proportional 

(let k denote the constant of proportionality) to the 


target density, i.e. t = k/p where p denotes the density 
a 

of targets in the target area A that is searched. 


In analytical terms, assumption ( x 4 )  yields that, for example, 

where T (a r.v.) denotes the time required for a Y firer Lo acquire 

~ X Y-

an X target, + decotes the area occupied by X targets (and searched 

by Y firere), x denotes the X force level within this region, and 5 
denotes a conatant of proportionality for this model of the time for a 


Y firer to acquire an X target. T%e above coneiderations lead to the 

following interesting result. 


LEMMA 5.10.2: Assume that assumptions (Al) through (A3) and (i4) 

hold. The expected tune for a, for example, Y firer to kill an 


X target is then given by 



lhis last lemma has the following important consequence: if the 


t h e  to acquire targets is the cmstraining factor in the target-attritioi 


process, then one has approximately, for example, 


which yields that the LANCBESTER attrition-rate coefficient may be taken 


under such circumatances to be given by 


where i I/(%). Consequently, the rate of change of the X force 

level under these efrcumstances would be given by 


d*- -iryS 

dt 


Thus, we have shown that when BRACICNEY's target-acquisition-time mode 


used and target acquisition is the conetraining factor on the rate of 


attrition, "aimed" fire yield8 an PT target-type-attrition prxese. Thus, 


both "area" Fire against a target type and also the above situation for 


"aimed" fire may be hypotheeized to yield the same target-type-attrition- 


rate equation, and thir situation was the reason why we introduced in 

Section 2.12 our classification scheme for hmgeneous-force LANCIIESTER-

type attritioo processes (and which we have adapted juat above to a ainglc 

target type's attrition). 




One can use BRACKNEY's above target-acqudsiti~n-time model (5.10.6) 


with the general expression for the expected time to kill a target (5.8.1) 


arid its various derivatives which we have discussed above to develop some 


interesting consequences. In particular, the assault of an X force 


against a Y force's defensive position may be hypothesized to yield PIFT 

LANCHESTER-type attrition equations. A convenient place to begin this 


development is to observe thae the conditions of Lemma 5.10.2 [i.e. assurap-


tions (Al) through (A31 and (x4) being satisfied] yield the following 


LANCHESTER-type equations 


with x(0) = xo , 

with y(0) = yo . 

Limiting cases of these equations provide some important insights into the 


dynamics of combat. Such limiting cases may be generared by considering 


the relative size of the time to acquire a target in relation to the 


time required to kill an acquired target. BRACICNEY [20, pp. 32-33] con- 

sidered the two limiting canes of (I) when the tiae to acquire is 

negligible, and (PI) when i t  is the dominating term. He further reasoned 

that a combatant's mearch time (i.e. the time to acquire an enemy target) 


is negligible when the enemy rushes through an open area and assaults his 


position. Furthermore, he poetulated that a combatant's march time 


is the doainating zem in the expression for the time to kill an enemy 

target when the enemy remain8 under cover in their defensive positions. 




C~nsequently,BRACKNEY [20, p. 331 argued that force-on-force attrition 

for the assault of an X force against a Y force's defensive position 


could be modelled by 


with x(0) = xo , 

which are readily recognized by the reader as the equations for an FlFT 


LANCHESTER-type attrition process. This model (5.10.12) was proposed by 


BRACKENY [20, pp. 32-33] and used, for example, by SCHAFFER [65, p. 4881 

to study sieges in guerrilla-warfare operations (9Section 7.6 below). 

Furthermore, when both sides remain in their (covered) defensive positions 


(a situation that BRACKNEY [20, p. 361 termed a fire duel), BRACKNEY 

argued that force-on-force attrition could then be modelled by 


with x(O) = x o ,  



5.11. Variables Upon Which Attrition-Rate Coefficients Depend. 


It is intuitively obvious (and born out by empirical evidence) 


that, in general terms, the fire effectiveness of a weapon system depends 


on the target type engaged and the environmental circumstances of the 


engagement25. Thus. a nunerical value for a UNCHESTER at trition-rate 

coefficient depends on both the characteristics of the firer's weapon 


system and also those of the target. However, this dependence of a 


LANCEIESTER attrition-rate coefficient an firer-weapon-system-type and 

target characteristics is not direct but indirect through the operational 


variables (e.g. time to acquire a target, hit probabilities, etc.) 


upon which such an attrition-rate coefficient directly depends. Conse-


quently, it seems appropriate for us to consider that an attrition-rate 


coefficient depends on two types of factors: 


(TI) direct factors, 


and (T2) indirect factors. 


Let us now examine more closely this distinction between direct and 


indirect factors by considering the special case of the LANCEIESTER attrition-

rate coefficient for an impact-to-kill system under conditions of MAWKOV-


dependent fire and a geometric distribution for the number of hits required 


for a kill. Similar remarks will, of course, apply to a LANCHESTER attrition 


rate coefficient corresponding to other circurrmtancea. To return to the 


case at hand, we again focus on an impact-to-kill system with MARKOV-

dependent fire and a geometric distribution for the number of hits to kill. 




As we have seen above in Section 5.4, the direct factors upon which t 

LANCHESTERattrftion-rate coefficient depends correspond to the variat 

appearing in (5.4.1) (9also Table 5.11). Howevc:r, each of these v 

ables, e.g. p or ~(hlh), themselves in turn. depend on other operatj 

factors in the tactical environment. For example, the hit probabilit 


depend on such variables as range (i.e. distance) between target and 


tactical posture of the target andlor firer, etc. We will refer to s 


variables as the indirect factors upon which a LANCHESTER attrition-z 


coefficient depends. Table 5.111 lists some indirect factors upon wh 


the LANCHESTER attrition-rate coefficient may depend. This list is n 


meant to be exhaustive, but it should be considered to be suggestive 

functional dependencies that should be considere!'d in modelling force- 


force combat interactions. 


For many weapon systems, the range (i.e. distance) between fi 


and target has a very significant effect on weapon-system fire effect 


In such cases (as stressed by BONDER [9-11; 131). if the range betvee 


firers and targets changes appreciably during the course of an engage 


then use of constant attrition-rate coefficients in a WCHESTER-type 


model can yield quite misleading results (E Section 6.2 for further 

BONDER haa consequently emphasized the importance of explicitly consi 

in UNCHESTER-type combat analyses such range dependence of weapon-ey 


fire effectiveness, especially for mobile veapon-system types. Thus, 


many tactical eiturtions of interest we should consider, for example, 


that for the model (5.2.1) the LANCHESTER attrtion-rate coefficients 


b explicitly depend on range26, 1.e 




TABLE 5.111. Indirect Factors Upon Which LANCHESTER Attrition-Rate 


Coefficients Depend. 


1. Range Between Firer and Target 


2. Effects of the Battlefield Environment (e.g. Visibility Conditions, 

Target-Background Contrast, etc.) 


3. Target Posture 


4. Firer Posture 


5. Terrain 


6. Target Movement 


7. Firer Movement 




where r denotes the range (i.e. distance) between firers and targets. 


Thus, we should consider LANCHESTER attrition-rate coefficients to be at 

least (and probably primarily) dependent on the range between firera 


and targets. 




5.12. Some Typical Range Dependencies for the LANCHESTER Attrition-Rate 


Coefficient. 
As we have just discussed above, the range (i.e. distance) between 


firers aud targets is one sf the principal indirect factors upon which a 

LANCHESTER attrition-rate coefficient depends. It is intuitively obvious 


(and born out by empirical evidence) that the fire effectiveness of a 


weapon system is strongly dependent on the range between firer and target. 


Based on their examining predicted numerical values of the LANCHESTER 


attrition-rate coefficient for specific weapon systems with widely differ- 


ing characteristics and how these values varied with range, BONDER and 


FARRELL [17, pp. 196-2001 have considered a number of functional forms for 


range-dependent attrition-rate coefficients in "aimed-fire" combat, a.g. 

for combat modelled by (5.2 ,I). The functional forms considered by B O E R  

and FARRELL may be classified as: 


(Fl) power dependence 


(F2) exponential dependence upon range, 


(F3) cosine dependence upon range, 


(F4) piecewise-constant dependence upon range. 


We will accordingly call such attrition-rate coefficients as foilows: 




power attrition-rate coefficient 


for r < r ,  
e -

exponential attrition-rate coefficient 

(C3) cosine attrition-rate coefficient 

for r c 
e -. r, 

(C4) piecewise-constant attrition-rate coefficient 

Here r 
e 

denotes the maximum effective range of the firer's weapon sys-

tem, a
0 

and a1 are positive constants, and v is a nonnegative con- 



The first two above functional forms for range-dependent attrition. 


rate coefficients are shown in Figures 5 . 5  and 5 . 6 .  In Figure 5 . 5  we have 

plotted the value of the power attrition-rate coefficient ap(r) given by 


(5.12.1) versus the range between firers and targets. As we can see from 


Figure 5.5, the constant Y is used to model the range dependence of the 


attrition-rate coefficient ap(r). For values sf u > 1, the attrition- 

race coefficient a (r) is a convex function of r on [O,re],
P 


i.e. the plot of ap(r) versus r "flexes downward." We have according11 


chosen to call the "shape" parameter, since it controls the shape of 


the plot of ap(r). In Figure 5.6 we have similarly plotted the exponentis 


attrition-rate coefficient uE(r) given by (5.12.2) versus range. In this 


case, the constant a1 is used to model the range dependence of aE(r). 


However, this attrition-rate coefficient aE(r) is a concave function of 


r on [O,re], i.e., the plot of aE(r) versus r "flexes upward." Also, 


we observe that aE(r) + linear dependence on r as al + 0, and we have 

similarly chosen to call or the "shape" parameter. 
1 


Still another model for range dependence of such an attrition-rate 


coefficient is an exponential fall off in fire effectiveness of the form 


aED(r) 


where al > 0. We call call the attrition-rate coefficient am(r) given 

by (5.12.5) the exponentially-decaying attrition-rate coefficient. It is 


plotted versus range in Figure 5 .7 .  As Figure 5.7  shows, dt has a range 

dependence somewhat similar to the attrition-rate coefficient ap(r). 


In other words, am(') is a convex function on [O,re] as aP(r) is fox 
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Figure 5.5. Variation i n  f i r e  e f f ec t iveness  (measured i n  k i l l s lminu te  

per f i r e r )  with range f o r  the power a t t r i t i o n - r a t e  

coe f f i c i en t  ap(r) , which is  a n a l y t i c a l l y  given by ( 5  .12.1) , 
f o r  severa l  d i f f e r e n t  values of the "shape1* p a r a m t e r  v .  
The maximum effecti-;e range of the weapon-system type is  

denotedas r and f o r  t h i s  example r 2000 meters. e e 
Also, in t h i s  example the  weapon-system k i l l  r a t e  at  zero 

force separa t ion  (range) ap(0) - a0 0.6 X ca sua l t i e s / (un i  

time x number of Y f i r e r s )  h a s  been held constant ,  and the 
11shape" parameter P has bean varied ( i . e .  curves p lo t t ed  

f o r  p 1/2, 1, 2,  3, and 4) .  
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Figure 5.6. Similar  t o  Figure 5.5, va r i a t i on  i n  f i r e  e f f ec t ivenss  with 

ransr  f o r  the exponential  a t  t r i t ion- ra te  c o e f f i c i e n t  aE(r), 
which 13 a n a l y t i c a l l y  given by (5.12.2), for  s eve ra l  d i f f e r -  

e n t  vaiues of the "shape" parameter a Again, the maximum 
1 ' 

e f  f e c t i v s  range af  the weapon system ie given by re = 2000 

meters. Also, the weapon-system k i l l  r a t e  a t  zero force 

separa t ion  (range) aE(0) - a. has again  been held constant ,  

and the "shape " parameter a1 has been var ied .  
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Figure 5.7. Similar  t o  Figures 5.5 and 5.6, va r i a t i on  i n  f i r e  e f f ec t i venes s  with range f o r  the 

exponentially-decaying a t t r i t i o n - r a t e  coe f f i c i en t  a ( r ) ,  which is  a n a l y t i c a l l y
ED 


g i v e n b y  (5.12.5), forseveraldifferentvaluesof thei ' shape"parameter  a The
1' 

weapon-system type theore t i c a l l y  has an i n f i n i t e  maximum 2ff e c t i v e  range, but f o r  

a l l  p r a c t i c a l  purposes the weapon-system type is i n e f f e c t i v e  when a l r  2 12. As 

i n  t h e  previous examples, t he  weapon-system k i l l  r a t e  a t  zero force separa t ion  



> 1. Although (5.12.5) implies  t h a t  the wapon system t h e o r e t i c a l l y  

has an i n f i n i t e  maximum e f f e c t i v e  range, f o r  a l l  p r a c t i c a l  purposes the 

weapon system becorces " inef fec t ive"  (i.e. i t  ceases  t o  k i l l )  when 

alr  1 1 2 ,  s i n c e  then a ( r )ED is leas than times i ts  value a t  

r = 0 ( c f .  the curve labeled a
1 

= 0.004 i n  Figure 4 .7  f o r  ranges 

g rea t e r  than 1500 meters).  



4.13. Att~itlon-Rare Coefficients for Area-Fire Weapons. 


The above attrition-rate-ccefficient results [in particular, (5.4 


and its generalizati.ons (5.8.1) and (5.8.2)J apply to weapon-system types 


that direct their fire at individual targets that are vulnerable to only 


the impact of a projectile fired by the weapon system2'. Lee us refer tc 


this flituat1.m as :aimedg' fire again~t an iqact-sensitive target. Many 


times, however, a weapon system will engage a target or complex of target 


not by aiming its Eire st an individual target but by directing its fire 


into only the general area thought to be occupied by the target or target 


Let us refer to this latter situation as "area" fire (cf.Section 2.11 al: 

It is for this type of firing mode that we will now consider the determin 


tion of LANCHESTER attrition-rate coefficients. Furthermore, such "area" 


fire may be directed at both fragment-sensitive and also impact-sensitive 


targets2'. As far as combat modelling is concerned, the former is far mc 

the impsrtant case, since it may be considered to conceptually model 


artillery engaging enemy dismounted-infantry troops (i.e. those not in 


protective vehicles) dispersed in tactical formations. An example of the 


second case (i.e. "area" fire against impact-sensitive targets) would be 


small-am fire against poorly located enemy dismounted-infantry troops. 


This latter tactical situation has been considered in guerrilla-warfare 


settings by DEITCHMAN [31] and SCHAFFZR [ 6 5 ]  (seeChapter 7 for further 
details). Thus, a number of important tactical situations may be modelle 


by area fire. 


Let ue accordingly coneider combat between two homogeneous forces 

(denoted ae X and Y) in which force-on-force attrition occurs at a 


rate proportional to the number of enemy firers (at least on the surface 




X 

i t  appears  t o  do so)  bu t  i n  which each s i d e  uses  "area" f i r e .  Fcr rha 

sake of p l a c i n g  something c o n c r e t e  b e f o r e  t h e  eyes  of t h e  r e a d e r ,  we w i l l  

focus  on t h e  a t t r i t i o n  of t h e  X f o r c e  caused by t h e  Y f i x e r s .  Accordin 

t o  t h e  assumptions j u s t  made, we may w r i t e  

wi th  

where T~~ (a  r . v . )  deno tes  t h e  time. r e q u i r e d  f o r  a Y f i r e r  t o  k i l l  an 

t a r g e t .  For "area" f i r e ,  however, t h e  e x p r e s s i o n  f o r  t h e  expected t i m e  

t o  k i l l  a t a r g e t  t a k e s  a d i f f e r e n t  form t h a n  t h a t  f o r  "aimed" f i r e ,  i . e .  

E[T] i s  no Longer given by (5.4.1). 

The s i m p l e s t  model f o r  E[T] i n  t h e  c a s e  of "area" f i r e  invo lves  

adap t ing  (5.4.1) t o  t h i s  case2'. Th i s  a d a p t a t i o n  may be accowpliahed by 

concep tua l i z ing  t h e  t a r g e t - d e s t r u c t i o n  p rocess  i n  t h e  fol lowing manner: 

an "area" t a r g e t  i s  acqu i red ,  and "area" f i r e  is  d i r e c t e d  a t  i t ;  i f  a round 

lands  I n  t h e  t a r g e t  a r e a ,  t h e  t a r g e t  may be k i l l e d ;  o the rwise  i t  is n o t  

damaged. h u e ,  ta would r e p r e s e n t  t h e  t i m e  t o  a c q u i r e  t h e  "area" t a r g e t ,  

and o t h e r  q u a n t i t i e s  i n  (5.4.3) would be analogounly redef ined .  However, 

s i n c e  a n  a r e a  t a r g e t  ie u e u a l l y  n o t  r eacqu i red  a f t e r  every  k i l l  of one of 

i t s  e lements ,  we should r e p l a c e  ta by ta/%, where deno tes  t h e  

number of element8 k i l l e d  pe r  a c q u i s i t i o n  of such a n  a r e a  t a r g e t .  Thus, 

we would have 



t f e  + t,!
hE[T] - qa + t1 - c +

h p(xi;i )
a r e a  

+ - + ?  (kt A) - 1 
a r e a  'area *I 

where 

deno tes  t h e  zime t o  acqt i i re  an a r e a  t a r g e t ,t a  

deno tes  t h e  number of kills p a r  a c q u i s i t i c n ,  nK 


tl, t f ,  th, and tm 
a r e  de f ined  s i m i l a r l y  a s  f o r  "aimed" f i r e  

i n  Sec t ion  5.4, 

1 (h 1 h) , and Parea(h 1 m) denote WRiiGV-dependent prob-P a r r a ,  'area 

a b i l i t i e s  f o r  h i r t i n g  t h e  a rea  t a r g e t ,  

deno tes  t h e  probsbili::: that we k i l l  a t a r g e t  element and P ( K ( H , ~ ~ ~ )  

given t h a t  we "h i t "  the  area t a rge r .  

dependsHere, P ( K ~ H ~ ~ ~ ~ )on t h e  l e t h a l  a r e a  ( see- [ 8 4 ,  Chapter 151) of t h e  

30

weapon system's  p r o j e c t i l e  . 

Moreover, t h e r c  is a s p e c i a l  c a s e  of t h e  model d i scussed  i n  t h e  

previous  paragraph t h a t  merits f u r t h e r  examination and d i s c u s s i o n .  To t h i s  

end,  l e t  u s  make t h e  fo l lowing  assumptions (cf. those  made i n  S e c t i o n  5.10) 

concerning t h e  above a d a p t a t i o n  of (5.4.1). namely (5.13.3): 

(Al) s t a t i s t i c a l  fndependcnce smung f i r i n g  outcomes, i . e .  



(A2) "uniform" r a t e  of f i r e ,  P.e. t1 = th em and w e  w i l l  

denote t h i s  coarmou value a s  tv - l / v ;  

and (A3) ne;:Ligible t i m e  of f l i g h t  f o r  p r o j e c t i l e ,  i . e .  assume t h a t  

tf  - 0. 

In t h i s  case ,  (5.13.3) reduces t o  

L 


E[T] = -a + Y. 
n~ uparea ' 

SSK 


where v = l / tv  denotes t he  ope ra t i ona l  f i r i n g  r a t e  of t he  weapon sgszem 

area -
and PSSK pi;; P (K1 xarea) denotes  t he  s ing le -shot -k i l l  p rohab i l l ry  fnr 

des t roy ing  a t a r g e t  element with one round. It i s  implicft1.y assumed here  

t h a t  mul t ip le  k i l l s  a r e  impassible ( i . e .  at, most only one t a r g e t  demen t  

can be k i l l e d  with any one round). F u r t h e r m r e ,  when ta/% is n e g l i g i b l e  

a r eacompared t o  l/(vPSSK ) a  then Y ' s  a t t r i t i o n - r a t e  coef f ic ien t ,  i n  (5.1.3.1) 

may be approximated by [cf.(5.2.4) above] 

a - v P  a r ea  
Y SSKXy ' 

where Ba r e a  denotes t h e  s ing le -shot -k i l l  p robab i l i t y  f o r  a Y f i r e r  
SSKXy 

engaging an X a r e a  t a r g e t .  

Moreover, t he re  a r e  a couple of s p e c i a l  c a se s  for  t h e  UNCHESTEK 

a t t r i t i o n - r a t e  c o e f f i c i e n t  (5.13.5) t h a t  ue should consf.der. When a weapon 

system e m p 1 o ~ " a r e a "  f i r e  and enemy t a r g e t s  defend a constant  a r e a  (see 



Table 2.XIX for a more precise list of the associated assumptions), the 


expressian for the LAWCHESTER attrition-rate coefficlent may be 8i.ren in an 


even more explicit form (i.e, one depending on more basic measurable 


operational quantitied) and depends (among other things) on the vulnerable 


area of the target (denoted as aV) 
and the lethal area of the projectile 


fired by the firer's weapon system (denoted as aL). In general, a 


rather complicated expression is obtained for such an attrition-rate cseffi~ 


(e.g. see BONDER and FARRELL [17, pp. 141-1621), but this expression may be 

stated in a particularly simple form in special cases under the appropriate 


simplifying assumptions, e.g. for "small-arms fire" when aV >> and for 

"fire from a weapon of great lethality" when aL >> aV. Thus, two cases 

in which a simple expression is obtained for an attrition-rate coefficient 


for "areat1 fire and a constant-area defense are as follows: 


(Cl) small-arms fire (i.e. a,, >> aL), 

and (C2) f i r e f r o m w e a p o n s o f l a r g e l e t h a l i t y ( i . e . a L > > a V ) .  

A more precise description of the operational conditions that we have 


in mind i a  given in the first five assumptions listed in Table 2.XIX. 

Assuming that tall[ is negligible, we may take, for example, the 

attrition-rate coefficient a to be given by (5.13.5) if we assume that 


the attrition-rate of the X force is given by (5.13.1). 


area

For small-arms fire (i.e. aV >> aL), we may calculate PssK, 

for use in (5.13.5) by considering a "lethal dot" being randdv placed 




i n t o  a large region (of a r ea  1 t h a t  contains  x "vulnerable c i r c l e s "  % 
(each of a r ea  "v.. ) Under t he se  circumscancoe and the  t h a t  

h 
a Y f i r e r  d i r e c t 8  h i s  f i r e  into t h e  region a c t u a l l y  occupied by the  X 

t a r g e t s  and t h a t  h i s  f i r e  i 8  unifo,mly d i s t r i b u t e d  over t h e  region i n t o  

which i t  i o  d i r ec t ed ,  t he  p robab i l i t y  t h a t  a t a r g e t  i s  h i t ,  denoted a s  

a r ea  
PSSH , i s  given by t h e  r a t i o  of t h e  t o t a l  vu lnerab le  a r e a  of a l l  t h e  target1 

divided by t h e  a r e a  of t he  reg ion  i n t o  which f i r e  is d i r ec t ed  (9 

Figure 5.8), i.e. 

a r e a  "X 
P s s ~  q[ 

It follows t h a t  

where P ( K I H ) ~  denotea t h e  p robab i l i t y  t h a t  an X t a r g e t  is  k i l l e d  by a 

Y p r o j e c t i l e  when it i s  h i t .  Thus, when P ( K ~ H ) ~  = 1.0, t he  a t t r i t i o n  

r a t e  of t he  X fo rce  i s  given by 

which is  the  r e s u l t  [with P(K!H)~~ included] given i n  Table 2.XIX. 

For f i r e  from weapons of l a r g e  l e t h a l i t y  (i .e.  aL >>$r), a s l i g h t l y  

a r e a  
d i f f e r e n t  ana lys i s  is  requi red .  In  t h i s  case,  we may c a l c u l a t e  Psslky by 

consider ing a " l e t h a l  c i r c l e "  bqing randomly placed i n t o  a region t h a t  conta 



Figure 5 . 8 .  Conceputalization of target-destruction process for 

"area f i re f1  by small a m .  In th i s  case aV >> aL, 
i . e .  the vulnerable area of a target i s  much larger 

than the lethal'area of a round. The above diagram 

considers X t o  b e  the target and Y the f i rer .  



I: randomly placed "vulnerable dots." We assume t h a t  these  d o t s  a r e  s o  

placed t h a t  t he  " l e t h a l  c i r c l e "  covers  a t  most one of them per throw. 

Furthermore, t he  p robab i l i t y  of covering cue of these  x "vulnerable  do ts '  

i n  the  region of a r e a  % is the  same a s  t he  p robab i l i t y  of covering one 

such dot  randomly placed i n  a region of a r e a  %/x. This  l a t t e r  prob- 

a b i l i t y  is  simply given by the  r a t i o  of t h e  t o t a l  l e t h a l  a r e a  t o  t he  

t o t a l  a r e a  of t h i s  equiva len t  region (sFigure 5.9),  and hence 

a r e a  "Y 
I- %p s ~ ~  ( 5 * 

In the  above formula, i t  is assumed t h a t  a "hi t"  on a t a r g e t  w i l l  k i l l  the  

t a r g e t .  The formula is e a s i l y  modified t o  model t h e  chse i n  which each 

such "h i t "  ( i .e .  the  covering of  a "vulnerable dot" by a " l e t h a l  c i r c l e " )  

has a p robab i l i t y  l e s s  than one of k i l l i n g  such a t a r g e t .  F ina l ly ,  f o r  

the  above ca se  of f i r e  from weapons of l a r g e  l e t h a l i t y ,  t h e  a t t r i t i o n  r a t e  

of t he  X fo r ce  i s  given by 

which is a r e s u l t  f i r s t  apparen t ly  given by WEISS [91, p. 831 and later 

used by both DEIT(XMU [31, pp. 821-8221 and SCHAFFER [65, p. 4701 i n  

t he  modelling of g u e r r i l l a  warfare  (E Chapter 7) .  The s m a l l - a m - f i r e  

r e s u l t  (5.13.8) may be  considered t o  be a p a r t i c u l a r i z a t i o n  of  (5.13.10) 

i n  which the  l e t h a l  a r e a  of a Y round i s  taken t o  be t h e  vu lnerab le  

a r ea  of an X t a r g e t  (E DEITCHMAN [31, p. 8221). 





There is, however, another  (more general)  approach f o r  developing 

t h e  above k i l l - r a t e  r e s u l t  f o r  "area" f i r e  (5.13.10). This o the r  approac 

is based on the  equivalence of expected t a r g e t  coverage t o  k i l l  prob- 

a b i l i t y ,  and i t  considers  the  expected number of surv ivors  by conceptual1 

rep lac ing  a l l  t he  t a r g e t s  by a s i n g l e  equiva len t  t a r g e t  and computing t h e  

p robab i l i t y  of des t roy ing  t h i s  equiva len t  t a r g e t  [ i . e .  see (5.13.14) 

below]. This approach is p a r t i c u l a r l y  s i g n i f i c a n t ,  s i n c e  it is e s s e n t i a l  

t h e  one used by BONDER and FARRE;LL [17, pp. 141-1621 t o  develop a t t r i t i o n  

r a t e s  f o r  mult iple- tube-f i r ing cases  ( f o r  both vo l l ey  and sa lvo  f i r e ) .  

We w i l l  now present  t h i s  important a l t e r n a t e  development of a t t r i t i o n  

r a t e s  f o r  a r ea - f i r e  weapon systems. 

A fundamental precept  upon which target-coverage a n a l y s i s  ( i . e .  

t h e  t h e o r e t i c a l  ana lys i s  of damage t o  t a r g e t s  by i n d i r e c t - f i r e  weapons 

Ce.g. see HESS [ 4 3 ]1) is  based on the  equivalence of expected t a r g e t  cove] 

32t o  k i l l  p robab i l i t y  . It is simply s t a t e d  a s  follows. 

FUNDAMENTAL PRECEPT OF TARGET COVERAGE: ,The p robab i l i t y  

of k i l l i n g  a randomly loca ted  po in t  t a r g e t  is  equal  t o  the  

expected coverage of a population of ob i ec t s  when the  popu- 

l a t i o n  dens i ty  is d i s t r i b u t e d  i n  t h e  same manner a8 the  

e n t  t a rge t .  

I f  we l e t  a denote t h e  average f r a c t i o n  of t a r g e t s  k i l l e d  and Pg denot 

t he  p t ~ b a b i l i t y  of k i l l i n g  the  point  t a r g e t ,  then t h e  fundamental precept  

of t a r g e t  coverage m y  be s t a t e d  i n  a n a l y t i c a l  terms a s  



This r e s u l t  may be considered t o  be equivalent  t o  thinking of t he  s t a t u s  o 

the point  t a r g e t  as a BERNOULLI random va r i ab l e  and sca l ing  up t h e  expecte 

f r ac t ion -k i l l ed  r e s u l t  f o r  t h i s  s i n g l e  t a r g e t  t o  t h a t  f o r  the e n t i r e  ta rge  

population. Imp l i c i t  i n  t h i s  fundamental premise is the  assumption t h a t  

the  exact  loca t ions  of ind iv idua l  t a r g e t s  i n  the  t a r g e t  a r ea  a r e  not known 

I n  t h i s  sense, we may take (5.13.11) t o  be a s t a t i c  msthematical statement 

of "area" f i r e  which we w i l l  now convert i n t o  the  dynamic r e s u l t  (5.13.10) 

by a s e r i e s  of l o g i c a l  arguments. 

We begin by considering a hamogeneous X force  rece iv ing  a rea  f i r  

from a homogeneous Y force  and computing t h e  expected number of survivor  

By the  fundamental precept  of t a r g e t  coverage, t h i s  number is given by 

XYwhere PK ( t )  denotes t he  cumulative k i l l  p robab i l i t y  of the  e n t i r e  Y 

fo rce  engaging a s i n g l e  randomly placed X t a r g e t  f o r  a period of time t. 

Taking the  logari thmic de r iva t ive  of (5.13.12), we f i n d  t h a t  

Aeauming independence between the  outcomee of any two rounds [ r e c a l l  

Assumption (A3) of Table 2.XIX], w e  a l s o  have t h a t  



X 

where vY denotes the firing rate of a single f firer and 
'SSK denotXY 


the single-shot kill probability for a single Y firer engaging a single 

point target. From (5.13.14). we readily deduce that 


whence follows 


by substitution of (5.13.15) into (5.13.13). The reader should regard 


(5.13.16) as the fundamental attrition-rate equation for area fire. Com-


parison of (5.13.16) with, for example, (5.13.1) reveals that we m y  cons: 


the LAbJCHESTER attrition-rate coefficient for such area-fire weapons to 

be given by 


which should be compared with BONDER and FARRELL's [17, pp. 150-1541 resu: 


for area-fire weapons (=also [54, p. 1701 or [28, p. 176 I ) .  Furthermo~ 

-PXY 
SSK is a good approximati~n~~ to tn(1 P:!&)- when p g K  c [o, O. 21, 

and in this case we approximately have 



Returning t o  our c r i g i n a l  problem of modelling the force-on-force a t t r i t i a  

of a hrsmogeneoue X force  receiving "area" f i r e  from an opposing homagene 

Y force ,  we observe t h a t  the  p robab i l i t y  t h a t  a s i n g l e  Y f i r e r  k i l l s  

a s i n g l e  randomly-placed t a r g e t  i e  equal t o  t he  probabi l i ty  t h a t  a " l e tha l  

c i r c l e "  of a r ea  4, cllrvezs a "vulnerable doc" randomly placed wi th in  

the region of a r ea  q( (under, of course,  the assumption t h a t  

Hence 

and (5.13.10) follows from ( 5 . l3 . l6 )  when pEK. 1 0.2. 

BONDER and FARRELL [17, pp. 141-1621 have used the  bas i c  idea  of t' 

above approach34 based on the  fundamental precept of t a r g e t  coverage t o  

develop an expression for  t h e  a t t r i t i o n - r a t e  c o e f f i c i e n t  corresponding t o  

f i r e r  by i n d i r e c t ,  a r ea - f i r e  weapons. Their expression includes a l l  t h e  

f a c t o r s  shown in Table 5.IV. It holds under t he  following s e t  of assurnpti~ 

(All no de l ive ry  biaa exists--no aiming e r r o r ,  t a rge t -

loca t ion  e r r o r ,  o r  i n t e n t i o n a l  o f f s e t ,  

(A21 can te r s  of impact (p,q) of the damage pat terno a r e  

d i s t r i b u t e d  about a mean center  of impact (p,i) 
according t o  a circular-normal d i s t r i b u t i o n ;  For con-

venience, l e t  , = ( and the  s tandard devia t ion  

be nomal i zed  t o  uni ty;  the  p rabab i l i t y  dens i ty  funct ion 

f o r  t he  de l ivery  e r r o r  is then 



TABLE 5.1V. Factors Considered i n  Attritiou-Rate Coefficients for 

Indirect, Area-Fire Weapons by BONDER and FARRELL [17]. 

Wdapon aiming and b a l l i s t i c  errors 

Target location errors 

Weapon f ir ing rate 

Volley damage-pattern radius 

Target distribution 

Target radius 

Target posture 

Probability that the target 1s destroyed given i t  i s  covered 

by damage pattern 



(A3) t he  t a r g e t  is a c i r c l e  of r ad ius  Rt centered a t  t he  

o r ig in ;  two mathematically equivalent  types of t a r g e t s  

a r e  considered: 

(Tl)  a c i r c u l a r ,  homogeneous, a r ea  t a r g e t  centered 

at (0,O) with r ad ius  Rt, 

(T2) a po in t  t a r g e t  (E,n) of uniformly uncer ta in  

l oca t ion  i n  t he  a r e a  of rad ius  R t ;  the  t a r g e t  

2 
dens i ty  funct ion W ( 6  ,TI) is then l/(rrRt) 

over t h e  t a r g e t  a r ea  and zero elsewhere, 

( A 4 )  t he  damage pa t t e rn  is a c i r c u l a r  cookie-cutter of rad ius  

R l e t  d(c,n;p,q) denote t he  damage funct ion,  which i s  
P * 

then given by 

where d(E,n;p,q) i s  the  p robab i l i t y  t h a t  a po in t  t a r g e t  

a t  (6,n) w i l l  be k i l l e d  by a damage pa t t e rn  with cen te r  

of impact a t  (p ,q) ;  damage is  e i t h e r  a l l  o r  nothing ( k i l l  

o r  no t  killed)--no cumulative diunage is  considered, 

and (A5) t he  weapon system employs a constant  f i r i n g  r a t e  v .  



BONDER and FA.KRELL 1171 (yee a l s o  [ 5 4 ,  p. 1701 o r  [28, p. 1761) have s ta tec  

t h a t  when t h e  above assumptions hold,  an approximation to  t he  a t t r i t i o n -  

r a t e  c o e f f i c i e n t  f o r  a ,  f o r  example, Y f i r e r  engaging an opposing X 

f o r ce  with such an 'area-f ire-weapon-system type is  given by 

where 

and r denotes t h e  d i s t ance  from t h e  po ln t  t a r g e t  loca ted  a t  ( 5 , ~ )  t o  

the  mean c e n t e r  of impact a t  (0 ,0) ,  i . e .  r2 = 
2 + q 2 .  The funct ion 

P(R , r )  is c a l l e d  t he  c i r c u l a r  coverage func t ion  and p lays  a prominent
P 

r o l e  i n  target-coverage a n a l y s i s  (e.8.  see SNOW [70] ,  HESS [43] ,  ECKLER 

[33],  o r  ECKLEB and BURR [34] ) .  It is well-known t o  be a l s o  given by 

where Io(x) denotes the  modified BESSEL func t ion  of the f i r s t  kind of 

zero order (seeHESS [43] o r  ECKLER and BURR [34] f o r  f u r t h e r  d e t a i l s ) .  



BONDEK and FARRELL (e.g. [28 ,  p. 1761) have stated that in general 

the expression (5.13.18) is a good approximation to the attrition rate 


of a single weapon system "if K >> Rt, or when R is less than the 
P t 


standard deviation of the center of impact of the damage pattern, or 


when the number of volleysissmall." Further details are to be found 


in [28; 5 4 1 .  



5.14. Results for Other Related Weapon-System Types. 


We have developed above expressions for the LANCHESTER attrition-rate 


coefficient under the following two different sets of circumstances: 


(Sl) MRKOV-dependent fire with an impact-lethality mcchaniam, 


and (S2) on area-lethality mechanism. 


In the first case we have developed our results under fairly general circum- 
- .' 
stances [see (5.8.1) and assumptions (Al) through (A6) in Section 5.8 above]. 

There are, however, a number of additional operational circums.cances and weapon- 

system types for which it is convenient to have other LANCHESTER-attrition- 


rate-coefficient results available, especially for building and exercising 


a complex operational combat model in which a wide spectrum of weapon-system 


types is to be played. For example, three different typea of weapon-system 

fire (cf. BONDER and FARRELL1s taxonomy of weapon-system types reproduced 


-.here as Table 5.1) are permitted in VECTOR-2 [28, p. 1701 (see also [86; 871) 

?s 

(1) MARKOV-dependent fire at a specffic target, 


(2) repeated-burst fire at a specific target, 


and (3) area fire (not directed at any specific target). 


Consequently, we will present in th,fs section LANCHESTER-attrrtion-rate-


coefficient results for some other related weapon-system types of tactical 


interest. Complete derivations of these resulta will not be given, however, 


since results prcviou~ly derived above may be invoked for their develcpment. 




Thus, we will give results for the following additional weapon-system 


types/operational circumstances of tactical intarest: 


(TI) MAKKOV-dependent fire with chance of killing target on a miss, 


(T2) burst fire- 


(a) one long burst, 


(b) mixed-mode firing doctrine [repeated-single-shot-MARKOV-


dependent fire until first hit obtained after which there 


is an immediate awitch to burst fire (one long buret)], 


(c) repeated-burst fire [multiple (short) bursts independently 


fired]. 

In each of the above cases, we w i l l  give the appropriate expression for the 

expected time to kill a target, with the LANCFZESTER attrition-rate coefficient 

(asusua1)being obtained as the reciprocal of this quantity (recall Section 


5.3 ahove). The first type of weapon-system fire (TI), i . e .  MARKOV-dependent 

fire with kills on misses, applies to weapon-system types that fire rounds 


with fragmentation effects at targets with expased personnel. h such cases 


it is quite possible to achieve a system kill when a projectile misses the 


target weapon system but detonates and kills the personnel by fragmentation 


effectn. Thus, a miss may cauee a kill, and the usual axpression for 


MAWKOV.-dependent flte (9.8.2) (which only allmu3 a target to be killed by 

b~eing hit) mat: be modbfjled to accomodate this fact. me, second type of 

woapon-system fire (T2), i.e. burst fire, is characteristic of automattc 


weapons used by infantry and sometimes mounted on armored-personnel carriers 




o r  o ther  veh ic l e s  [e.g.  the  veh ic l e  r ap id - f i r e  weapon system (VRFWS) or the  

secondary armament on a tank] .  In  p a r t i c u l a r ,  i n f an t ry  doctrine, ca1,ls f o r  

automatic weapons t o  be f i r e d  i n  repeated sho r t  b u r s t s ,  and the  LANCHESTER 

a t t r i t i o n v a t e  c o e f f i c i e n t  must again be modified f o r  automatic weapons t o  

accommodate t h i s  f a c t .  

We w i l l  f i r s t  consider  the case of MARKOV-dependent f i r e  with chance 

of k i l l i n g  on a miss, which is a f u r t h e r  genera l iza t ion  of MARKOV-dependent 
" 

f i r e  considered above i n  Sect ion 5.8.  Let I assume t h a t  assumptions (Al) 
" 

through (A61 of Set-tioti 5.8 hold, and we w i l l  add i t i ona l ly  assume t h a t  t he re  

is  a, coustant  p robab i l i t y ,  denoted a s  P ( K ~ P I ) ,t h a t  a m i s s  k i l l s  the  t a r g e t .  

Then the expected time t o  k i l l  a t a r g e t  i s  given by 
36 

which I s  a genera l iza t ion  of (5.8.2) given above and consequently is the  most 

general  r e s u l t  given i n  t h i s  monograph f o r  MARKOV-dependent f i r e .  The above 

expression (5.14.1) i s  r e a d i l y  developed by invoking Sect lon 5.9 's  approach 

of considering t h e  mean f i r s t -passage  time f o r  the k i l l e d  s t a t e  i n  a con-

tinuous-time semi-MARKOV process: one simply rep laces  t he  r rans i t5on  prob- 

a b i l i t i e s  (5.9.4) by the  following 



- - 

and substitute (5.9.51, (5.9.11), and (5.14.2) into (5.9.9) to obtain the 


desired result for the expected time to kill a target. 


Let ua now turn to the case of burst fire. We will consider wespon- 


sys tern types that employ impact-lethality proj ect1l.e~ and have the capability 


of burst fire. BONDER and FARRELL [X7, pp. 107-1081 have pointed out that 

such weapon-system types can fire in a number of modes 37.. 

(MI) repeated-single-ehot-independent fire, 


(M2) repeatrd-aingle-shot-MARKOV-dependent fire, 


(M3) burst fire (one lung burst), 


(M4) mixed-made fire [repeated-single-shot-MARKOV-dependent fire until 


first hit after which there is an immediate switch to burst fire 


(one long buret) 1, 

7 is-



I 

and (MS) repeated-burst  f i r e  [mul t ip le  ( shor t )  b u r s t s  independently 

f i r e d ] .  

Modes (MI) and (M2) arc, s p e c i a l  cases  of BONDER'S model of MARKOV-dependent 

f i r e  discussed i n  Sect ions 5.4 and 5.5 above, while  mode (M5) ie conceputal ly  

the Rame a s  mode (Ml), and consequently r e s u l t s  f o r  t he  expected t i m e  t o  k i l l  

a t a r g e t  may be  obtained f o r  them by invol ing ,  f o r  example38, (5.4.1). 

I n  p a r t i c u l a r ,  VECTOR-2 [28,  pp. 174-1751 uses  t h e  following r e s u l t  f o r  

repeated-burst  f i r e  [mul t ip le  ( sho r t )  b u r s t s  independently f i r e d  L 

where 

is a s  previously def ined,  ta  

tB denotes t he  time t o  f i r e  t h e  f i r s t  b u r s t  a f t e r  t h e  dec is ion  
1 

t o  engage t h e  t a r g e t  has been made, 

tB denotes t h e  time between t h e  f i r i n g s  of any two successive b u r s t s ,  
B 


denotes t h e  p robab i l i t y  of k i l l i n g  the  t a r g e t  wlth t he  f i r s t  bux 
'S b~ 


and P;BK denotes t he  p robab i l i t y  of k i l l i n g  t h e  t a r g e t  with any sub-

sequent burs  t. 

f 
The eimplest  model f o r  PSBK 

is t o  assume t h a t  a l l  rounde wi th in  t he  bu r s t  

.d 

are independently f i r e d ,  and then 



where n denotes the  number of rounds i n  the b u r s t  and denotes the 'SSK 


mingle-shot h i t  p robab i l i t y  for {my round i n  the  bure t  (and i s  aseumed t o  be 

tho eame whether the  round follows a h i t  o r  a miss).  

For t h e  mixed-firing mode (M4), using Arguments s i m i l a r  t o  those 

employed i n  Sect ion 5.5, BONDER and FARRELI. [13, pp. 108-1131 have derived 

the  following expression for t h e  expected t i m e  t o  k i l l  a t a r g e t  

where 

tn,  tl, t f ,  5, tm,pl, and P ( K , ~ H )  a r e  a l l  as previously defined 

i n  Table 5.11, 

p(hllm) denotes the  condi t iona l  p robab i l i t y  of a h i t  following a 

miss before t he  f i r s t  h i t  has been obtained,  

tb denotes t h e  time between t h e  f i r i n g s  of any two a u c c e s r ~ v e  rounds 

in  the  b u r e t 4  ire model, 

and 'SSK = pB P ( Y I H )  denotes the  p robab i l i t y  of k i l l i n g  the  t a r g e t  SSH 

with any one round i n  t he  bu r s t - f i r i ng  mode and denotes the 
PSSH 

corresponding b i t  p robabi l i ty .  



Here BONDER and FARRELL [17, p. 1091 have assumed t h a t  the  h i t  p robab i l i t y  

f o r  any round i n  the  bu r s t  is the  same whether i t  follows a h i t  o r  a miss. 

Mode ( ~ 3 ) .f i r i n g  one long burs t ,  may be obtained a s  a s p e c i a l  case  of mod# 

(M4) by assuming 

(Al) the time t o  f i r e  every round except t he  f i r s t  is tb, i . e .  

$ a tm= t,,; 

(A21 a f t e r  the  f i r s t  round, t h e  h i t  p robab i l i t y  is  constant ,  i . e .  

and (A3) only the  time of f l i g h t  f o r  one round need be considered. 

It follows t h a t  under these  condit ions the  expected time t o  k i l l  a t a r g e t  

with one long bu r s t  is given by, i.e. (5.14.5) reduces t o  

which, i f  t he  f i rs t - round h i t  p robab i l i t y  is the  same a s  t h a t  f o r  any sub- 

sequent round, f u r t h e r  reduces t o  

B

where P,,, - PSSH ~ ( ~ 1 1 1 )and PSsH - p1 = PSSH. 



Let us f i n a l l y  no t e  here  t h a t  da t a  sources  for not  only a l l  t h e  

a t t r i t i o n - r a t e - c o e f f i c i e n t  expressions given i n  t h i a  eec t ion  but  a l s o  a l l  

those givea elsewhere i n  t h i s  chapter  have t o  be discussed i n  t he  docu- 

mentation on, f o r  example, VECTOR-2 [28, pp. 173-1751. The i n t e r e s t e d  

reader  is d i r ec t ed  t o  such p laces  f o r  f u r t h e r  information about da t a  sourcl 

f o r  computing numerical va lues  f o r  WCHESTER a t t r i t i o n - r a t e  coe f f i c i en t e .  



5.15. Maximum-Likelihood Estimation of Attrition-Hate coefficient^. 


In the introductory section of this chapter we saw that there are tw 


general approaches for determining numerical values for LANCHESTER attrition 

rate coefficients: 


(Al) use an anaLytica1 submodel of the attrition procesa to compute 


the desired numerical value, 


and (A2) use "combat" data to compute a statistical estimate of it. 


In the previous sections of this chapter we have considered in detail the 


former approach based on using an analytical submodel, and in this section 


we will briefly consider the statistical-estimation approach, which pre- 

supposes the availability of (either or simulated) combat data 


(recall Figure 5.1). In actual applications some type of "simulated-combat" 


data (generated, for example, by a high-resolution Monte Carlo combat simu- 


lation) is invariably used. 


In this latter quasi-empirical approach, one uses the "combat" data 


to compute statistical estimates of the attrition-rate coefficients (and 


sometimes parameters contained in the coefficients). In general, there are 


four principal etatistical methods for computing such point estimates 


(e.g. see BHAT [7, pp. 370-3711 for further details): (a) meximum-likelihooc 


estimation, (b) method of moments, (c3 BAYES estimation, and (d) method 

of least squares. Of these four methods, however, only the first one has 


had any significant application in cambat analysis (e.g. see CLARK [24], 




[36, pp. 3-1 t h r ~dh 3-10], ANDRICHETTI 121, STOCKTON [73], or GRAHAM (391). 

Accordingly, we will consider only the maximum-likelihood-eatlatation approac 


whish determines attritica-rate-coefficient parameters from an appropriate 


set of "combat" data by selecting their values to maximize the so-called 


likelihood function corresponding to this data. Our approach here will be 


to consider a simple example first, before examining more general (and com- 


plicated) cases. 


Consider now that we have run a Monte Csrlo combat simulation and 


have recorded the times at which casualties have occurred (and also the type 


of each casualty). Let us r m  this stochastic simulation until a total of 


K casualties have occurred. The total time that the simulation will have 


been run is a random,variable that we will i?note as TK (with realization 

tK). Let us also denote (for k = 1,2,...,K) the time (a r.v.) at which 

th

the +casualty occurs as Tk (with realization tk). We will start the 

battle at t = 0 by setting to = 0. 9ur main assumption is that we will 

consider that our "battle" data represents a sample from the MARKOV-chain 


analogue of the deterministic LAMCHESTER-type equations 


I 
dx
- -a with x(0) = xo ,
dt 


Ax - -,,
dt wfth y ( O )  = yo. 

i.e. in the corretlponding contAnuous-parameter MARKOV chair1 the transition 

(casualty) probabilities are given by Prob[X casualty in small interval 


of length At] = aAt and Prob[Y casualty in A t ]  = bAt. 

Let M(t) (a r.v. with realization m) denote the number of X 


combatants at tima t in the above atochaatic combat model, and let N(t) 


126 




(a r.v. with realization n) denote the number of Y combatants at time t 

(see - Figure 5.10). Furthermore, let us introduce the r .v! s cX and < 
k 

X Y' 
(with realizations ck and ck) defined by 

I if the kth casualty is an X 

combatant, 

0 otherwise, 

I if the kth casualty is a Y 

combatant, 

1 O otherwise. 

Y Y 
Focussing now on the realizations ct and %, we have c: % = 0 with 

c t  + C: 1. For future purposes, we will let cX denote the total number T 

oS X casualties, i.e. 

and, similarly, 

with (of course) 

Earthemre, although we will not need theta right now, let us denote m(tk) 



FORCE FORCE 

m 

Figure 5.10. Schematic of combat interactions for stochastic 


battle corresponding to the deterministic LANCHESTER-


type equations (5.15.1) for c Ic attrition process. 

Here a denotes the casualty rate of the X force 


caused by the entire Y force. 




as mk ( i . e .  % is t h e  r e a l i z a t i o n  of t he  number of X combatants j u s t  

tha f t e r  t he  occurrence of t he  ic casua l ty)  and n ( t t )  a s  nk. Ln o the r  word! 

t he re  a r e  mk X combatants and % Y combatants "al ive"  during t h e  intern 

Itk' t k a l  ) f o r  k = 0 , l  *...,K-1. 

X X Y Y
Using the  d a t a  tl, ... , tK,el, ... , cK, cl, ... , cK, w e  w i l l  nor 

develop s t a t i s t i c a l  estimates, denoted as and 6, f o r  t he  continuous-timc 

MARKOV-chain analogue of t h e  UCHESTER-type model (5.15.1) by t h e  so-cal led 

method of maximum-likelihood est imat ion.  The observant reader  w i l l  n o t i c e  

tha t  i n  t h i s  case t he  casua l ty  streams a r e  nothing more than two superimposec 

POISSON processes,  and consequently and w i l l  tu rn  out t o  be given by 

expressions equivalent  t o  well-known r e s u l t s  f o r  t h e  maximum-likelihood 

es t jmator  of a POISSON parameter. In  very genera l  terms, t h e  maximum-likelik 

es t imat ion  approach choses (based on t h e  a v a i l a b l e  da t a )  t h e  formulas f o r  

the computation of and b s o  t h a t  they give the  g r e a t e s t  p robab i l i t y  t o  

the observed combat outcome (see-KENDALL [48, p. 1781). This  maximization 

is e f f e c t e d  by consider ing the  so-called l ike l ihood  func t ion ,  which ( i n  simp1 

terms) g ives  t he  p robab i l i t y  of the observed r e a l i z a t i o n  of t he  ~ t o c h a s t i c  

a t t r i t i o n  pracess.  The l ike l ihood  func t ion ,  i n  tu rn ,  i s  constructed out  of 

the dens i ty  funct ions f o r  t he  times between c a s u a l t i e s ,  s i n c e  we should con-

s i d e r  the above combat d a t a  t o  be a random sample from these  times. For 

our s t o c h a s t i c  a t t r i t i o n  process,  we mag summarize the  above m a x i m m l i k e l i h o  

method as follows: 

(S1) determine t h e  p robab i l i t y  dens i ty  funct ion (p.d.f .)  f o r  t he  

time t o  an X casua l ty  ( a l s o  t h a t  f o r  t he  time t o  a Y 

c a sua l ty ) ,  

129 



(S2) constrwt the likelihood function (i.e. the density 


function fox the observed sequence of events), 


(S3) determine the values of the parameters a and b that 


maximize the likelihood function (denote these maximizing 

* A 

val.ues as a and b) . 

We w i l l  n ~ wcarry out the ahove three steps (Sl) through (S3) to 


determine maxim~lm-likelihood estimators and 6 for the LANCHESTER at tri 

rate coefficients for the continuoua-time MARKOV-chain analogue of (5.15.1). 


For step (Sl), we consider the time to an X casualty from the occurrence 


of the last casualty and develop its p.d.f. For our constant-attrition-rate 


coefficient continuous-time MARKOV-chain attrition model, the times between 


casualties are exponentially distributed (see Section 4.7 above). Thus, if 

we let S denote the time between any two consecutive casualties, then the 


p.d.f. for this nonnegative random variable is given by 


We now need to convert this p . d . 5 .  for S into one for the time t o  the 

occurrence of an X casualty from the occurrence of the last casualty (a r. 


denoted as SX). This may be mcomplinhed by multiplying (5.15.5) by 


aPIX casualty 1 caaualty occur8 I = .+ , (5.15. 



which i e  j u s t  the  p robab i l i t y  t h a t  an X casua l ty  occurs before a Y 

one (see Sect ion 4.7 above). Thus 

f ( s )  P[X c a s u a l t y ~ c a s u a l t y  occurs] f ( s )  ,
Sx 

Similar ly 

We now turn  t o  s t e p  ( S 2 ) .  To cons t ruc t  the l ike l ihood funct ion,  

we observe t h a t  c a s u a l t i e s  have occurred a t  times tl, t2, .., , tK, 
there  being a t o t a l  of si! X c a s u a l t i e s  and c: Y c a s u a l t i e s  with 

thcX -t c i  - K. Cotwider now the occurrence of the  It- casua l ty ,  which repre-T 


sen t s  a  t r a n s i t i o n  from b a t t l e  s t a t e  (mk,,., %-1) t o  (%,%I. If i t  

i s  an X casua l ty ,  there  would be a cont r ibu t ion  t o  the 1ikelf.hood 

funct ion of ( i . e .  t h e  p . d . f .  of the  population from which the  k--
th 

sample 

of the ti= between c a s u a l t i e s  i s  drawn would be) 

while i f  it is a Y casua l ty ,  t he re  would be e cant r fbut ion  t o  the  

l ike l ihood function of 

X

Introducing the  va r i ab l e s  ck and ck, hmever ,  we may w i t e  the  



th

contribution From the occurrence of the k----casualty to the likelihood 


function in both the tnbove cases sizply as 

since (5.15.11) reduces tn (5.15.9) when c 1 lurd to (5.l5.lO) when 

= o ( i . e .  when 
cl 1). By the memoryless property of our continuous- Ck 


time MARKOV-chain attrition model, the times between casualties are indep-

pendent: random variables, and hence the likelihood function for the observed 


sequence of events is simply the product of ell the independent contributions 


(5.15.11), i.e. 


k-3, 


or [from (5.15,2), ( 5 . 1 5 . 3 1 ,  and a little manipulation] 

where L(a,b) denotes the likelihood ,€unction depending on the parameters 


Finally, we reach step (S3), the determination of the estimates 
* A 

a and b from majddzation of the likelihood function (5.15.12). However, 

instoad of maximizjl.ng the likelihood function L(a,b) itself, one usually 

maximizes i . ta  logarithm, since both maximum values occur ,at the same point 

and the logarithm form is more tractable. Hence, we consider 




fi A 

The maximum-likelihood est imates  a and b a r e  then the  values of a and 

b t h a t  solve t he  problams 

where 

From (5.15.13) we s e e  t h a t  the  two-dimensional maximization problem (5.15.14) 

[with (5.15.13)J f a c t o r e  i n t o  two one-dimenaional maximization problems. Let 

us now focus on determining the  maximizing value f o r  a.  Computing 

wa f i n d  f rom a L / a e  = 0 t h a t  

y ie ld ing  

2 2 -which i s  t h e  des i red  maximizing va lue  f o r  a, s i n c e  3 an L / a a  (a) < 0. 

S in i l ax ly ,  d i f f e r e n t i a t i n g  (5.15.13) with respect  t o  b and equating t o  

zero, ws o tca in  



The estimates given by (5.15.17) and (5.15.18) are the muximum- 

likelihood estimates for the LANCHESTER attrition-rate coefficients a and 

b in tile continuous-time MARKOV-chain analogue of (5.15.1). They are also 

intuitively appealing, since the casualty process can be considered as baing 

composed of two POISSON processes, the X-force casualty process and the 

Y-force casualty process. The equations (5.15.17) and (5.15.18) then give 

the estimates of the LANCHESTER attrition-rate coefficients a and b 

X from cT occurrences of an X casualty and cY occurrences of a Y 
T 

casualty in time 
t ~ '  

which is the time for K total casualties to occur. 

Let us now consider the same maximum-likelihood-estimation problem 

for the MAHKOV-chain analogue of deterministic F I F LANCHESTER-type 

equations, i.e. 

with x(0) xo , 

with y(O) yo 

Here the transition probabilities for the continuous-time MARKOV-chain 

attrition process are given by P[X casualty in At] anAt and 

P[Y casualty in At] - b a t ,  where m and n denote realizations of the 

random variables M(t) and N(t), the numbers of X and Y combatants 

at time t. In, this case, for step (SL) we find that 

f (8) - ane - (an+bm) s 
Sx 

9 



and 


f (s) bme -(an+bm) s (5.15.21) 
S~ 


th
Step (S2) then yields that the occurrence of the k- casualty at: tk makes 

a contribution to the likelihood function of 


whence the likelihood function itself is given by 


Computing the natural logarithm of the likelihood function 


we find in step (S3) that 


whence, setting the above derivative equal to zero, we obtain the maximum 


likelihood estimate 


Similarly, 




The above results .for maximum-likelihood estimates of attrition- 


rate coefficients are characterized by their simplicity, i.e. explicit 


results are easily written down. Let us now show that for nonautonomous 


LANCHESTER-type combat, t h i ~ ~  
will always be true when the attrition-rate 


parameters appear linearly. To see this, let us consider the contlnuous- 


time MARKOV-chain analogue of the nonautonomous LANCHESTER-type equations 


with x(0) a xo , 

with y(0) = y o .  


In thio case, the forward KOLMOGOROV equations for the stochastic evolution 


of combat are given by (5.1..2), and the dnkinitesimal transition prob- 

abilities are glven by P[X casualty in At] = A(m,n)At and P[Y casualty in 1 

= B(m,n)At. As usual, ra and n are realizations of M(t) and N(t), the 

numbers of X and Y at time t in the stochastic battle (seeFigure 5.11). 

We will now consider the special case in which the attrition-rate parameters 


appear linearly in A(m,n) and B(m,n). When the attrition-rate coefficient2 


a and b appear lkiearly in the attrition rates A and B, we may write 


L(m,n) = aga(m,n), and B(rn,n) = b%(m,n) . (5.15.28) 

In this special case of intereat, calculations similar to those given 


above yield that 




Figure 5.11. Schematic of combat interactions for stnchastic 


battle corresponding to the deterministic 

nonautonomous LANCHESTER-type equations (5.15.27). 


Here A(m,n) denotes the. casualty rate of the 

entire X force with m combatants caused by 

the entire Y force with n combatants. 



and 

Thua, when the  parametere t o  be estimated appear l i n e a r l y  i n  the  a t t r i t i o n  

r a t e s ,  very simple es t imates  r e s u l t .  Furthermore, a11 our previous r e s u l t s  

a r e  j u s t  s p e c i a l  cases  of this one. We have presented these  s p e c i a l  cases  

f i r s t ,  however, i n  order  t o  show the  reader  t he  bas i c  idea  of t he  maximum- 

l ike l ihood method without h i s  being overencumbered with no ta t ion  the  

f i r a t  time. 

In  a l l  the  above developments, we have had t h e  same stopping r u l e  

f o r  c o l l e c t i n g  our combat data: da t a  w a s  co l l ec t ed  u n t i l  the  K-t h  casua l ty  

occurred. Let us now suppose, however, t h a t  w e  c o l l e c t  da t a  ( o r  run our 

"combat experiment") f a r  a spec i f i ed  l e n ~ t h  of time o r  u n t i l  one s i d e
tf 

o r  the  o the r  has been annih i la ted .  Again, l e t  us say t h a t  K c a s u a l t i e s  

have been observed a t  times tl, t2, ... , tK. We have then t h a t  

and (5.15.2) through (5.15.4) again hold. Here % and no denote the  

i n i t i a l  numbers of X and Y c~mba tan te .  Furthermore, we w i l l  now coa- 

e ide r  the  general  continuous-time MARE;OV-chain a t t r i t i on -p roces s  model 

(5.1.2) (again, 5 Figure 5.11) , with in f  Fniteaimel t r a n s i t i o n  probabi l i t i e r  

P[X casua l ty  i n  A t ]  = A(m,n) A t  and P[P casua l ty  i n  At] = B(m,n) A t .  



I n  t h i s  caae,  t he re  w i l l  be an add i t i ona l  cont r ibu t ion  t o  the  l ike l ihood 

funct ion of 

when tf  > tK ' 1.e.  when ne i the r  a ide  i s  ann ih i l a t ed  before t f .  Accord-

ingly ,  t h e  l ike l ihood funct ion f o r  the  observed eequence of c a s u a l t i e s  

is  given by 

where (5.15.2) througlh (5.15.4), (5.15.31), and (5.15.32) hold. ?he 

n a t u r a l  logari thm of the  l ike l ihood funct ion i s  then given by 



and 

where tK+l t f .  We a l s o  have t h a t  tK = tf i f  and only i f  e i t h e r  

K X K Y o r  Ik-l ck = no, i . e .  i f  and only i f  e i t h e r  s i d e  islk-lck - mo 

ann ih i l a t ed  before t f .  Thus, w e  see t h a t  the  maximum-likelihood es t imate  

of a LANCIIESTER a t t r i t o n - r a t e  c o e f f i c i e n t  depends ( s l i g h t l y )  on the  circum 

s tances  under which the  combat da t a  has been co l l ec t ed ,  although f o r  t he  

s t o c h a s t i c  analogue of (5.15.1) w e  have t h a t ,  f o r  example, 
A 

a - ( t o t a l  number of X c a s u a l t i e s ) / ( t o t a l  length of time t h a t  b a t t l e  has 

been observed). 

I f  we had J r e p l i c a t i o n s  of the  "combat experiment," we would 

redef ine  our no ta t ion  a s  follows: 

th tht{ - time of occurrence of +casua l ty  i n  j- r ep l i ca t ion ,  

j
mk = number of X combatants "al ive" during the  i n t e r v a l  

j
% = number of Y combatants "aXlve" during t h e  i n t e r v a l  

and K - t o t a l  number of c a s u a l t i e s  on both s i d e s  t o r  t he  jfh
j 


r e p l i c a t i o n  of the  b a t t l e .  

It then follows [say f o r  t h e  second etopping rule and t he  model (5.1.2) 



with (5.15.28)] t h a t ,  f o r  example, 

n ( C t ' a l l  r e p l i c a t i o n s  a - * 1 t - tk-l}j 


X denotes t he  t o t a l  number of X c a s u a l t i e s( C ~ ) a l ~r e p l i c a t i o n s  

f o r  a l l  r e p l i c a t i o n s  of tire ''combat experiment." 

We w i l l  wrap up t h i s  s ec t ion  by b r i e f l y  sketching h i s t o r i c a l  deve 

ments and poss ib le  f u t u r e  t rends  i n  the  use of maximum-like?dhood es t imat  

of a t t r i t i o n - r a t e  c o e f f i c i e n t s  i n  ccnnbat ana lys is .  This approach has bee 

in t imate ly  r e l a t ed  with the  idea  of h ie rarchy  of rnodeis (E Sect ion 7.20 

i n  which the  output d a t a  from, f o r  example, a high-resolution combat mode 

of small-unit  operat ions is used a s  input  da t a  t o  a low-resolution combat 

model of large-uni t  operat ions (again,  r e f e r  t o  Figure 5.1). 

Although the concept of a hierarchy of combat models has apparent 

been on the minds of a number of m i l i t a r y  OR workers i n  the  United S t a t e s  

s ince  a t  l e a s t  about the  mid-19501s, recent  i n t e r e s t  i n  t he  United S t a t e s  

and an accompanying a n a l y t i c a l  framework apparent ly da t e s  from t h e  Ph.D. 

t h e s i s  of G. Clark [24] i n  1969 (seea l s o  E2.51). H e  developed a satellit '  

model [ ca l l ed  the  COMAN (g.b$at g a l y s i s )  model] t h a t  must be used4' i n  

conjunction with a high-resolution combat-sinnulation model (usua l ly  Monte. 

Carlo type) i n  order  t o  i n t e rpo la t e / ex t r apo la t e  t h e  r e s u l t s  of the  h ighe r  

reso lu t ion  model ( i n  terms of numbers and types of c a s u a l t i e s  f o r  a! 

given fo rce  mix o r  mixes) t o  a t h e r  force  mixes not  e-xpl ici t ly  evaluated 

by the  high-resolution model. The C O W  model was a s t o c h a s t i c  "LANCHESTEI 

type heterogeneous-force combat model ( i . e .  the  continuous-time 



MARKOV-chain analogue of certain de~erministic heterogeneous-force 


LANCHESTER-type equations) and involved the following two modifications 


of the then existing LANCHESTER combat theory (see -CLARK [24, pp. 139-1641 

for further details): 


(MI) incorporation of weapon-system target-acquisition 


capability into the model through introduction of the 


probabilities that a target is unacquired by an enemy firer, 


and (M2) introduction of target priorities. 


The former madificaeion (MI) was implemented through the introduction of 


target-acquisition probabilities, which then were used to modify (i.e. 


degrade) the inherent kill capabilities of weapon-system types, while 


the latter modification (M2) was implemented through the input of two 


target-priority lists (every weapon-system type on a particular side had 


the same target-priority list) and the modelling of the engagement of 


target typs with priorities4'. Let us now examine in greater detail how 


this former aspect [i.e. modification (Ml)] was handled. For sicplicity, 


we will consider a constant-parameter homogeneous-force version of 


CLARK'S C O W  model. 

CLARK'S [24, pp. 157-1581 basic idea for incorporating weapon-system 

trrgrt-acquisition capabilities into the LANMESTER may be 

s e e n  by considering the MARKOT,?-chain model (5.1.2) (seeFigure 5.11 aga.in) 

with total-force kill rates given by 




where 

a denotes the  k i l l  r a t e  f o r  a s i n g l e  Y weapon system having 

acquired t a r g e t s  a t  which t o  f i r e ,  

a s p e c i f i c  X t a r g e t  is unacquired 

by an ind iv idua l  Y f i r e r  ,I 

and b and pyx a r e  s i m i l a r l y  def ined f o r  the  X force.  

Here, f o r  example, a denotes an acquisit ion-independent * a t t r i t i o n - r a t e  

c o e f f i c i e n t  and represents  t he  "inherent" k i l l  c a p a b i l i t y  of a s i n g l e  Y 

f i r e r  i n  t he  sense t h a t  it is  h i s  k i l l  r a t e  when one o r  more enemy ta rge t r  

a r e  ava i l ab l e  f o r  him t o  f i r e  a t  ( i . e .  t he re  a r e  acquired t a r g e t s  a t  whict 

he cac f i r e )  . 
The to t a l - fo rce  k i l l  r a t e s  (5.15.23) may be developed i n  the f o l k  

ing manner. One assumes t h a t  t h e  to ta l - force  a t t r i t i o n  r a t e  f o r  each side 

is equal  t o  the  sum of t h e  ind iv ldus l  firing-weapon k i l l  r a t e s  f o r  the  

opposing force.  In t e rac t ions  due t o  mul t ip le  f i r e r s  a t t ack ing  a s i n g l e  

t a r g e t  a r e  neglected by t h i s  assumption. Consider now, f o r  example, a 

s i n g l e  Y f i r e r  engaging X t a r g e t s  of which there  a r e  a t o t a l  of n 

a t  time t. The probab i l i t y  t h a t  t h i s  f i r e r  has one o r  more X t a r g e t s  

m
at  which t o  f i r e  is given by 1 - (pm) , whence i t  follows by the above 

a d d i t i v i t y  assumption t h a t  t h e  Y-force k i l l  r a t e  A(m,n) i s  given by 

(5.15.39). Furthermore, i t  is r ead i ly  shown t h a t  when t a r g e t s  a r e  easy 

t o  acquire  (e.g. p is near  O ) ,  then A(m,n) is  very nearly given by XY 



-- - 

I 

an ( i . a .  t h e  X-force a t t r i t i o n  r a t e  is  propor t iona l  t o  only che number of 

enemy f i r e r s  a s  i n  LANCHESTER's equat ions f o r  modern warfare ) .  Also, when 

t a r g e t s  a r e  d i f f i c u l t  t o  acqui re  (e.g. p i s  near  I ) ,  then A(m,n) is
XY 

very near ly  given by amn ( i . e .  t he  X-force a t t r i t i o n  r a t e  is propor t iona l  

t o  t h e  product of t h e  numbers of f i r e r s  and t a r g e t s  as i n  LANCHESTERrs 

equat ions f o r  a r ea  f i r e ) .  Thus, we should th ink  of (5.15.39) a s  a genera l  

a t t r i t i o n - r a t e  model t h a t  incorpora tes  weapon-system t a rge t - acqu i s i t i on  

c a p a b i l i t i e s  i n t o  t h e  model and reduces t o  those corresponding t o  WCHESTER' 

c l a s s i c  formulat ions in t h e  above two important l i m i t i n g  cases .  From an 

examination of DY'NTACS~) da th  CLAFUC 1261 fou.3.d t h a t  t h e  p robab i l i t y  of a 

t a r g e t  being unacquired is q u i t e  s e n s i t i v e  t o  t h e  na tu re  of t he  t e r r a i n  

p r o f i l e  between the  opposing forces .  This  t e r r a i n  p r o f i l e  can change abrupt1 

and cause t he  ta rge t -acquis i t ion  p r o b a b i l i t i e s  t o  appear as almost discon- 

t inuous funct ions of b a t t l e  time. 

CLARK'S idea  of t he  COMAN model was adopted by t he  Research 

Analysis Corporation (RAC), which l a t e r  became p a r t  of General Research 

Corporation (GRC) , and evolved44 i n t o  COMANEX (COW Extended) , which ( l i k e  

COMAN i t s e l f )  was composed of two bas ic  sub-programs: the  pre-processor 

and t h e  s imulator  (seeCLARK [24] o r  [36] f o r  f u r t h e r  d e t a i l s ) .  Figure 

5.12 shows how these  programs were used, with CARMONETTE serv ing  a s  the  

high-ra8olution model. 

Data f o r  weaponH c h a r a c t e r i s t i c s ,  combat environment, mission, 

e t c .  f o r  a p a r t i c u l a r  mix of opposing fo rces  were input  i n t o  CARMONETTE. 

CABMONETTE was then run f o r  a spec i f i ed  number of r ep l i ca t i on8  of the  

b a t t l e .  The computer program then output ( f o r  each r e p l i c a t i o n )  a 



COMANEX Extrapolation Process 

COMANEX 
SIMULATOR 

WEAPONS TO 
eE ANALYZED 

KILLER / CASUALTY MATRICES BY TIME PERlOO 

Figure 5 .12.  Implemntation of the COMANEX model (from [36]), which 

i s  an example (apparently the f i r s t  t o  be developed i n  

the United States)  of the fitted-parameter analyt ica l  

model (E Figure 5 .1 ) .  The COMANEX model wae composed 

of two basic  sub-program: the pr2-processor and 

the simulator, with CARMONETTE serving a s  the high- 

resolution model for generating input data t o  the 

pre-processor. 



time-sequenced casua l ty  h i s to ry ,  with the time a t  which each ca sua l ty  

occurred ( a s  w e l l  a s  the  casua3.ey type and the  k i l l e r  type) Being given. 

This output  was, i n  tu rn ,  input  i n t o  t h e  COMANEX pre-processor. This  

pre-proceasor massaged t h e  d a t a  and output a set of values  f o r  LANCHESTER 

a t t r i t i o n - r a t e  c o e f f i c i e n t s ,  which represen t  the  k i l l  r a t e s  f c r  each 

f i r e r / t a r g e t  combination on t h e  b a t t l e f i e l d .  The va lues  f o r  t he se  

a t t r i t i o n - r a t e  c o e f f i c i e n t s  were then s to red  i n  t he  COMANEX s imula tor  

t o  be  subsequently used i n  p red i c t i ng  t h e  outcomes of b a t t l e s  involving 

fo rce  mixes "close" t o  t h e  o r i g i n a l  mix ( i . e .  mixes involving the  same 

types but d i f f e r e n t  numbers of weapons). 

The fo rce  mixes t o  be  analyzed were :hen spec i f i ed  and input  i n t o  

the  ~ i m u l a b o r .  I n  p rac t i ce ,  f o r  t e s t  purposes, t he  f i r s t  such mix was 

usua l ly  t h e  o r i g i n a l  one from which the  valued f o r  t h e  LANCHESTER 

a t t r i t i o n - r a t e  c o e f f i c i e n t s  were determined. The s imulator  w a s  exercised 

f o r  up t o  100 r e p l i c a t i o n s  of t he  b a t t l e .  I t  output t h e  expected r e s u l t s  

of t he  b a t t l e  i n  t he  form of k i l l e r l c a s u a l t y  matr ices  which l i s t e d  t h e  

number of c a s u a l t i e s  (averaged over a l l  r ep l i ca t i ons )  by t i m e  per iod,  

f o r  each of t he  t a r g e t  types,  and f o r  each of t h e  k i l l e r  types.  Af t e r  

i t  w a s  v e r i f i e d  t h a t  t h e  s imulator  indeed reproduced t h e  r e s u l t s  of t h e  

or iginaS CARMONETTE tun,  t h e  remaining force  mixes were proczssed, and 

t h e i r  expected outcomes were l i s t e d  (again i n  t h e  form of k i l l e r l c a s u a l t y  

mat r ices ) .  COMAhi was used i n  t h i s  fashion i n  a number of analyees  f o r  

eeet h e  U. S. Army (e.g. - [32] ) .  

Later  t h e  same genera l  idea  was used by a U. S.  Army syatems- 

ana lys i s  agency c a l l e d  TRASANA (TRADOC a s t e r n  g a l y e i s  & t i v i r y )  with a 

few f u r t h e r  modif icat ions i n  t he  form of COMANEW [COWIN (N)EW]. 



Target p r i o r i t i e s  and t a rge t - acqu i s i t i on  p r o b a b i l i t i e s  were el iminated 

and replaced by heterogeneoua-force a l l a c ~ t i o n  f a c t o r s  (see Sect ion  7 .7 ) ,  

and a l s o  ammunition expenditure wae e x p l i c i t l y  considered (seeGRAHAM 

[39] f o r  f u r t h e r  d e t a i l s )  . Q u i t e  encouraging r e s u l t o  have been repor ted .  

Future t rends  would appear t o  be centered around the  use of 

f u r t h e r  a d d i t i o n a l  func t iona l  forms f o r  a t t r i t i o n - r a t e s  i n  t h i s  s a t e l l i t e -  

model approach. The theory of t h i s  sppraach has  now bean r a t h e r  f u l l y  

developed, and the  author  a n t i c i p a t e s  t h a t  f u t u r e  a c t i v i t i e s  w i l l  be 

centered around computational work and t h a t  f u r t h e r  computational r e s u l t s  

w i l l  be reported,  e spec i a l l y  a s  t o  which func t iona l  forms f o r  LANCHESTER- 

type a t t r i t i v n  r a t e s  g ive  t h e  "best" resdts. It is su rp r i s ing ,  however, 

t h a t  t he re  have been s o  few result..? reported s o  f a r  about which forms 

f o r  LANCHESTER-type equat ions a r e  a t  l e a s t  not  i ncons i s t en t  with simulated 

combat r e s u l t s  generated by high-resolut ion Moate Carlo s imulat ions.  



5.16. At t r i t ion-Rate  Coeff4cients  f o r  Heterogeneous-Force combat. 

The modern bat tXefiald conta ins  many d i f f e r e n t  weapon-system types 

t h a t  operate  together  with complementary c a p a b i l i t i e s  as "combined-arms 

teame." For example, there  might be both mounted and dismounted in fan t ry ,  

i n f an t ry  with r i f les ,  i n f a n t r y  with machine guns, t anks ,  d i f f e r e n t  types of 

ant i - tank weapon systems, a r t i l l e r y ,  mortars ,  o the r  types of f i re-support  

systems, etc. Since each of these  var ious  d i f f e r e n t  weapon-system types  wobld 

genera l ly  i n f l i c t  and s u s t a i n  c a s u a l t i e s  a t  d i f f e r e n t  r a t e s ,  when one wants 

t o  model t he  a t t r i t i o n  process f o r  combat between such combined-arms teams, 

one is obliged t o  keep t r ack  of t h e  number of each type of casua l ty  and 

consider  combat between heterogeneous forces .  

For such heterogeneous-force combat, the  n a t u r a l  gene ra l i za t i on  of the 

homogenesua-force F IF determinist?.^ LANCHESTER-type a t t r i t i o n  process may 

be wr i t t en  as (seeSect ion 7.7 f o r  f u r t h e r  d e t a i l s )  

th
where xi( t )  ( f o r  i = 2 . .  .m denotes t h e  number of t he  i- weapon-system 

type of t he  X fo rce  a t  time t ,  B denotes t he  r a t e  a t  which one Xi f i r e r  
j i  

k i l l s  Y t a rge ts45 ,  and t h e  q u a n r i t l e s  y  ( t )  ( f o r  j = 1 2 ,  n  and 
j 1 


A a r e  s i m i l a r l y  def ined f o r  t he  Y fo rce  CEE Figure 7.11). Here ( a s  
1) 

i n  Sect ion 7.7) we  w i l l  always le t  t he  subsc r ip t  i r e f e r  t o  t he  X fo r ce  



-

(and Lake on the Integer values 1 through m) and the subscript j refer to 


the Y force (and take on the integer values 1 through n). We will call 

a nonnegative quantity such as, for example, A .iheterogeneous-force
ij 


LANCHESTER attrition-rate coeffici&qL. It repreeents the fire effectiveness 


of a Y firer againsr Xi targets and denotes the rate at which a typical

9 


Y firer kills Xi targets in the opposing heterogeneous enemy force (w
9 

Figure 5.13). BONDER, and FARRELL 1171 (=also Section 5.3 above) have 

argued that one should take such a heterogeneous-force LANCHESTER attrition- 


rate coefficient to be given, for example, by 


where E[TX ] denotes the expected time for a single Y firer to kill 
i - j 

an Xi target. As we have stressed above, the development of cred1bl.e 


methodology for computing numerical values for such LANCHESTER attrition-rate 


coefficients has greatly facilitated the use of MCBESTER-type combat models 


as viable defense-planning tools. 


Heterogeneous-force attrition-rate coefficients such as A and 

id 


B in the model (5.16.1) reflect a much greater complexity in the attrition 

ji 


process than do homogeneous-force attrition-rate coefficients such as a and 


b in the modal (5.2.1) : beeides baing complex functions of veapon-system- 

type capabilities and target-type characteristics, the attrition-rate 


coefficients A and B also depend on additional operational. factors 

i j  ji 

such as the distribution of target types, relative rates of target-type 


acquisition fo r  the various different types of firer-target pairs, procedures 



X FORCE (m different Y FORCE (n different 
weopon- system types ) weapon- system types) 

Figure 5.13. Schematic showing notation convention for subscripts 

on atbrition-rate coefficients in heterogeneous-Force 

combat. Our convention is that the first subscript 

denotes the target type and the second subscript 

denstee firer type, e.g. A denotes the rate at 
ij 

which a typical Y firer killa Xi targets in 
9 

the opposing enernlp- force. 



and priorities for assigning weapon-syetom types to target types, etc. In 


other words, not only must one consider how a given weapon-system type cauaes 


attrition to a particular engaged-enemy-weapon-system type (as one does in 


modelling homogeneous-force-on-force combat attrition), but also one muet 


account for different such pairings occurring at different times and places 


on the battlefield and also possible change8 in them pairings over time. 


Thus, attrition-rate coefficients for heterogeneous-force combat must reflect 


much greeter complexities of the attrition process than those for homo- 


geneous-force combat. It is of fundamental importance, though, that 


approaches known to this author for modelling heterogeneous-force a t t r i t i .  


rate coefficients take homogeneous-force results [e.g. ( 5 .4 .111  as key 

"building blocks" for constructing their heterogeneous-force results. Thus, 


althaugh there will occasionally be some minor modifications, we will use 


(in the appropriate way) all the above homogeneous-force-attrition-rate-


coefficient results for developing heterogeneous-force attrition-rate 


coefficients. 
It is convenient for modellink attrition-rate coefficients (e.g. pee 

BONDER and FARRELL [17, pp. 15-16] or CHERRY [21, pp. 6-71) to reflect such 


complexities of heterogeneous-force combat as discussed above by partitioning 


the attritionprocess into four distinct subprocesees 4 6 .. 

(SP1) the fire effectiveness of weapon-system types firing at 


live targets, 


(SP2) the allocation process of assigning weapon-system cypes to 


target types, 
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(SP3) t h e  i ne f f i c i ency  of f f r e  when weapon-system types engage 

o ther  than l i v e  t a r g e r s ,  

and (SP4) t h e  e f f e c t 8  of t e r r a i n  on l i m i t i n g  f i r i n g  a c t i v i t i e s  of 

weapon-system types and on the  mobil i ty  of t he  s y s t e m .  

Two general  ways i n  which these  e f f e c t s  have been included i n  U C X E S T E R  

a t t r i t i o n - r a t e  c o e f f i c i e n t s  a r e  a s  follows: t o  model such a  c o e f f i c i e n t  a s ,  

4 7f o r  example, 

Y a l l  o the r  v a r i a b l e s  descr ib ing  t h e  
o r  ) , (5.16.

~ i j ( ~ i j 'acqu i s i t i on  and engagement of t a r g e t s  

where 

denotes t he  a l l o c a t i o n  f a c t o r  (the f r a c t i o n  of Y assigned
$id j 

t o  engage xi) , 

denotes t h e  "inherent" s i n g l e - f i r e r  weapon-system k i l l  r a t e  
a i ~  

( t h e  rate a t  which one Y f i r e r  type k i l l s  Xi t a r g e t  types 
j 

when it is engaging only them), 

f Y  denote8 a f a c t o r  aggregating t h e  e f f e c t s  of a l l  o ther  va r i ab l ee  
i d  

t h a t  a r e  no t  included i n  t he  "inherent" s i n g l e - f i r e r  k i l l  r a t e  

and modifying t h e  e f f ec t i venes s  of an i nd iv idua l  Y
af;t j 

f i r e r  type aga ins t  Xi t a r g e t  types,  



F" danotes u funct ion t h a t  y i e l d s  the  a t t r i t i o n - r a t e  c o e f f i c i e n t  f o r  
i j  

f i r e r  type engaging Xi t a rge t  types (with arguments as inddcatec 

and denotes  the condi t iona l  s i n g l e - f i r e r  weapon-system k i l l  r s t e  
a i j  

( the  r a t e  a t  which one Y f i r e r  type k i l l s  acquired Xi 
j 


t a r g e t  types when i t  i s  engaging them). 

The reader  should note  the  d i s t i n c t i o n  between the  "inherent" s i n g l e - f i r e r  

k i l l  r a t e  a ( t h e  r a t e  a t  which one Y
1 

f i r e r  type k i l l s  Xi t a r g e t  types 
i j  

when i t  is engaging only them) and the  s i n g l e - f i r e r  k i l l  r a t e  aga ins t  u c q u i .  

ta r j ets ( t h e  r a t e  a t  which one Y f i r e r  type k i l l a  acquired Xi- a i j  j 

?arge t  types when d t  is engaging only them). I n  o the r  words, a i j  - a i j  when 

the  time t o  acqui re  a  t a r g e t  i s  equal  t o  zero.  The "inherent" s i n g l e - f i r e r  

k i l l  r a c e  f o r  a  p a r t i c u l a r  f i r e r - t ype i t a tge t - t ype  p a i r  au may be ca lcu la ted  , 

by using d a t a  f o r  t he  p a i r  together  with the  appropr ia te  a t t r i t i o n - r a t e -  

c o e f f i c i e n t  formula given above. For the  reader ' s  convenience, w e  have 

s~mmarized i n  Table 5.V t h e  condi t ions  under which such formulas have been 

developed and have a l s o  c i t e d  t he  equat ion number f o r  each such formula given 

above. The condi t iona l  s i n g l e - f i r e r  k i l l  r a t e  ( i . e .  t h e  s i n g l e - f i r e r  k i l l  

r a t e  aga ins t  acquired t a r g e t s )  f o r  a p a r t i c u l a r  f i r e r - t y p e l t a r g e t  type p a i r  

ail 
may then be ca l cu l a t ed  by s s t t i n g  t h e  t i m e  t o  acqui re  a  t a r g e t  equa l  t o  

zero i n  t he  appropr ia te  expression f o r  au. For example, t he  cond i t i ona l  

s i n g l e - f i r e r  k i l l  r a t e  for a  weapon-system type using MARKOV-dependent f i r e  

and an impact - le tha l i ty  mechanism is given by 



TABLE 5.V. Summary of Conditione Uuder Which Expresvions for IANCHESTER 


Attrition-Rate Coefficients Have Been Developed, With Equation 


Number of Each Expression Given. 


(Cl) MARKOV-dependent fire and impact-lethality mechanism (5.8.2) 


(C2) MARKOV-dependent fire and lethality mechanism by which a target 

can be killed not only by a hit but also by a miss (5.14.1) 

(C3) burst fire and impact-lethality mechanism (5.14.2) or (5.14.5) 


(C4) muleivolley fire end area-lethality mechanismd8 (5.13.3) or 


(5.13.19). 




where a l l  symbols a r e  a s  def ined i n  Sect ion 5.8. 

Before providing a few s e l e c t i v e  d e t a i l e d  r e s u l t s  on t h e  modelling 

of heterogeneous-force-at t r i t ion-rate  c o e f f i c i e a s  A i n  t h e  two genera l  
i j  

forms (5.16.3) and (5.16.4). we w i l l  p resen t  a b r i e f  overview of t h i s  e n t i r e  

f ield4'. The model (5.16.3) and t h e  corresponding f o m  of (5.16.4) [namely, 

Y
A = J, f a ] have received by f a r  t h e  widest use. Let us no te  he re  
i j  i j  i j  i j  

t h a t  t he  heterogeneous-force model presented i n  Sect ion 7.7, i . e .  (7.7.3),  

corresponds t o  (5.16.3) with f Y  - 1. I n  o the r  words, i n  Sec t ion  7.7 w e
il 

50
have developed a heterogeneous-force model with 

The modelling of a t t r i t i o n - r a t e  c o e f f i s i e n t a  A by t h e  expression (5.16.3) 
ij 

has  been used i n  ope ra t i ona l  models such a s  ( a t  the b a t t a l i o n  l e v e l  of combat) 

BONDERIIUA [18] and i ts  many d e r i v a t i v e s  ( e . 8 .  AIRCAU [85] ,  BLDM[5], AMSWAG [41],  

FAST [19]) and ( a t  the  t h e a t e r  l e v e l  of combat) IDAG&;IIM [ l ;  671 (see-a l s o  

TAYLOR [74-78; 79, pp. 797-8001). The modelling of a t t r i t i o n - r a t e  c o e f f i c i e n t s  

A by t he  expression (5.16.4) and i ts  s p e c i a l  form 
ij 

has  been used i n  opera t iona l  models such a s  ( a t  t he  b a t t a l i o n  l e v e l  of combat) 

COMAN [24; 251 and i ts  de r iva t ives  COMANEX [36; 731 and COMANEW [39] (see 
a l s o  R .  M. THRALL a t  a l .  [82]) and ( a t  t he  t h e a t e r  l e v e l  of combat) t he  

VECTOR series of models 128; 54; 86; 871. Here gY denote8 a f a c t o r  
i j  



[ s imi l a r  t o  f Y  i n  (5.16.411 aggregating t t e  e f f e c t s  of a l l  o ther  va r i ab l ,  
i j  

t h a t  a r e  not  included i n  the  condi t iona l  s i n g l e - f i r e r  k i l l  r a t e  
aij 

and 

modifying the  e f f ec t iveness  of an ind iv idua l  Y f i r e r  type aga ins t  Xi 
j 

t a r g e t  types.  C O W  and i t s  de r iva t ives  have ueed (5.16.7),  while  VECTOR hi 

used the  nonl inear  form (5.16.4). 

We w i l l  now provide a few s e l e c t i v e  de t a i l ed  r e s u l t s  pe r t a in ing  t o  1 

above b r i e f  overview. In  t he  BONDERIIUA [18] and its mny  de r iva t ives  such 

a s  AIRCAV [85],  BLDM [ 5 ! ,  AMSWAG [ 4 l ] ,  and FAST [19], t he  f i r s t  t h r e e  sub- 

processes (SP.1) through (SP3) given above a r e  incorporated i n t o  an a t t r i t i o r  

r a t e  c o e f f i c i e n t  such a s  A a s  follows (seea l s o  Sect ion 7.7): 
i j  

where $ and a i j  a r e  a s  defined a f t e r  equation (5.16.3) and (5.16.4), 
i d  

and 1' denotes the  in t e l l i gence  f a c t m  ( t h e  f r a c t i o n  of those Y 
i j  j 

a l l oca t ed  aga ins t  Xi who a r e  ac tua l ly  engaging l i v e  Xi t a r g e t  types) .  'I 

i n t e l l i g e n c e  f a c t o r ,  however, has  not been considered i n  any appl ica t ione  at 

l e a s t  through 1975 (see  CHERRY [21, p .  ? I ) ,  i.e. 1' = 1.0 f o r  a l l  i an(
i j  

and hence (5.16.8) reduces t o  (5.16.6). A submodel based on target-acquisi l  

considerat ions is used t o  ca l cu la t e  the a l l o c a t i o n  f a c t o r s  I Y i j .  The pro- 

cedure used i n  the  o r i g i n a l  version of BONDER/IUA is s imi l a r  t o  t h a t  used 

51
i n  AMSWAG and discussed below . I n  t he  ALRCAV and BLDM models the  f a c t o r s  

were ca lcu la ted  based on p a r a l l e l  acqu i s i t i on  of ta rge tsS2  and a target-pr i '  

l i s t  (inwhich more than one type of t a r g e t  was allowed t o  be t i e d  a t  the 

same l e v e l  of p r i o r i t y  t o  a f i r i n g  weapon-system type).  In  a c t u a l  computatj 



an algori thm based on a  s impl i fy ing  approximation was used t o  compute 

numerical va lues  f o r  such a l l o c a t i o n  f a c t o r s  (see [85 ,  pp. 29-32] o r  [ 5 ,  

pp. 111-6 through 111-8 1) . 
I n  t h e  M W A G  [41] model a t t r l . t i o n - r a t e  c o e f f i c i e n t s  a r e  modelled as 

where U denotes the  f r a c t i o n  of the  f i r e r - t y p e  Y t h a t  a r e  unsuppressed 
j j 


Submodels a r e  used f o r  

(a)  t he  suppression f a c t o r  U [41, pp. 15-17],
j 

and (b) t he  f i r e - a l l oca t ion  f a c t o r  $ [41, pp. 18-21].
i j  

We w i l l  now d i scus s  i n  d e t a i l  t h e  f i r e - a l l o c a t i o n  submodel used i n  AMSWAG. 

The following f a c t o r s  in f luence  which t a r g e t  types w i l l  be engaged b  

a  p a r t i c u l a r  f i r e r  type i n  AMSWAG and what a l l o c a t i o n  of f i p e  they w i l l  

53rece ive  

(Fh) ta rge t - type  p r i o r i t y ,  

(F2) range t o  t a rge t .  

(F3) i n t e r v i s i b i l i t y ,  

(F4) round choice,  

and 0 5 )  target- type acqu i s i t i on .  
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I n  AMSWAC each f i r i n g  weapon-system type has itis own t a r g e t  p r i o r f t y  schen 

which allows d i f f e r e n t  t a r g e t  types t o  have the  highest  p r i o r i t y  a t  v a r i o ~  

ranges. An example of one such f i r e r - t ype  t a rge t -p r io r i t y  scheme is  s h m  

Figure 5.14. It is assumed t h a t  a f i r e r  type w i l l  a t tempt  t o  a l l o c a t e  it^ 

power aga ins t  t he  enemy t a r g e t  type cu r r en t ly  having t h e  higher  p r i o r i t y ,  

the  c l o s e s t  t a r g e t  not  neces sa r i l y  having t h e  h ighes t  p r i o r i t y  ( see  Figure -
However, i f  two p o t e n t i a l  t a r g e t s  a r e  of the  same type, t h e  one a t  t h e  shc 

range always has  t he  higher  p r i o r i t y .  Besides being an important f a c t o r  i 

t a r g e t  p r i o r i t y ,  t he  range (d i s tance)  between f i r e r  and t a r g e t  a l s o  detern 

f i r i n g  f e a s i b i l i t y ,  i . e .  no f i r i n g  event can t ake  place beyond t h e  s p e c i f i  

maximum e f f e c t i v e  range of the  f i r i n g  weapon-system type. Moreover, no t e  

( regard less  of p r i o r i t y  o r  proximity) can rece ive  any f i r e  a l l o c a t i o n  i f  1 

of s i g h t  from the  f i r e r  t o  t h a t  p a r t i c u l a r  t a r g e t  ( i . e .  i n t e n t i s i b i l i t y )  d  

no t  e x i s t .  However, if l i n e  of s i g h t  does e x i s t ,  t he  f a c t  t h a t  a t a r g e t  i 

seen e i t h e r  p a r t i a l l y  exposed o r  f u l l y  exposed does not  a f f e c t  e i t h e r  t he  

t a r g e t ' s  p r i o r i t y  o r  i t s  a l l oca t ion .  

The a v a i l a b i l i t y  of anrmunition of t he  appropr ia te  type a l s o  i n f l u e  

the  a l l o c a t i o n  of f i r e  i n  AMSWAG: a proper round choice must e x i s t  before  

f i r e r  type can a l l o c a t e  i t s  f i r e  aga ins t  a p a r t i c u l a r  t a r g e t  types.  Round 

choice is modelled f o r  each firer-tyye--target-type combination by a  t a b l e  

of f i r s t  and second choicea of rounds a t  both sho r t  and long ranges,  p lu s  

threshold range used t a  determine whether t he  cur ren t  f i r e r - t a r g e t  range 

w i l l  be c l a s s i f i e d  a s  e i t h e r  sho r t  o r  long ( 6 ~Table 5.VI). I f  f o r  some 

reason the  f i r s t  choice of round type cannot be f i r e d ,  t h e  model tries t o  

car ry  out t he  f i r i n g  event with t h e  second-choice round type. I f  n e i t h e r  

round type can be f i r e d ,  the t a r g e t  type rece ivee  no a l l o c a t i o n  of f i r e  
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Figure 5 .14 .  Typical target-type priori t ies  used i n  AMSWAG 

for a BMP f i rer  in Europe with Bl.ue on the 

attack (from [41]). 




&ring t h i s  time Interval. [Here t h e  term time interval,  r e f e r s  t o  t h e  f a c t  

t h a t  t he  bsttle has been segmented i n t o  a l a rge  number of small  time s t e p s  

l i , e .  i n t e r v a l e )  f o r  cotnputatlonal reasons a s  per t h e  numerical i n t e -  

grat:Lon of t h e  WCHESTER-type a t t r i t i o n  equationbi (E Appendix E, especial1 

Figure E.Y) . ]  Current ly  i n  ANSWAG, t he re  a r e  two reasons why a particular 

round type might not  be used: (1) t h e  p a r t i c u l a r  f i r e r  type does no t  have 

ava i l ab l e  t h a t  type of round, and (2)  t h e  f i r e r  1s moving and t h a t  type of 

round cannot be f i r e d  from a moving platform. Thus, a t a r g e t  type w i l l  

r ece ive  an a l l o c a t i o n  of f i r e  only when a l l  the following condi t ions  have 

been m e t :  

(El)  t he  f i r e r  type has  no t  a l l oca t ed  more thau ninety-eight  

percent  of ICYfirepower; 

( c 2 )  t h e  t a r g e t  type is  the  h ighes t  p r i o r i t y  target type t ha t  has 

not a l ready received an a l l o c a t i o n ;  

( z 3 )  t h e  t a r g e t  type is  wi th in  t he  maximum e f f e c t i v e  range of t he  

f i r e r  type; 

(6%)l i n e  of s i g h t  e x i s t s ;  

and (k)a proper choice of round type e x i s t s .  

F ina l ly ,  t a rge t -acquis i t ion  probabili tAee determine ~ A Ithe  following way 

exac t ly  h a t  the  a l l o c a t i o n  by a f i r e r  type aga ins t  a p a r t i c u l a r  t a r g e t  

type w i l l  be when a l l  t h e  above ccndi t ions  have been m e t .  The crimulative 



TABLE 5.71. SampIe Round Choices Used in AMSWAG (fro3 [&I]). 

First First Second Second 
Choice Choice Choice Choice 

Firer Target at  Short at Long at Short a t  Long 
Type TJrpe Range Range Range Range 

HEAT APDS APDS HEAT 

COAX BEP HEP HEAT 

KCV ATGM COAX COAX 

73mm BEAT SAGGER 73nnn HEAT SAGGER 

TOW TOW 

lil..rahrrld Range 
( i n  netersj Used 
to Distinguish 
becwem Short 
and Long Rang2 



th
de t ec t ion  p robab i l i t y  f o r  each f i r e r  type (say t he  i-) aga ina t  each t a r g e t  type 

t h(say the  j--) is computed a t  each time s t e p  s i n c e  the  ex is tence  of i n t e r v i s i k i l i l  

If w e  l e t  p denote t h i s  cumulative de t ec t i on  p robab i l i t y ,  then i n  suck an 
1) 

"expected-value'' model o s  AMSWAG p is  in t e rp re t ed  aa represen t ing  the  
i j  

th tXaf r a c t i o n  of the i- f i r e r  type t h a t  has  de tec ted  t h e  j- t a r g e t  type.  Then 

t h  t ht h e  f r a c t i o n  of f i r e  a l l ~ c a t e d  by the  2- f i r e r  type aga ins t  t h e  j- t . s rga t  

type cannot exceed p t i n e s  t h e  unal located por t ion  of the f i r e r  f i r e .
il 

A f i r e r  type cont inues t o  a l l o c a t e  i t s  Eire u n t i l  i t  run8 out  of t a r g e t  types 

o r  has  a l l oca t ed  more than ninety-eight percent  of its firepower (seeHAWKlNS 

[41, g. 211 f o r  f u r t h e r  d e t a i l s ) .  

In  IDAGAM [I.; 671 a t t r i t i o n - r a t e  c o e f f i c i e n t s  a t e  also modelled by 

(5.16.6), but completely d i f f e r e n t  submodels a r e  used t o  compute the  "inherent" 

s i n g l e - f i r e r  k i l l  r a t e  and the  a l l o c a t i o n  f a c t o r  $ than a r e  used 
= i d  il 

i n  BONDER/IUA. The "inherent" s ing l e - f i r e r  k i l l  r a t e s  a r e  computed according 

t o  the  heterogeneous-force vers ion  of (5.2.4) (but  a t  a  much lower l e v e l  of  

r e so lu t ion  than t h a t  of a f i r e  f i g h t  considered i n  BONCER/IUA), while  a sub-

model based on the  concept of a "standard farce"  (?= SHUPACK [67, pp. 45-491 

f o r  f u r t h e r  d e t a i l s )  is used t o  determine t h e  a l l o c a t i o n  f a c t o r s .  These are 

computed, f o r  example, f o r  t he  Y fo r ce  by 

where xiP denotes the  nttmblr of Xi weapons in a standard force ,  

denotes the  f r a c t i o n  of Y weapons t h a t  would f i r e  a t  Xi t a r g e t s  i f  X 



warc the standard force, x ( t )  denotes the numher of Xi weapon8 in the i 


sector (or geographical region of interest), and the summation extends over 


all weapon-ayatam type8 iu the aector. Thus, the allocation factors w e d  in 

IDAGAM are internally computed b~sad on what the allocotlon of fire by each 


weapon-ayetem type in the given force would be against each opposing weapon- 


system type in a standard force and corrected by the relative force composition8 


SF

Both xiP and lkij are externally determined and arc inputs into IDACAH. 

Thus, the fraction of fire allocated by a weapon-system type against an enemy 


weapon-system type in an opposing force is roughly proportional to what would 


he allocated against the standard force but modified by the relative force 


composition of the actual opposing force. The denominator of (5.16.10) 


m

inrurrs that Ziml 


"ij " loow 

As noted above, both the C O W  model [24; 251 (and its derivatives 

COMANEX [36] and COMAYEW [39]) and the VECTOR series of models [28; 54; 86; $71 

(in particular, VECTOR-2) use the conditional single-firer kill rate a 

13 


to calculate the attrition-rate coefficient Aij .  COMANEX [73] considers 

target priorities and computes attrition-rate coefficients according to 


where 


a specific X target is unacquired 

P~ - [ by an individual Y firer 1 * 

xi denotes the number of Xi targets, and xH denotes the number of 
i 


eurviving X weapon-system types of higher priority than Xi. Let us now 


introduce Si denoting the set of indices of all target types having a 




H

higher priority than Xi. It follows that xl = Ik Si 2. The parametere 
pX and rr are calculated as maximum-likelihood estimates from simulated 


1) 


combat data generated by a high-resolution Monte Carlo simulation such as 


CARMONETTE I361 (E Section 5.15 for further details). For a closely related 

alternative approach, =THRALL et al. [82, pp. 99-1041. COMANEW computes 

attrition-rate coefficients according to [cf. (5.16.6) above] 


where both factors (i.e. and a ) are estimated from simulated combat 
ij ij 


data by the maximum-likelihood method (see[39] for further details). 


VECTOR-2 [28; 541 also considers the conditional aingle-firer kill 

and uses different formulas to compute the attrition-rate coeffic- 

Oij 


ients A according to whether the target-acquisition process is done in 

ij 


series with or in parallel with the killing of acquired targets54. Thus, the 


two major factors determining the numerical value of an attrition-rate 


coefficient in VECTOR-2 are 


(Fl) the acquisition and selection of targets, 


and (F2) the conditional single-firer kill rate against acquired 


target types, aid. 


The ocquieitim and selection of targets in VECTOR-2 is conceptualized as 


consisting of the following three processes: 




(PI) t he  l ine-of-s ight  process ,  wbich determines whether a given 

t a r g e t  type is v i s i b l e  or  not  t o  a p a r t i c u l a r  f i r e r  type, 

(P2) t he  t a rge t - acqu i s i t i on  prosess ,  which determines t h e  t i m e  f o r  

a f i r e r  type t o  acquire  a p a r t i c u l a r  t a r g e t  type,  

and (P3) t h e  ta rge t - sec t ion  process ,  which represen ts  how a p a r t i c u l a r  

t a r g e t  type is se l ec t ed  f o r  engagement from among those 

acquired.  

The i n t e r a c t i o n  of these  t h r ee  processes  depends on whether t a r g e t  a c q u i s i t i o n  

is done i n  series o r  i n  p a r a l l e l .  I n  both cases  each f i r e r  type o rde r s  a l l  

opposing enemy t a r g e t  types i n t o  a p r i o r i t y  l i s t ,  which t h e  model uses  t o  

determine which t a r g e t  types a r e  t o  be engaged f i r s t .  

In s e r i a l  a cqu i s i t i on  ir VECTOR-2 t h e  acquired t a r g e t  type of h ighes t  

p r i o r i t y  is engaged by a p a r t i c u l a r  f i r e r  type u n t i l  i t  has  been destroyed 

o r  unt i l  l i n e  of s i g h t  has  been l o s t .  A t  t h i s  time the  s e r i a l  a cqu i r e r  

must acquire  a new t a rge t .  Moreover, pa s t  a cqu i s i t i ons  a r e  no t  remembered 

by t h e  serial acqui re r .  Also, i n  searching f o r  a new t a r g e t ,  t he  t ime l ines s  

of acqu i s i t i on  is given cons idera t ion  through a series of search-cutoff 

times. When the re  are m t a r g e t  types,  t he  e e l e c t i o n  of t h e  next  t a r g e t  

type involves  a sequence of (m-1) search-cutoff times. P r i o r  t o  t h e  @ 
cutof f  t i m e  (where k < m), t he  observer looks f o r  only t a r g e t  types of 

p r i o r i t i e s  1 through k and ignores  any lower p r i o r i t y  t a r g e t s .  I f  t h e  

observer has not  acquired a t a r g e t  by t he  (m-1)-st cu tof f  t i m e ,  he w i l l  



then engage the  f i r s t  t a r g e t  acquired ( r ega rd l e s s  of i ts  p r i o r i t y ) .  Once a 

t a r g e t  1s acquired i n  s e r i a l  a cqu i s i t i on ,  It cannot be preempted by a higher  

p r i o r i t y  t a r g e t ,  and only its des t ruc t ion  or  l o s s  of l i n e  of s i g h t  can cauae 

f i r e  t o  be s h i f t e d  away from i t .  I n  para l le l .  a cqu i s i t i on  search f o r  new 

t a r g e t s  cont inues even during the  engagement of acquired t a r g e t s .  When t h e  

t a r g e t  has  been destroyed,  a higher  p r i o r i t y  t a r g e t  type has been acquired,  

o r  l i n e  of e i g h t  has been Post;  f i r e  is  instantaneously s h i f t e d  t o  t he  

highebt p r i o r i t y  acquired enemy t a r g e t  type. G p a r a l l e l  a cqu i r e r  does 

remember a l l  pa s t  target- type acqu i s i t i ons .  It should be noted here  t h a t  these  

two d i f f e r e n t  conceptual models of t a r g e t  acqu i s i t i on  lead  t o  two completely 

d i f f e r e n t  expressions f o r  t h e  EANCHESTER a t t r i t i o n - r a t e  c o e f f i c i e n t :  t he  

a t t r i t i o n - r a t e  c o e f f i c i e n t  f o r  s e r i a l  a c q u i s i t i o n  may be developed using t h e  

mean-first-passage-time r e s u l t  given i n  Sec t ion  5.9 f o r  a contlnuous-time-

semi-MABKOV process,  while  t h a t  f o r  p a r a l l e l  a c q u i s i t i o n  may be developed by 

s t ra ightforward p robab i l i t y  arguments. 

The following is a sunmrary of t h e  assumptions made i n  VECTOR-2 con-

cerning ta rge t - type  a c q u i s i t i o n  and s e l e c t i o n  i n  maneuver-unit combat [28; 

pp. 53-54]: 

(Al) t he  t i m e  t o  acqui re  a t a r g e t ,  given t h a t  i t  is continuously 

v i s i b l e ,  is  an exponent ia l ly  d i s t r i b u t e d  random v a r i a b l e  with 

F a r m e t e r  X 
i J  ' where i is an index denoting t h e  weapon- 

system type of t h e  t a r g e t  and j i s  an  index denoting t h e  

weapon-system type  of t h e  f i r e r ;  



the  l ine-of-sight process between a p a i r  of opposing weapon- 

system types i s  an a l t e r n a t i n g  MARKOV process  with two s t a t e s  

- -vis ible  and i n v i s b i l e ;  I 

t h e  l ine-of-s ight  process f o r  an observer- target  p a i r  is inde-

pendent of t h a t  f o r  a l l  o ther  p a i r s ;  

t he re  are two modeo of acqui r ing  t a r g e t s ;  an observer  us ing  

t h e  p a r a l l e l  mode acqui res  t a r g e t s  continuously,  even while  

engaging o the r  t a r g e t s ;  an observer using s e r i a l  a c q u i s i t i o n  

can acqui re  only between engagements of t a r g e t s ;  

when an observer  i n  t he  p a r a l l e l  mode acqui res  a t a r g e t  of 

higher  p r i o r i t y  than the  one being engaged, he s h i f t s  h i s  f i r e  

ine tan tan teous ly  t o  t he  t a r g e t  of h igher  p r i o r i t y ;  

an observer  i n  t h e  s e r i a l  mode s e l e c t s  a new t a r g e t  whenever he  

loees  l i n e  of s i g h t  t o  t h e  previous t a r g e t  o r  t h e  previous 

t a r g e t  is k i l l e d  ( t h e  model assumes t h a t  t h e  f i r e r  can p e r f e c t l y  

d i s t i ngu i sh  between a c t i v e  and k i l l e d  weapon s y s t e m  and never 

engages k i l l e d  systems); t he re  is a sequence of cu tof f  times 

t o  limit the  t i m e  spent  searching f o r  c e r t a i n  t a r g e t  types,  

t h
such t h a t  p r i o r  t o  the  nr-- cutof f  t i m e  only weapon-system 

types of p r i o r i t i e s  1 through n are e l i g i b l e  as t a r g e t s .  



Thue, t he  target-a.cquisition-and-selection process transforms s Y 

weapon-system type 's  (say the  j-) th k i l l  r a t e s  aga ins t  acquired X t a r g e t  typ 

[aij 
f o r  i = 1.2,. ..,m) i n t o  an achieved k i l l  rate aga ins t  a p a r t i c u l a r  ene 

tht a r g e t  type (say t he  i-) A t h a t  accounts f o r  t a r g e t  p r i o r i t i e s  and the  
23 

var ious  competing a c t i v i t i e s  in which a s i n g l e  f i r e r  may be engaged over time 

Moreover, t he  amount of a t t r i t i o n  a c t u a l l y  assessed aga ins t  a fo rce  is limite~ 

by a t a c t i c a l l y  acceptab le  maximwn a t t r t t i o n  r a t e  (see [28, pp. 54-55] f o r  

f u r t h e r  d e t a i l s ) .  We w i l l  now give a t t r i t i o n - r a t e - c o e f f i c i e n t  r e s u l t s  f o r  

t he  two cases  

(CAl) s e r i a l  a c q u i s i t i o n  of t a r g e t s ,  

and (CA2) p a r a l l e l  a c q u i s i t i o n  of t a r g e t s .  

For t h e  former case  (CAl), i t  is add i t i ona l ly  assumed f o r  t h e  de r iva t ion  of 

an expression f o r  A t h a t  t he  t i m e  t o  k i l l  an acquired t a r g e t  is exponenti
ij 


d i s t r i b u t e d  [with parameter aij ,  where i is  an index denoting t h e  weapon- 

system type of t h e  t a r g e t  (here  Xi) and j i s  an  index denoting t h e  s.eapon 

system type of t h e  f i r e r  (here  Y j ) l  Also, i n  VECTOR-2 the  m a x i m u m  number o 

weapon-system types i n  a maneuver element is c u r r e n t l y  11, i . e .  wi th in  a homo 

geneous por t ion  of t h e  b a t t l e f i e l d  m = n 21 where m and n a r e  X-

and Y-force i n t ege r  index l i m i t s  appearing i n  ( f o r  example) sunmrations below. 

For s e r i a l  a c q u i s i t i o n  of t a r g e t s  i n  VECTOR-2, t h e  heterogeneous-forc 

LANCBESTER a t t r i t i o n - r a t e  c o e f f i c i e n t  A is taken t o  be given by 
ij 



where 

a group-i t a r g e t  (here  X ) being f i r e d  upon a acquired
i 

h = ) [  by a group-j f i r e r  (here  Yj) w i l l  be destroyed by t h a t  
ij f i r e r  before  e i t h e r  l i n e  of s i g h t  i s  l o s t  o r  t h e  ;arget  

is  destroyed by another  f i r e r .  

a g r 0 q - j  weapon which employs s e r i a l  a c q u i s i t i o n  acqu i r e s  

and s e l e c t s  a group-i t a r g e t  type when i t  s e l e c t s  a t a r g e t  

- expected time on a given a c q u i s i t i o n  t h a t  a group-j weapon spends 

acqui r ing  and s e l e c t i n g  a group-i t a r g e t  [here  T;; = 0 i f  t h e  

acqu i s i t i on  is of a non-group-i t a r g e t ;  a l s o  i f  T~~ > 0 f o r  

some i, then raS= 0 f o r  a l l  o the r  i ] ,  
i j  

i j  

- = expected time t h a t  a group-j weapon f i r i n g  a t  a group-i t a r g e t  

r equ i r e s  t o  achievz a k i l l ,  i . e .  t he  s f n g l e - f i r e r  weapon-system 

k i l l  r a t e  aga ins t  an acquire  t a r g e t  [ i t  should be  r eca l l ed  t h a t  

t h e  corresponding t i m e  t o  achieve a k i l l  (a r.v.) has been assumed 

t o  be  exponent ia l ly  d i s t r i b u t e d  with parameter 
a i jI s  

A
- = expected time t h a t  a weapon aystem i n  group i spends i n  t h e  v i e i b l e  

s t a t e  ( f o r  n weapon i n  a group j) each t i m e  t h a t  i t  e n t e r s  t h a t  

t h a t  state [ i t  is assumed t h a t  t h e  correspondiag time (a r .v . )  

is exponent ia l ly  d i s t r i b u t e d  with parameter p 1,
i j  

-- corresponding value f o r  t h e  i n v i s i b l e  s t a t e ,  

'"id 



1
and -= expected time for any firer other than the single group-j firer 
N 

in questian to kill a particular target in group i. 


. In somewhat simpler words, P denotes the selection probability of an Xi-ty~
ij 


target by a Y -type firer, and h denotes the corresponding destruct* 

j ij 


probabilia. The above eqr~asion (5.16.13) was developed by taking the 


LANCHESTER attrition-rate coefficient to be the reciprocal of the expected tin 


to kill a target and then by involing BARLOW's [4] mean-first-passage-time 


result for a continuous-time semi-MARKOV process [e.g. see (5.9.13)], and 

-. 

consequently in VECTOR-2 the target-destruction process has been conceputalize 


in such a way that this latter result could be invoked (see[28, pp. 55-67] 

for further details). We will now give expressions for all the remaining 


computed quantities in (5.16.13, (again, see [28] for further details). Acco~ 


ingly, we ha-~e 

and 


'IJ 


where 




observer i n  group J (here  Y ) has a t a r g e t  i n  group I
J 1(here  XI) under su rve i l l ance  a t  time t a f t e r  i n i t i a l  of search 

ti: = cut-off tiw f o r  an observer  i n  group J search ing  f o r  t a r g e t s  t o  

exc lus ive ly  engage acquired t a r g e t s  of p r i o r i t y  c l a s s e s  1 through I 

( i . e .  a t a r g e t  of p r i o r i t y  c l a s s  I + 1 w i l l  not  be engaged i n  

acquired before  
co

tIJ 
co< tI+l,J) see Table 5.VII; (- a l s o  KARR [ 4 7 ,  

pp. 32-33]], 

N~~ 
= expected number of cu r r en t ly  surv iv ing  group-I t a r g e t s  wi th in  range 

of a group-J f f r e r ,  

1- expected t i m e  f o r  a weapon i n  group J (here  YJ) t o  de t ec t  a v i s i b l e  
"J t a r g e t  i n  group 1 (here  XI) [ i t  should b e  rgca l led  t h a t  t h e  corres-  

ponding time t o  d e t e c t  ( a  r .v . )  has  been taken by assumption (Al) 

t o  be exponent ia l ly  d i s t r i b u t e d  wi th  parameter XIJ] , 
t 

and 11+1 

Here t h e  two conventions have been followed t h a t  (1) a summation over an 

empty index s e t  is  always taken t o  be equal  t o  zero, and (2)  a product taken 

0
over an empty index set is always taken t o  be equal  t o  one, e .g .  lkalTk = 0 

0

and iIkml Tk = 1. Also, t he  complement of a cumulative d i s t r i b u t i o n  funct ion 



- - - 

TABLE 5,VII. Rules far Target Selection by Serial Acquirer 


in VECTOR-2. 


Priorities of Targets Priorities of Targets 

to be Engaged 

I 
to be Engaged if 

Immediately Upon Previously Acquired 

Time Acquisition and Still Visible 



I 
1 a 
I l i k e  ( f o r  e u n p l e )  DIJ(t) has been denoted a s  E I J ( t ) ,  and we then (9f 
I 

I course) have bI J ( t )  = 1 - DIJ(t) .  Let us observe that 0 NIJ -< xI  . 
I 

The t a r g e t  types have been fndexed in such a way t h a t  XI denotes the 

i highes t  p r i o r i t y  t a r g e t ,  X2 denotes the  next h ighesr ,  e t c .  It remains f o r  
1 

us t o  give an expression f o r  DIJ ( t )  i n  order  t h a t  PIJ as given by 

I (5.16.15) may be computed: t h e  following expression has been developed f o r  

I DIJ(t) ( see- (28,  pp. 62-63] f o r  f u r t h e r  d e t a i l s )  

aeturning no-; t o  t he  computation of the  WCHESTER a t t r i t i m - r a t e  c o e f f i c i e n t  

A by (5.16.13), we s e e  t h a t  i t  remains f o r  us t o  gi7:e expressions f o r  the  
il 

as

expected time t o  acqui re  and s e l e c t  s t a r g e t  E ( T I J ]  and the  s i n g l e - f i r e r  

V 

k i l l  r a t e  of Xi-type t a r g e t s  by o the r  than Y -type f i r e r s  A The f o l l w -  
.f i j ' 

ing expression has  beer. developed f o r  E[T:;] ( see  (28, pp. 65-66] f o r  fur rhec  



1 

Cu 

Finally, the folPoving approximation has been developed for A and ia used 

i1 


in VECTOR-2 


n 

f 2(t) = yll(t)/( 1 yt(t)i = fraction of to ta l  Y weapons exclusive of group j 

k=l 
k*1 that Y waapou~ of group O comprise. 

Here, the fact that the differential-equation force-oa-force attrition d e l  is 

numerically integrated by discretizing tinv into time step# (E Appendix El 

ha8 bean wad to dwelop this approximation, -1th the rlf3r:-nand side of 

(5.16.20) being evaluated at the old Lime step and the left-hand side bring 


taken ar the new one. In way of su~ury,the computaticm of A for weapons
iJ -

that employ aerial acquiaitioa require. the followin8 inputs: at,, vij, nlj, 


The interested reader can find the derivatiea of the above oerial- 

acquisition atzrition-rate-coefficient reaulta akecched in [28, pp. 55-60] 



(-see  a l s o  U R  [47, pp. 38-44]). It v i l l  be i n s t r u c t i v e ,  however, f o r  us t o  

b r i e f l y  conslider t he  devalopment of t he  expression (5.16.15) f o r  PIj, t he  

p robab i l i t y  of s e l e c t i n g  a t a r g e t  from target- type group I .  This p robab i l i t y  

is g i v m  by 

Ta = t h e  time (a  r.v.) f o r  an observer i n  group 1 t o  acqui re  a 
1l 

t a r g e t  i n  group j, with c ~ l a t i v c  d i s t r i b u t i o n  func t ion  

' i j  

The f i l r t  term on the  right-hand r i d e  of (5.16.21) r e p r e r m t r  the probabi l iey  

CO
chat a t a r g e t  i n  group I (here  5) is under s u m e i l ~ c e  a t  time tI-l,J 

.ad that no higher  p r i o r i t y  t a r g e t  war ever under ru rve i l l ance  at  a tiae 

before co a t  which t i r  i t  would have bceo engaged, rhi le rhe second 
'I-L,J 

repreaenta  t he  p robab i l i t y  t h a t  a t a r g e t  i n  group I waa acquired at some t im 

'O 
after tI-l,J and t h a t  n e l t h e r  a higher p r i o r i t y  t a r g e t  nor a lower p r i o r i t y  

one was ever  under surveil!ance a t  a time before t nt  uhich time i t  would 

have been engaged. It f o l l m  from a s a m p t i o n r  (All through (A31 above 

t h a t  



whence s u b s t i t u t i o n  of (5.16.22) i n t o  (5.16.21) y i e l d s  (5.16.15). The 

expression (5.16.13) f o r  E[T:~] pay be developed i n  a s i n i l a r  fad i iou .  

F ina l ly ,  i n :  is worthwhile t o  observe he re  t h a t  , 1 ,  + vi j  1 gives  the  

p robab i l i t y  t h a t  a t a r g e t  of type i is v i s i b l e .  Recal l ing t h a t  X denotes 
i j  

the  r a t e  of acquis i tdon  of a group-i t a r g e t  by a group-j observer ,  we then 

inmediately s e e  t h e  j u a t l f  i c a t i o n  sf (5.16.22). 

For p a r a l l e l  a cqu i s i t i on  of t a r g e t s  i n  VECTOR-2, t h e  heterogeneous- 

fo rce  LANCHESTER a t t r i t i o n - r a t e  c o e f f i c i e n t  A is taken t o  be  @-;en by
il 

where 

a t  a random p o h t  i n  ti= a given group-j (here  Y ) weapon
f 

employing p a r a l l e l  acquisition is  f i r i n g  a t  a group-i (here  

Xi) t a rge t .  

We f u r t h e r  have t h a t  Q" = sLII and
If u 

where 



a t  a random poin t  i n  time a g r o u p 4  (here  Xi) t a r g e t  i s  

a v a i l a b l e  t o  a group-j (here  Y,) f i r e r ,  i.e. a t a r g e t  is I .J 
a v a i l a b l e  and has  been detected.  

The above expression f o r  sXY has  been by consider ing t h e  a l t e rna t ing - r ene  
ij 

v i s i b i l i t y  process f o r  a Xi-type t a r g e t  (see [28, pp. 68-70] f o r  f u r t h e r  

d e t a i l s ) .  

F ina l ly ,  l e t  us  g ive  a b r i e f  ovzrview of the  data-base requirements 

f o r  computation of a t t r i t i o n - r a t e  c o e f f i c i e n t s  i n  VECTOR-2. Current va lues  

t h e  fol lowing parameters a r e  requi red  f o r  t h e  c a l c u l a t i o n  of a t t r i t i o n - r a t e  

c o e f f i c i e n t s  a t  each time s tep :  

(PI)  n u d e r  of surv ivors  i n  each weapon-system-type group; 

(P2) cond i t i ona l  s i n g l e - f i r e r  k i l l  r a t e ,  o r  B j i ;
OLij 

(P3) a c q u i s i t i o n  r a t e  f o r  each weapon-system type i n  each observin;  

o rand obuerved group 55, A i j  
i j ' 

(P4) r a t e e  f o r  t h e  alternating-MARKOV-renewal l ine-of-eight procesr 

ci, and vi j ;  

(P5) f r a c t i o n  of t a r g e t s  wi th in  range f o r  every p a i r  of f i r e r  

type and t a r g e t  type; 

and (P6) r a t e  of f i r e  f o r  tach weapon-syetern type. 



The parameters (PI)  a r e  obtained from o the r  p a r t s  of VECTOR-2, while (P6) is 

an external-user  input .  Parameters (P2) through (P5) a r e  i n t e r n a l l y  computed 

in t h e  model. These computations involve more de t a i l ed  input da t a  from t h e  

following four  c l a s s e s  (see 128, pp. 70-711 f o r  f u r t h e r  d e t a i l s ) :  

(DC1) scenar io  d a t a  expressing d i f f e r ences  i n  fo rce  employment 

(e.8. between a r m ~ r e d ,  mechanized, and d i smun ted  i n f a n t r y  

u n i t s ) ;  such da t a  r e f l e c t  t he  i n i t i a l  geometry and maneuver 

pa t t e rns  of forces  and the  making of such t a c t i c a l  dec is ions  

as, f o r  example, when t o  mount and dismount i n f a n t r y  i n t o  APCs, 

(DC2) movement da t a  conftisting of the  speed of each weapon-system 

type (indexed on t e r r a i n  t r a f f i c a b i l i t y ) ,  

(DC3) l ine-of-s ight  da t a  cons i s t i ng  of t he  r a t e s  of en ter ing  and 

leaving t h e  v i s i b l e  s t a t e  i n  each of t h e  t e r r a i n  v i s i b i l i t y  

c lasses .  

(DC4) weapon-system-performance da t a  ( including the  f i r i n g  r a t e  f o r  

each weapon-system type) used t o  compute the condi t iona l  s ing le .  

f i r e r  k i l l  r a t e ,  acqu i s i t i on  r a t e ,  and the  f r a c t i o n  of the  

t a r g e t  group wi th in  range f o r  each f i re r - type l ta rge t - type  pa i r .  

From the  above b r i e f  eketch, the  reader  undoubtedly sensee t h a t  the  data-base 

requirements f a r  VECTOR-2 a r e  r a t h e r  demanding. In fac t ,  upwards of 350,000 

pieces of input d a t a  a r e  required f o r  i ts running (see BONDER [ l 6 ,  p. 361 ) , 



and many man-months of e f f o r t  a r e  involved i n  the  use of t h i s  much d a t a  i n  

such a complex opera t iona l  model, e.g. t he  time required t o  acqui re  the  

input  data ,  t he  time required t o  s t r u c t u r e  t h i s  da t a  i n t o  the  model's input  

format, the  time required t o  run the  model, and t he  time required t o  analyze 

and eva lua te  t he  model's r e s u l t s  (E [6]  f o r  f u r t h e r  d e t a i l s ) .  



FOOTNOTES for Chapter 5 


Methodology for the prediction of LANCHESTER attrition-rate coefficients 


from weapon-system performance characteristics has been developed by 


S. BONDER [11; 141 and others (namely, BARFOOT 131, BONDER and FARRELL 


[17], and KIMBUTON [49]). In particular, BONDER [ll; 141 has given 


an analytical expression involving various weapon-system performance 


parameters for the so-called LANCHESTER attrition-rate coefficient, 


i.e. coefficient of the attrition rate for a F I F  process. This ap- 


proach (in contrast to that of G. CLARK discussed in Footnote 2) does 

not hvolve the complimentary use of a high-resolution Monte Carlo 


combat simulation. Thus, we may say that we have a "freestanding" 


analytical model in the sense that it is complete in itself and does 


not require the complimentary use of a Monte Carlo slmulatioa. 


Furthermore, RUSTAGI and SRIVASTAVA [62] have given resu1.t s con- 


cerning the maximum-likelihood estimation of the MARKOV-dependent- 


fire parameters in BONDER'S [ll; 141 attrition-rate expression. Thus, 


experimental firfng data can be used to generate maximun-likelihood 


estimates of the parameters in LANCHESTER attrition-rate coefficients 


and consequently of the coefficients themselves. However, these 


maxh~J.ikelihood estimates require information about the outcome 


of each and every round in a sequence of firing trials. Consequently, 


RUSTAGI and LAITINEN (611 have given results for the moment entimation 


of the parameters, which is applicable when only partial information 


i e  available on the observed firing sequences. 

2. Methodology for the maximum-likelihood eetimation of LANCHESTER 

attrition-rate coefficients from Ebnte Carlo eimulation output data 




has born developed by G. CLAFUC [24]. H i s  ba s i c  idea  is t o  use a com-

b a t  a n a l y s i s  model ( C O W  Model) i n  conjunction with a high-resolution 

Monte Carlo combat simulation. 

3.  Unfortunately,  the  h i s t o r i c a l  combat d a t a  base does not  conta in  informa 

t i o n  about the  times between c a s u a l t i e s ,  which i e  needed f o r  t he  bas i c  

es t imat ion  procedure (cf. Figure 5.1). Furthermore, it is un l ike ly  

t h a t  i t  ever  w i l l  alchough such experimental d a t a  is recorded under 

s imu la t ed  combat condit ions by the  U.S. Army Combat ihvelopmests 

Experimentation Command (CDEC) a t  For t  Ord, Cal i forn ia .  W e  must bea t  

i n  mind, however, t h a t  CDEC da ta  i e  not r e a l  combat da ta .  

4 .  A s  usual ,  random va r i ab l e s  a r e  denoted by c a p i t a l  l e t t e r s ,  while 

t h e i r  r e a l i z a t i o n e  a r e  denoted by the  corresponding lower-case l e t t e r a .  

5. The reader  should r e c a l l  that these  equations were a l s o  ca l l ed  i n  

Section 2.12 Lanchester-type equat ions f o r  a F I  F a t t r i t i o n  process.  

6. If N ,  a r . v . ,  denotes the  number of rounds required t o  k i l l  a t a r -

ge t  [ i . e .  N denotes t he  t r i a l  on which t h e  t a r g e t  is  ( f i r s t )  k i l l e d ] ,  

then 

1

E[N] -- , 

'S SK 

when the re  Is e t a t i s t i c a l  independence between the  outcomes of any 

tw rounds f i r e d ,  s ince  t h e  N obeys a geometric p robab i l i t y  law, i . e .  

which i o  w e l l  know t o  y ie ld  an expected va lue  of l/PSSK f o r  N. 



7. Although our bas ic  idea  f o r  t h i s  j u s t i f i c a t i o n  is taken from BONDER 

and FARRELL [17], our development here  d i f f e r s  from t h e i r s  i n  seveta  

e s s e n t i a l  aspects .  For example, BONDER and F-LL did  not  point  ou 

t h a t  (5.3.1) holds exac t ly  f o r  exponent ial ly-dis  t r i bu ted  times betwe 

k i l l s .  

8. Aa pointed our previously by t he  author  (E TAYLOR [81, p. 4711, 

t h i s  j u s t i f i c a t i o n  is not  un iversa l ly  accepted and is  apparent ly som 

what cont rovers ia l .  Moreover, t he re  apparent ly has been some comput, 

t i o n a l  evidence aga ins t  t he  appropriateness  of (5.3.1). 

9. Since we asnume t h a t  l i m A t  + o  P[X casua l ty  i n  ( t ,  t + At) ]  = 0,  

i t  follows t h a t  t he  expected number of 

is the  same ae i n  ( t ,  t + At).  

10. A more appropriate  taxonomy than that: 

t o  t h i s  author  t o  be 

Aiming Doctr ins  

(1) "Aimed Fire"  

(2)  "Area Fire" 

F i r ing  Doctrine 

Le tha l i t y  Mechenirm, 

X c a s u a l t i e s  i n  ( t ,  t + A t  

shown i n  Table 5 .  I would appeal 

where =ng doct r ine  would r e f e r  t o  how aim poin ts  art! s e l ec t ed ,  

f i r i n g  doc t r ine  would r e f e r  eo h w  conaecutive rounds a r e  r e l a t ed  t o  

one another  (i.s. how they are co r re l a t ed ) ,  and l e t h a l i t y  mechanism 
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would be as defined by BONDER and FANELL K17, pp. 86-87 1 (3main 

t e x t  above). Under aiming doc t r ine ,  "aimed f i r e "  would refer t o  the  

s i t u a t i o n  i n  which f i r e  is aimed a t  p a r t i c u l a r  t a r g e t a ,  while "area 

f i r e "  would r e f e r  t o  t h e  s i t u a t i o n  i n  which Eire  i s  d i r ec t ed  i n t c  

only the  general  a r ea  thought t o  contain t a r g e t s  (seeSect ion 5.13 

f o r  f u r t h e r  discussion) .  BONDER and FARRELt's c l a s s i f i c a t i o n  of 

f i r i n g  doc t r ine  would be re ta ined ,  except t h a t  t he  term firing doct r ine  

would now r e f e r  t o  how consecutive rounds a r e  r e l a t e d  t o  one another.  

A s  a col league (LTC Richard S. Mi l le r ,  USA, of t he  Naval Postgraduate 

School) has pointed out ,  weapon systems with an a rea - l e tha l i t y  

mechanism (see main t e x t )  almost always engage t h e i r  +asge ts  with 

I t  a r ea  f i r e . "  Thus, f o r  weapon systems with an impact - le tha l i ty  

mechanism (again, see main t e x t ) ,  one might be tempted t o  omit the  

aiming-doctrine por t ion  of t h e  above proposed a l t e r n a t e  taxonomy. 

However, weapon systems with an impact- le thal i ty  mechanism f requent ly  

a r e  f i r e d  i n  the  "area-fire" made, f o r  example, when engaging very 

poorly located t a r g e t s  (cf.VON NEUHANN 1881 o r  WISS [go] ) .  

11. S t r i c t l y  speaking, t he  l e t h a l i t y  mechanism of a weapon system's 

pro jec t ive  a l s o  depends on the t a r g e t ' s  vu lne rab i l i t y ,  and consequently 

we should speak of t he  weapon-target damage w c h a n i m  (mSNOW aqd 

RYAN [71, p. 5 )  o r  WEISS [89, p. 71 f o r  a f u r t h e r  d i scuss ion) .  It  

is ecmvenient, hweve r ,  t o  s inp ly  r e f e r  t o  t h i s  as the  weapon's 

damage ( o r  l e t h a l i t y )  mechanirm. h r t h e Z m o r ~ ,  terminology l e  f a r  

f r a n  unfforui i n  t h i s  f i e l d ,  and d i f f e r e n t  au thors  f requent ly  use 

the  same word with q u i t e  d i f f e r e n t  meanings. For exaolple, the  

U .  5.  Army's Engineering Derign Handbook [84, p. 15-91 says  t h a t  



"vulnerability is ordinarily a term used for the case where actual 


hits axe obtained on targets such as tanks and aircraft. Lethality, 


on the other hand, refers primarily to the case where lethal or 


incapacitating fragments, for example, are projected aver an area 


on the battlefield to incapacitate personnel." This terminology 


should be compared with that used by BONDER and IARBELL [17, pp. 


86-87] and also with that used by us above. Mo.eover, SNOW and RYAN 


[71, p. 21 classify targets as being either (1) impact sensitive, 

or (2) fragment sensitive; and proj ectiles are usually classified 


as being either (1) nonfragmenting, or (2) fragmenting. The 


weapon1 target-damage-charac terist Ice taxonomy outlined in the pre- 


ceding sentence would yield a four-fold classification scheme for 


weaponltarget-damage mechanisms (e.g. a fragmenting projectile fired 


against an impact-sensitive target [an example of which would be an 


artillery shell fired against ranks]). 


12. Other categories of weapon-system types have been analyzed and other 


expressions for the LANCHESTER attrition-rate coefficient developed 


by BONDER and FARRELL [17] (seealso Table 5.1). 

13. Hovevet, we give below in Section 5.8 an expression that applies 


under even more general conditions: namely, (Cl) identical probabilit 


t h 
distributions for the number of round8 to achieve the I- hit for 

1 2 2, and (C2) any arbitrary distribution for the number of hits 

to kill. 




14. A s  noted above i n  Sec t ion  5.3, BONDER I111 o r i g i n a l l y  took the  

LANCHESTER a t t r i t i o n - r a t e  c o e f f i c i e n t  t o  be given by E[l/T], e.g.  

a = E[l/TXyl. Subsequently, BARFOOT I 3 1  has suggested t h a t  a more 

appropr ia te  expression f o r  the  WQIESTER a t t r i t i o n - r a t e  c o e f f i c i e n t  

under cons tan t  b a t t l e  condi t ions  (e.g.  a t  a ccns t an t  range) is  the  

so-called harmonic mean of t h e  r a t e  a t  which a s i n g l e  f i r e r  k i l l s  

enemy t a r g e t s ,  1.e. l /E[T].  This  l a t t e r  d e f i n i t i o n  is  i b  b e t t e r  

consonance with our in t roduc tory  comments made i n  Sec t ion  5 .1  

(cf. (5.1.3)). BARFOOT based h i s  arguments f o r  the  use of l /E[T]  

on the  f a c t  t h a t  t h e  harmonic mean of a set of r a t e s  y i e l d s  a more 

appropr ia te  es t imate  of t h e  average rate than does the  a r i t hme t i c  

mean (seeSect ion 5.3 above and [3,  p. 0 9 4 1 ) .  It should a l s o  be 

pointed out  t h a t  t h e  d e f i n i t i o n  o f ,  f o r  ex.imple, a a s  E[l/TXy] is 

not  a n a l y t i c a l l y  t r a c t a h l e  ( i . e .  e x p l i c i t  a n a l y t i c a l  r e s u l t s  apparent11 

a r e  no t  ob ta inable  and numerical methods must be employed) whereas 

the  d e f i n i t i o n  of a a s  l/EITXy] does y i e l d  e x p l i c i t  a n a l y t i c a l  

r e s u l t s .  Thus, t h e  harmonious mean of t h e  r a t e  of t a r g e t  a t t r i t i o n  

is supe r io r  on both t h e o r e t i c a l  and a l s o  computatlonel grounds t o  

the  arithmetic-mean a t t r i t i o n  r a t e  i n  LANCHESTER combat theory. 

15. I n  (5.4.1) a l l  t h e  subscr ip ted  event times, e.g. tg, a r e  taken t o  

be f i xed  d e t e r m l n i r t i c  q u a n t i t i e s .  We shaw below i n  Sec t ion  5.8 t h a t  

( 5 . 4 . 1 )  a l s o  holds  f o r  t h e  average va lues  of theme t i m a  taken t o  

be random va r i ab l e s .  Although t h i s  r e s u l t  is i n t u i t i v e l y  obvious, 

i t 8  proof has not  apparent ly  he re to fo re  appeared anywhere, and we 

have me8 a simple new approach t o  p r w e  t h i s  important result. 



16. Wc w i l l  show i n  Sect ion 5.8 below t h a t  ( 5 . 4 . 1 . )  a l s o  ho lds  f o r  the  

average va lves  of t he se  times taken t o  be random v a r i a b l e s  (see a l s c  

Footnote 15 above). 

17.  By saying l o g i c a l  ana lys i s ,  w e  a r e  emphasizing here  t h a t  t he re  has  

no t  been any empir ica l  v e r i f i c a t i o n  of BONDER'S model f o r  t h e  LANCHF 

a t t r i t i o n - r a z e  c o e f f i c i e n t .  Furthermore, consider ing t h e  na tu re  and 

q u a l i t y  of a v a i l a b l e  h i s t o r i c a l  combat d a t a  (see McQUIE [51] ,  McQUIE 

e t  a l .  [52 ] ,  o r  HUBER, LOW, and TAYLOR [45];  a l s o  see Sect ion 7.21 

below), such empir ica l  v e r i f i c a t i o n  aga ins t  r e a l  combat d a t a  does no 

seem t o  be possible .  

18. Or ig ina l ly  B0M)ER [ l l ]  t r i e d  t o  compute E[l/T] (seeFootnote 14 aba 

Here w e  have taken t h e  l i b e r t y  of i n t e g r a t i n g  toge ther  t he  ideas  of 

BONDER [ l l ]  and BARFOOT [31 (e.g. see BONDER [14] o r  BONDEX and 

FARRELL [ I ' l l ) .  

19. The reader  should recognize t h i s  decomposition ab an a p p l i c a t i ~ n  of 

the  general  modelling p r i n c i p l e  of f ac to r ing  a complex sysceh proble 

i n t o  simpler p roblem (E MORRlS [ S S ,  p. B-7lI] f o r  a f u r t h e r  

discu88ion).  

20. Here we a r e  aga in  following BONDER'S Ill] (sea a l s o  BONDER [12, yp. 

111-4 through 111-111) developnwnt based ua daterminet ion of the  

d i r t r i b u t i o n  of the number of rounde required t o  ob t a in  z h i t s  

pNIZ(nIz) . A more general  r e s u l t  t h a t  reduces t o  the d i s t r i b u t i o n  

of the number of rounds t o  ob ta in  z h i t s  ( 5 . 5 . 2 1 )  w a s  developed 



earlier by GNEDENKO [38, pp. 138-1391 (see 
- also RUSTAGI and 

SRIVASTAVA [62, p. 12231 and RUSTACI and LAITINEN [61, pp. 918-9191). 


In Section 5.6 below we present a simpler, more general approach 


that does not involve determination of this complicated distribution. 


Although justification of this important result, which is a special 


case of our more general result (5.8.1). apparently appears here for 


the first time, the statement of an equivalent result does appear 


elsewhere (e.g. see [28, p. 1711 or [54, p. 1651). However, no 


proof of this result is given in [28] or [ 5 4 ] ,  but in such places 

the reader is referred to BONDER and FARRELL [17] for its development. 


The author, however, could not find any such development in 1171, 


only a development for deterministic event times (cf. Section 5.5 


above) and an accompanying statement that when the event times are 


random variables, "expressions for the LAPLACE-STIELTJES transf o m  


of the time to kill may be obtained" [IT, p. 3.321 (see -also KIMBLETON 

[49, p. 7041). 


22. For a critique of the determination of attrition-rate coefficients 


in VECTOR-2 (which is essentially the same as that in VECTOR-0 and 


VECTOR-1). see KARR [47, pp. 31-473, who has discussed their develop- 


ment in terms of "an important limit theorem for semi-MARKOV processes 


(2.
5INLA.R [23, Theorems (10.4.3) and (10.5.221)." KAKR [47, p. 391 

has pointed out that except for this limit theorem, none of the 


results given in 5INLAR [22; SO] are required for such developments. 




23. So f a r  our d i scuss ion  has more o r  less y a r ~ l l e l e d  t h a t  given by 

FARRELL [17, pp. 136-1371. We now w i l l  depar t  from FARRELLts develop- 

ment by expressing r e s u l t s  i n  t e r n  of t h e  r a t i o s  of s t a t i o n a r y  

p r o b a b i l i t i e s  r j  = n,/nl. 

24. Here w e  mean t h a t  target- type a t t r i t i o n  occurs a t  a r a t e  propor t iona l  

t o  the  Froduct of t he  numbers of f i r e r s  and t a r g e t s  (g.the  conventiol 

adopted i n  Sect ion 2.12 f o r  two-sided LANCHESTER-type a t t r i t i o n  

processes) .  

25. See WEISS [89, pp. 7081. See a l s o  HAYWARD 1421 f o r  a very c lo se ly  

r e l a t e d  d i scuss ion  i n  a s l i g h t l y  d i f f e r e n t  ccn tex t .  HAYWARD has  pro- 

posed t h e  organiza t ion  of v a r i a b l e s  upon which combat e f f ec t i venes s  

depends i n t o  t h r ee  ca tegor ies :  those t h a t  r e l a t e  t o  (Cl) c a p a b i l i t i e s !  

(C2) environment, and (C3) mission. 

26. An e a r l y  d i scuss ion  of such a model with range-dependent a t t r i t i o n -

r a t e  c o e f f i c i e n t s  appears i n  WEISS [91, p. 881. WEISSts model w a s  

apparent ly  l a t e r  e labora ted  upon by BONDER [9 ] .  

27. See Footnote 11 above. 

28. S t r i c t l y  speaking, t he  v u l n e r a b i l i t y  of a t a r g e t  a l s o  depends on the  

na tu re  of t h e  a t t ack ing  weapon system's p r o j e c t i l e  ( f o r  f u r t h e r  

seed e t a i l s ,  - [84, p. 15-21 and a l s o  Footnote 11 above). 



29 .  The e x p l i c i t  s ta tement  of t h i s  approach apparent ly  f i r s t  ap ,pa red  : 

BONilER [ l l ,  p. 2311, although i t  had appeared i m p l i c i t l y  i n  e a r l i e ]  

work by WEISS [89; 311. 

30. I n  a c t u a l i t y  ( a s  discussed i n  Footnote 11 above), t h e  l e t h a l  a r ea  

a l s o  depends on the  t a r g e t ' s  v u l n e r a b i l i t y  and t h i s  may change o v e ~  

time. Consider, f o r  example, a r t i l l e r y  being f i r e d  a t  diemounted-

in fan t ry  troops.  For modelling purposes,  t he  l e t h a l  a r ea  of an 

a r t i l l e r y  round is usua l ly  taken t o  depend on the  pos ture  (e.g. 

s tanding,  kneeling, prone, o r  i n  foxholes) of t he  i n f a n t r y  so l ide r s  

and t h i s  map change over time (see [84, pp. 15-9 through 15-13] for 

f u r t h e r  d e t a i l s ;  a l s o  BONDER and FARRELL [17, pp. 154-1551). 

31. The formula (5.13.6) given i n  t h e  main t e x t  is r e a d i l y  modified i f  

t h e  region occupied by the  X t a r g e t s  does no t  coincide with t he  

region perceived by the  Y f i r e r s  t o  conta in  them and i n t o  which 

t h e i r  f i r e  i s  d i r ec t ed .  Furthermore, one must then cons ider  t he  

p robab i l i t y  t h a t  a round f i r e d  a t  t h e  perceived region lands i n  

t h e  region a c t u a l l y  conta in ing  t h e  X t a r g e t s .  

32. This concept goes back a t  l e a s t  t o  WEISS [go, p. 61. It under l ies  

e s s e n t i a l l y  a l l  a n a l y t i c a l  computations of t h e  expected number of 

k i l l s  f o r  i n d i r e c t - f i r e  weapon6 (e.g. a r t i l l e r y ) ,  although i t  is 

usua l ly  no t  e x p l i c i t l y  s t a t e d  (e.8. eee GRUBBS 140, p. 10221). 

For a l uc id  e x p l i c i t  s ta tement  of t h i s  precept ,  see McNOLTY 

[ 5 0 ,  p. 10281. 



33. By consider ing TAYLOR'S formula wi th  LAGRANGE'S form of t he  remainder 

(e.g* eee COURANT and JOHN- /29, pp. 446-4491), one can r e a d i l y  show 

t h a t  f o r  x E [0 ,  a ]  with 0 < a < 1 

where 0 IR 5 (112) Ea/( l -a))  
2 . It follows t h a t  -x is a good 

approximation t o  !tn(l-x) when x € 10, 0.21, with a maximum e r r o r  

not  g r ea t e r  than 1/32 a t  x = 0.2. However, by consider ing the  

geometric s e r i e s  1-= 
1- x 

" n 
x , one can show t h a t  R(x) = 

x u du loi y , 

which y i e l d s  the  b e t t e r  e r r o r  bound 20 L R 5 (112) a / (l-a) . Hence, 

fo r  x € [0, 0.2) t he  maximum e r r o r  occurs  a t  x = 0.2 and i a  

a c t u a l l y  no t  g r e a t e r  than 1/40. 

34. However, BONDER and FARRELL's 117, pp. 141-1621 development is q u i t e  

d i f f e r e n t  than t h a t  given here .  The use of t h e  fundamental precept 

of t a r g e t  coverage and how i t  is r e l a t e d  t o  "area" f i r e  is never 

e x p l i c i t l y  mentioned by them. 

35. These assumptions a r e  taken from BONDER and FARREU [17, pp. 143-144 

and p. 1491 (seea l s o  [ 5 4 ,  pp. 169-1701 o r  [28, pp. 175-1761). 

36. The corresponding expression used i n  models b u i l t  by VECTOR RESEARCH, 

XNC. such aa,  f o r  example, VECTOR-2 apparent ly  conta ins  an a lgeb ra i c  

e r r o r ,  s i n c e  It does no t  s imp l i fy  t o  the  known r e s u l t  (5.4.1) f o r  

MARKOV-dependent f i r e  when the re  is zero p robab i l i t y  of a k i l l  by a 

m i s s .  Moreover. s l i g h t l y  d i f f e r e n t  assumptions were taken t o  hold 

f o r  t h i s  expreesion 's  development: namely, the  time t o  f i r e  being 



the  same on a l l  subsequent rounds, and t h e  p robab i l i t y  of a k i l l  

given a m i s s  on t h e  f i r s t  round taken t o  be no t  n e c e s s a r i l y  t he  

same a s  the  p robab i l i t y  of a k i l l  given a miss on any subsequent 

round (e.g.  see [28, pp. 172-1731 f o r  f u r t h e r  d e t a i l s ) .  The l a t t e r  

assumption may be r e a d i l y  incorporated i n t o  our expression fo r  t h e  

expected time t o  k i l l  a t a r g e t  and (5.14.1) accordingly modified, 

bu t  we have not  presented these  r e s u l t s  he re  because they are s o  

complex. 

37. The f i r s t  four  modes (K1) through (M4) were e x p l i c i t l y  given by 

,BONDER and FARRELL [ I ? ,  pp. 107-1081, while t h e  l a s t  is i m p l i c i t  i n ,  

f o r  example, VECTOR-2 128, pp. 174-1751, 

38. For s imp l i c i t y ,  we have chosen t o  invoke the  r e s u l t  f o r  t h e  expected 

time t o  k i l l  a t a r g e t  f o r  t he  case  i n  which a l l  t h e  subscr ip ted  

event times a r e  de t e rmin i s t i c  (cf. Footnote 15 above). We could have 

of course,  chosen t o  p a r t i c u l a r i z e  more general  r e s u l t s ,  e.g. ,  (5.8.2 

which has  random event  times. 

39. I n  r e a l i t y ,  a c t u a l  h i s t o r i c a l  combat does no t  (and probably cannot) 

supply t h e  required d a t a  inputs .  Therefore,  i n  p r a c t i c e  one must 

use d a t a  generated e i t h e r  by combat f i e l d  experimentation o r  by a 

high-resolut ion Monte Carlo combat s imulat ion.  Moreover, one must 

always bear i n  mind t h a t  such d a t a  is  not  real combat d a t a  and of 

uneubstant ia ted v a l i d i t y .  Hawever, i n  the  combat-modelling business  

t h e r e  unfor tuna te ly  is no b e t t e r  d a t a  ava i l ab l e  than such simulated 

d a t a  (see -McQUIE e t  a l ,  [52] and HUBER, LOW, and TAYLOR [45] f o r  

f u r t h e r  discuseions) .  
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40. Usually the  cos t  of such use is only a  very small  f r a c t i o n  of t h a t  

f o r  t he  d e t a i l e d  ( i . e .  high-resolut ion)  model. For example, COMANEII 

has been reported [73] t o  t ake  only about 0.003 of the  computer time 

requi red  by CARMONETTE. 

41. A simple model s f  target- type engagement based on the  assumption tha 

t he re  is a constant  p robab i l i t y  t h a t  a s p e c i f i c  enemy t a r g e t  is un-

acquired by an i nd iv idua l  f i r e r  i n  a  s p e c i f i c  time i n t e r v a l  w a s  used 

by CLARK [24, pp. 156-1581. This  assumption s imp l i f i ed  considerably 

t he  expression obtained f o r  t he  p robab i l i t y  of engaging a  p a r t i c u l a r  

enemy t a r g e t  type. Otherwise, concepts used i n  the  ana lys i s  and 

modelling of p r i o r i t y  queues (z,f o r  example, MORSE [56, pp. 121-1 

o r  SAATY [63, pp. 348-352; 64, pp. 231-2421], e.g. whether s e rv i ce  f  

h igh-pr ior i ty  u n i t s  is  preemptive o r  nonpreemptive, must be used (as  

they a r e  i n ,  f o r  example, VECTOR-2 [281). 

42. Here we mean a luc id  simple example of t h e  approach of using d i f f e r -  

e n t i a l  equat ions t o  model t h e  force-on-force combat-at t r i t ion proces, 

43. Here we  mean output  d a t a  from DYNTACS (e.g. s e e  [8] o r  [27]) ,  which-
is a high-resolut ion Monte Carlo s imula t ion  of armored combat a t  

b a t t a l i o n  l e v e l .  

44. The main changes were t h a t  t he  COMANEX model was de t e rmin i s t i c  and 

a matrix of t a r g e t  p r i o r i t i e s  ( i . e .  each weapon-system type had i ts  

own t a rge t -p r io r i t y  I d s t )  were used (see STOCKTON [73] f o r  f u r t h e r  

d e t a i l s ) .  
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45. It is not  assumed here  t h a t  B is constant .  I n  f a c t ,  f o r  p resen t  
j i  

purposes one need not  make any assumption about t he  v a r i a b l e s  upon 

which B depends, i . e .  na p a r t i c u l a r  func t iona l  dependence is  
ji 


assume here .  

46. ihr l ist  here  follows t h e  d i scuss ion  of BONDER and FARRELL [17, 

pp. 15-16]. 

47. Throughout t he  rest of t h i s  s e c t i o n  w e  w i l l  always focus on A 
i j ' 

with B
9 1 

being symmerrically determined. 

48. Since equat ion (5.13.18) does no t  conta in  a  time f o r  t a r g e t  a c q u i s i t i o n  

( i . e .  i t  is  i m p l i c i t l y  assumed t h a t  t he  t i m e  t o  acqui re  a t a r g e t  is  

equal t o  zero) ,  i t  a p p l i e s  t o  both and a l s o  a 
a i ~  i j ' 

49. At l e a s t  t o  t he  ex t en t  t h a t  a v a i l a b l e  l i t e r a t u r e  and model documenta- 

t i o n  permit. A s  we have discussed i n  Chapter l, documentation of any 

combat model ( p a r t i c u l a r l y  i ts  underlying methodology) is genera l ly  

q u i t e  bad, and much work t h a t  is done is  never documented f o r  

%cxronrol consumption" [44; 661 (see,Footnotes 17 and 23 of Chapter 1 

f o r  l u r t h e r  d e t a i l s ) ,  Furthermore, e s s e n t i a l l y  a l l  of t h e  major 

developments reported i n  t h i s  s e c t i o n  have never been published i n  

t he  open l i t e r a t u r e .  

40. The f i r s t  p lace  where such a f i r e - d i s t r i b u t i o n  model appears  [although 

not  e x p l i c i t l y  i n  t he  form of (5.16.6)l is the  remarkable RAND 

research memorandum by GIAMBONI, MENGEL, and DISHINGTON [37, pp. 3-41 



(--see also PIENGEL (531). The first place where allocation factors 

explicitly in the form given by (5.16.6) have appeared is (to the 


best of this author's knowledge) in SISKA, GIAMBONI, and LIND [68, 


p. 121 and in the open literature in ISBELL and MARLOW [46, p. 761 


(-see also WEISS [91, pp. 94-95]). 

51. SMOLER [69, pp. 10-111 has pointed out that both the detection and 

fire-allocation submodels in AMSWAG contain several features that 

are at variance with military experience and judgment. He has con-


sequently proposed an alternative fire-allocation procedure [69, 


pp. 31-36] . 

52.  For a detailed discussion of parallel acquisition, see the below 
discussion on VECTOR-2. 


53. Our discussion here is drawn from HAWKINS [41]. Also, -see Footnote 51 

above. 


See KAKR [47, pp. 31-47] for a critique of the determination of 54. -
attrition-rate coefficients in VECTOR-2, which in this respect is 


essentially the same as VECTOR-0 and VECTOR-1. See also Footnote 22 

above. 




55. Here X~ denotes the acquisition rate of a Y -type observer against 

ij 1 

X -type targets, while AYX denotes that .of an X -type observer agal
i 
 ij 1 

Yi-type targeta. In our previous discuoaion of heterogeneous-force 


LANCHESTER attrition-rate coefficients above, e.g. see (5.16.16), it 

was not considered necessary to be absolutely precise, and for 


CQ etc. without 
simplicity's sake we used the symbols Ai, , Ri, tij, 
superscripts. 
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Chapter 6. HOMOGENEOUS-FORCE MODELS 


6.1. Introduction 


The classic LANCHESTER theory of combat aesumed constant attrition- 


1
rate coefficients for its combat modelo . A so-called attrition-rate co- 

efficient (E Chapter 5) in such a model represents the fire effectiveness 

of a weapon-system type against a particular target type, i.e. its effective 


firepower. A l l  the models that we have considered previously in this book 

have had constant attrition-rate coefficients. Time-dependent attrition- 


rate coefficients are used to model temporal variationrr in firepower on 


the battlefield. This chapter considers WINCHESTER-type combat between 


two homogeneous forces with temporal variationa in each combatantfe fire 


effectiveneea. 
In general, we may model such combat with the following LANCHESTER- 


type equations for x, y > 0 [the first equation, for example, becomes 

dx/dt = 0 for x = 01. 

with ~(0)= xO, 

(6.1.1) 


with y(0) - yo, 

where x(t) and y(t) denote, reeepctively, the X and I! force levels 


at time t. FOP cases of no replacements and withdrawal.^ much oe we vlll 

consider here, 6 and H are the attrition ratee of the X and Y fgrces, 


reepectively. As we have seen in Section 2.12 for conetsnt attrition- 

rate coefficients, various different military Atuatione have been hypo-


thesized to yield different functional forma for the attrition ratee 


G = A(x,y) and H * B ( r , y ) .  We will coneider tlm-dependent versions of such 

attrition rates A(x,y) and B(x,y) in this chapter. 



We emphasize analytical reeults2 for obtatring insights into tha dy- 


namics of combat for the following three types of time-dependent attrition 


processes (=Sectior! 2.12 for explanation of notation): 

(PI) FIF, 


( ~ 2 )  FTIFT, 

0'3) @+TI I (Fur). 

Let us recall that, for example, an attrition-rate coefficient in a F(F  


LANCHESTER-type model is different from and related to different physical 


quantities than one in an PTIFI:model. Moreover, the analytical results 


that we present here allow one to study these particular variable-coefficier 

models almost as eaeily and thoroughly as LANCEIESTER's classic constant- 


coefficient ones. 


S. BOmER's ( 4 ;  5; 7; 101 pioneering work on methodology for the 

evnluatian of military systems (particularly mobile system such as tanks, 


mechanized infantry combat vehicles, etc.) provides a motivation for in-


terest in variable-coefficient, deterministic, LANCIIESTER-type combat 


models such as we consider in this chapter. BONDER [6] has pointed out 


that in many cases (for example, in the coae of mobile weapon systems) 


the validity of the assumption of constant attrition-rate coefficients 


is seriously open to question (eee -also BONDER [4; 5; 7 1 j . Two signi- 

ficant LANCHESTER-theory developments of the 1960'8 that have generated 


Interest in time-dependent attrition-rate coefficients have been the de- 


velopment of methodology for 


(Dl) the prediction of LANCEESTER attrition-rate coefficients 

from weapon-mystem-performance data by S. BONDER[6; 81 

3and others , 

(D2) the (maximum-likelihood) estimation of such coefficients 

from Monte Carlo simulation output by G. CLARK[13]. 



~ 0 t h  thee. developments and others4 have generated interest in variable 


coefficient homogeneous-force models of the general form (6.1.1) and ha1 


facilitated their use (and that of corresponding heterogeneoue-force moc 

in defense-planning studies. 


How do temporal variation8 in each combatant's fire effectiveness 


fecr the outcome of battle? When is the outcome significantly influence 


(or even changed) by euch temporal variations? These are important quer 


tions for the military operatioaa research worker to answer. We will tl 


to answer them (at least in a few specific casea) by considerhg several 


specific instances of a ZANCHESTER-type combat model with time-dependent 


attrition-rate coefficients. Thus, we begin with a specific example of 

such a model, S. BONDER'S model of a constant-speed attack on a static 


defensive poeition in which the fire effectiveness of each side's weapon 


i s  range dependent (i.e. it depends on the range between firer and targe 


In thla model, we will assume that both sides use "aimed" fire and 


target acquisition times are negligible. Consequently, we will model 


attrition as a variable-coef ficient F I F  LANCHESTER-type process (i.e. 


use variable-coefficient LANCHESTER-type equations of modem warfare). 


Consideration of this nodel will (1) suggest eeveral claeees of time- 


dependent attrition-rate coefficients that are of tactical interest, and 


(2) show that temporal variations in such coefficients may have a really 


big impact on battle outcome. 




6.2. BONDER'S Constant-Speed-Attack Model. 


In this section we will consider S. BONDER'S [ 4 ;  5; 71 model of a 

constant-speed attack on a static defensive position in which the fire 


effectiveness of each side's weapon system is range dependent (i.e. it 


depends on the range between firers and targets). This model will moti- 


vate our interest in certain functional forms for time-dependent attritior 


rate coefficients that we will consider subsequently in this chapter. 


Let us accordingly consider "aimed-fire" combat between two homo- 


geneous forces and assume that target-acquisition times do not depend on 


the number of targets. We further assume that one force attacks at con- 


stant speed the other force's static defensive position. Assuming that 


the fire effectiveness of each side's weapon system is range dependent, 


BONDER hypothesized (E Section 2.12 for a further discussion on phyeical 

assumptions) that such an engagement could be modelled by the following 


LANCHESTER-type equations for x and y > 0 [the first equation, for 

example, becomes dx/dr = 0 for x = 01 

with x(t=O) xo, 


with y(tm0) = yo, 

where x(t) and y(t) denote, respectively, the X and Y force levels 


at time t, r denotes the range between the opposing forces, and a(r) 


and B(r) denote range-dependent attrition-rats coefficients (E Section 

5.12). 


Range ia related to time by 


r(t) = rO - vt, 
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where r denotes the opening range of battle and v > 0 denotes the cor 
0 


stant attack speed. For example, let us consider the constant-speed attac 


of a mobile homogeneotis Y force against the static defensive position of 


homogeneous X force (* Figure 6.1). The basic idea emphasized in BONC 

model (6.2.1) is that force separation, i.e. range between the opposing 


forces, changes over time, and the fire effectiveness of, for example, a 


single Y firer, denoted as a(r), depends on this force separation (E 

also WEISS 161, pp. 87-88]]. 

For the combat situation modelled by (6.2.1) we can take either time 


t or range r as the independent variable in our differential combat mod 


In our work we have found it to be more convenient to take time as the ind 

pendent variable. In other words, observing that r = r(t), we see that w 

may eliminate range r from the attrition-rate coefficients a and 0, 


to obtain time-dependent attrition-rate coefficients, and thus the model 


(6.2.1) may be converted into 


with x(0) xo 


(6.2.4) 


with y(O) yo. 


Thus, any model such ne (6.2.1) with range-dependent attrition-rate coaf- 

ficients can always be converted into one with tirpe-dependent ones. 


As we have seen in Section 5.6 above, in many cases of tactical in-


terest we may model the fire effectiveness of Y's weapon system as a 






function of range with the power attrition-rate coefficient. 


for O ~ r c r  
a 

(6.2.: 
for r 

a 
_I r, 

where r denotes the maximuln effective range of Y's weapon system and 

a 


p 2 0 .  Here p is used to model the range dependence of Y's power 

attrition-rate coefficient and is called the "shape" parameter (see 

Figure 6.2). We may similarly model the fire effectiveness of X's 


weapon system as a function of range with the power attrition-rate 


coefficient 


for r ( r,
B 

where 
f3 

denotes the maximum effective range of X's weapon system and 

v 2 0. As we have discussed in Chapter 5, the parameter values chosen fo 

the models (6.2.5) and (6.2.6) depend on both the kill capabilities of th 


weapon system (as functions of range) and also the vulnerabilities of the 


two target types. 


Let us also consider another range-capability model that will turn 


to be in some senee equivalent to the above model, although this equivale 


will certainly not be obvious at this moment. Thus, another relevant mod 


for the fire effectiveness of Y ' e  weapon system as a function of range 

is given by the exponential attrition-rate coefficient 


where a denotes the kill rate of a single Y system at zero force sepc 

0 


tion and a is a positive constant that is used to modal the decline in 

1 




Figure 6.2. Dependence of Y ' s  power a t t r i t i o n - r a t e  coe f f i c i en t  a ( r )  on t he  exponent b 

with the  maximun e f f e c t i v e  range of the weapon system and k i l l  r a t e  a t  zero 

range held constant.  (NOTES: 1. The maximum e f f e c t i v e  range of t h e  system 

is  denoted a s  r = 2000 meters. 2. a(0)  = a o  = 0.6 X c a s u a l t i e s / ( m i t  t i m e  
a 

x number of Y f i r e r s )  denotes t he  weapon-system k i l l  r a t e  f o r  Y a t  zero 

force  separa t ion  (range). 3. The opening range of b a t t l e  is denoted a s  

r0 = 1250 meters and (as shown) r < r . I0 a 



weapon systems (as functions of range) and also the vulnerabilities of the 


two target types. 


Let us also consider another range-capability model that will turn 


out to be in some sense equivalent to the above model, although this equiv 


lence will certainly not be obvious at this moment. Thus, another relevac 


model for the fire effectiveness of Y's weapon system as a function of 


range is given by the exponential attrition-rate coefficient 


where a denotes the kill rate of a single Y system at zero force 

0 


separation and al is a positive constant that is used to model the 


decline in kill race with increasing range and is called the "shape" 


parameter (E Figure 6.3). Although the Y weapon-system type 

theoretically has an infinite maximum effective range according to 


(6 .2 .7 ) ,  its fire effectiveness is essentially equal to zero for large 

values of force separation. Similarly, we have for the X weapon-system 


In any case, irrespective of such a theoretical property for the maximum 


effective ranges of the weapon systems, the range-dependent attrition-rate 


coefficients (6.2.7) and (6.2.8) will in many instances give a good fit 


to each weapon system's kill rate between the opening range of bottle and 


the final one. 


As we have discussed in general terms above, we may use (6.2.2) to 

eliminate range r from the range-dependent attrition-rate coefficients 


in the model (6.2.1). Doing this for the range-dependent attrition-rate 
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Figure 6.3. Dependence of Y's exponential attrition-rate coefficient 


a(r) = a0 expf-a r} on range and the "shape" parameter 
1 

a with the kill rate at zero force separation (range) 

1 


a(0) = a. held constant. Although the Y weapon-system 

type theoretically has an infinite maximum effective 


range according to this model, its fire effectiveness 


is readily seen to be essentially equal to zero for 


large enough values of force separation. 




v 

coafficientr (6.2.5) and (6.2.6), we obtain the tine-dependent-coaf f icient 

model (6.2.4) with ganaral power attrition-rate coefficients. 


a(t) - ka(t+c)', and b(t) - \(t+(lc~)~, 

where 


We will call C the starting parameter, since it allows us to model (with 


and u 2 0) battler that begin within the maximum effective range of 

the Y weapon rystem (zFigure 6.2). We will call D the offset para- 

meter 
since it 8110~s ua to model (again, with and v -> 0) battles 

between oppooing weapon syrteme with different maximum effective ranges, 


i . e .  opposing weapon systems whose maximum effective ranges are "offset" 

(eeaFigure 6.4). We observe that C and D ,0 if and only if 

'8 'S 2 KO* C 0 me,ne that the battle begins within the maximum 

effective range of the Y weapon eyetem, while D > 0 means that the 

~~ effective range of the X weapon system is greater than that of 

the Y rystem. 


In a rimilar fashion, we may ure (6.2.2) to eliminate range r from 


the range-dependent attrition-rate coefficients (6.2.7) and (6.2.8) l a  the 

model (6.2 .l) and obtain the timedependent-coef f iciest model (6.2.5) with 


exponential attrition-rate coefficients 


'at Abt

a(() - kae , and b(t) = \r , 

-9 





where 


Ixa alV, and X b  - B1v . (6.2.11 

We close this section with some illuatrotive numerical results from 


BONDER'S constant-speed-attack yodel. Let us therefore examine the contar 

speed-attack model. We will consider the constant-spaed attack of 


a mobile homogeneous Y force against the static defensive position of a 


homogeneous X force (seeFigure 6.1). We assume that combat attrition 


can be modelled by (6.2.1) with range-dependent attrition-raqe coefficient 


( 6 . 2 . 5 )  and (6.2.6). The dependence upon range of the attrition-rate coei 

ficient a(r) (which represents the fire effectiveness of the Y weapon 


system) is shown in Figure 6.2. Let us assume that the attacking 'Y forr 


initially numbers 30 and attacks at a constant speed of 5 miles per hour. 


We assume that the defending X force initially numbers 10. We will see 


that exactly what will happen in such a battle ie quite sensitive to the 


variations in the kill rates of the opposing weapon systems with range. 


In Figure 6.5 we have plotted force-level trajectories for three dii 


ferenr battles, denoted as battles (A), (B), and (C) .  These force-level 

curves have been developed from analytical results to be discussed subseqr 


in this chapter, but at this point in time we are not quite ready to disc1 


how we have developed them. In these battles both types of opposing weapc 


systems have the same maximum effective range, i.e. r, = rg - re, and the 

battle begins at this range, i.e. ro r 
e ' For these battles 

we have held constant the kill rates at zero force separation, i.e. 


a - a(O) and BO, and have varied in these three battles the manner in 

which a (r) and 0 (r) depend upon range, i.e. for 0 ( r 5 re the 
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Flgure 6.5. Force-level t r a j e c t o r i e s  o f  X and Y forces  

f o r  three d i f f e r e n t  b a t t l e s  [denoted i n  the 

f igu re  a s  CAI, (B), and (C) and explained i n  

the main t e x t ]  with each s i d e ' s  f i r e  e f fec t ive-  

nes s  modelled by the power a t t r i t i o n - r a t e  

coef f ic ien t8  f o r  ro = ra - rg = r e = 2000 meters,  

a0 = 0.06 X (casual t iee/minute)  per Y f i r e r ,  

e0 = 0.6 Y (caaual t ies lminute)  per X f i r e r ,  

Y = 5 mph, xO 10, and yo = 30. '=he symbol x 

denotes the end of a  force- level  t r a j e c t o r y  due 

t o  ann ih i l a t i on  of the  enemy force.  
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attrition-rate coefficients are given by the following expreaaions in eack 


of the three battles: 


(A) constant-constant: a(r> -
(B) linear-linear a(r) - ao(l-r/re) and t3(r) - Bo(l-r/re), 

(C) linear-quadratic: a(r) 

In other words, in battle (C) (the linear-quadratic case) the term "linear 


denotes that a(r) (the fire effectiveness of the Y weapon system type) 


varies linearly with range, while the term "quadratic" denotes that B(r) 


varies quadratically with range. In battle (A) both attrition-rate coef- 


ficients are constant, and thus in this case we have assumed no variation 


in fire effectiveness with range for either weapon-system type. 


We see from Figure 6.5 that battle outcome is quite sensitive to 


the variation in weapon-system kill rate with range: in battle (A) the 


attacking Y force is annihilated at a range of about 750 meters, while i 


battle (C) the defending X force is annihilated before the attackers hav 


approached within 100 meters of the defender's position. Figure 6.5 shows 


us the inadequacy of using constant attrition-rate coefficients in battles 


with appreciable variations in force separation to model the kill rates of 


weapon-system types whose true capabilities actually vary appreciably wfth 


range. The ccnstant-coefficient results can be quite misleading for such 


battles. We also see from Figure 6.5 that we can use the initial trend of 


battle to forecast battle outcome only when we know how the fire effective- 


ness of each weapon-system type depends on range. If the reader will com- 


pare results for the three battles, the truth of this statement should be 


clear. We finally note the "compounding" effect of casualties over time: 


a emall advantage in range capability rapidly "grows in its effect on 


force-level trajectories," and such a small difference can have a large ef. 


fect on battle outcome. 




0 

Figure 6.6 ehowe similar force-level curves for the same battle-para 


values except that the battle begins a t  an opening range of 1250 meters, i 

r,, = 1250 meters, instead of 2000 meters as it did for Figuro 6.5. The fo 

level curves corresponding to the conutant-coefficient case, i.e. battle ( 

in Figure 6.6 with ro 1 1250 meters are exactly the same for the same tim 

intervals (but not range intervals) as those shown in Figure 6.5 with 


r = 2000 meters. Other force-level trajectories decay Easter in Figure 

6.6 than they do in Figure 6.5 because the "intensity" of combat is greate 


i.e. as a function of time the attrition-rate coefficients are larger here 


than for Figure 6.5. Again we see that battle outcome ia sensitive to the 


range dependence of the attrition-rate coefficients. From comparing the 


force-level curves shown fn Figure 6.5 with those in Figure 6.6, we see th, 


the differences between battles (A), (B), and (C) are smaller when the ope1 


ing range of battle ro is much less than the maximum effective range of 

the two opposing weapon-system types. In fact, wRen re + +=, the force- 

level trajectories converge to the classic constant-coefficient ones (= 

BONDER 17, p. IV-331 for a further discussion). 

Thus, we see that the range dependence of weapon-system kill rates 


has a very significant impact an battle outcome for BONDER'S constant-speec 


attack model. We have reached this conclusion after examining three specii 


battles, denoted as (A), (B), and (C) in Figures 6.5 and 6.6 and classifiec 

according to the combination of two attrition-rate-coefficient range de- 


pendencies (e.g. linear-quadratic). In these flgurev each different battle 


ie represented by a separate force-level curve. Moreover, it will be in- 


structive for us to examine further parametric variations in attrition-rate 


coefficient range dependencies. It will be convenient, however, to identif 


battles in a slightly different manner: we will denote exponent combinatic 


for the attrition-rate coefficients (6.25) and (6.26) as p:v, where LI 
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Figure 6 . 6 .  Force-level trajector ies  o f  X and Y forces for 

an additional three d i f ferent  b a t t l e s  modelled 

with the power attrit ion-rate coe f f i c i en t s  for the 

same parameter values chosen for Figure 6 . 5  except 

that the opening range of b a t t l e  ro i s  given by 

ro = 1250 meters ( s t i l l  with ra - rB = r = 2000 meters). 
e 

The symbol conventions are a l s o  the same an  i n  Ffmre 6.5-



v 

denotes the exponent for the Y weapon-system-type kill rate a(r) and 


v denoteo the exponent for the X weapon-syatem-type kill rate B(r). 

Accordingly, further battle results for a wider variety of exponent 


combinations in BONDER'S constant-speed attack modelled with (6.2.1) and 


the attrition-rate coefficients (6.2.5) and (6.2.6) are shown in Figures 


6.7, 6.8, and 6.9. In Figure 6.7 we have expanded the range of exponent 


combinations from those for tho battles shown in Figure 6.5. Furthermore, 


battles are identified differently in these figures (i.e. Figures 6.7, 6.8 


and 6.9) than they dere in Figures 6.5 and 6.6. For example, battle (C) 

with the linear-quadratic range-dependent attrition-rate coefficients is 


now denoted simply as 1 2  e .  p 1 and v = 2 for the coefficients 

(6.2.5) and (6.2.6). As in Figures 6.5 and 6.6, we have held a. = a(0) 

and BO constant for these computations, i.e. the kill rates at zero forc 

separation are the same for all these battles. 


Figure 6.7 further shows us that the nature of a force-level traject 


is quite sensitive to the particular combination of exponent values an 


and that these exponents are additional parameters that help determine 


who wins and who loses. Returning to the constant-speed attack of a mobil 


Y force against the static defensive position of a defending X force, 


we see that, for example, for p = 1 (i.e. the kill rate a(r) of the 

attacker's weapon system varying linearly with range) a battle may have 


quite different outcomes depending on the value of v: the reader should 

contrast the force-level trajectories denoted as l:O, 1:1, 1:2, and 1:3 in 


Figure 6.7. We also see that we can use the initial trend of battle to 


predict battle outcome only when we know the nature of the dependency of 


each weapon-system type's kill capability on range; the results shown in 


Figure 6.7 should make this clear. For example, compare the outcomes for 


the curve8 denoted as 1:2, 2:2, and 3:2. We also note the "compounding" 


2 20 




Force separation r ( meters 1 

Figure 6.7. Results for BONDER'S constant-speed-attack model when 


both sides' weapon-system types have the same maximum 


effective range: force-level trajectories of X and Y 


forces for different battles corresponding to different 


combinations of the exponents v and v in the power 

attrition-rate coefficients for r = r = r = r = 2000 me1 
O a B e 


a0 = 0.06 X (casualtiesjrninute) per Y firer, BO - 9.6 Y 

(ca~ualties/minute) per X firer, v - 5 myh, xo = 10, and 

yo = 30. Each exponent combination is expressed as 

u:v in the figure, and the symbol x denotes the end of 

a force-level trajectory due to the annihilation of the 


enemy force. 
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Figure 6.8. 
 Further results for BONDER'S constant-speed-attack 


model when both sides' weapon-system types have the 


same maximum effective range: farce-level trajectories 


of X and Y forces for different battles corresponding 


to different combinations of the exponents p and v 


in the power attrition-rate coefficients for the same 


parameter values chosen for Figure 6.7 except that 


rO = 1250 meters. The symbol conventions are also the 

same as in Figure 6.7. 
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Figure 6.9. Further results for BONDER'S constant-speed-attack model 


when both sides' weapon-system types have the same 


maximum effective range: force-level trajectories of 


X and Y forces for different battles corresponding 


to different combinations of the exponents u and v 

in the power attrition-rate coefficients for the same 


parameter values chosen for Figure 6.7 except that 


ro = 1250 meters and ra = r, = re = 1500 meters. 

Again, the symbol conventions are also the same as in 


Figure 6.7. 




effect over time: a small advantage in range capability can eventually 


materially affect battle outcome. 


In Figure 6.8 we have similarly expanded the range of exponent combi- 


nations for the battles shown in Figure 6.6, i.e. all battle parameters arc 


the same as for Figure 6.7 except that ro = 1250 meters instead of 2000 

meters. Similar to the case shown in Figure 6.6, the force-level curves 


shown in Figure 6.8 with ro = 1250 meters are simiPar to those shown in 

Figure 6.7 with r0 2000 meters except that as a function of time they 


decrease faster in Figure 6.8 for p and v > 0 because the "intensity" 

of combat is greater, i.e. as a function of time both attrition-rate coef- 


ficients are larger here than in Figure'6.7. Figure 6.9 shows similar 


force-level curves for the same parameter values except that r = r = e a 


r = 1500 meters. Observing that for p 2 1 we have a(r;r ) c a (r ;; )
8 - a a 

if and only if ra ra, we may comider that the "intensity" of combat is 


less intense for the engagements depicted in Figure 6.9 than for those 


shown in Figure 6.8. 


Figure 6.10 shows the effect of increasing maximum effective range of 


the defender's weapons, i.e. that of the X force (e.
Figure 6.1), when 


each weapon-system type's kill rate is assumed to vary linearly with range 


-Figure 6.4). For the family of battles depicted in Figure 6.10, we (see 


have held the opening range of battle constant at r = 1250 meters and the 
0 


maximuan effective range of the attacking Y weapon system constant at 


r = 1500 metere. Both attrition-rate coefficients vary linearly with rangc a 

[i.e. r - v =  1 In (6.2.5) and (6.2.6)1,  a,, and B0 have been held con- 

stant, and r has been varied. The force-level curves in Figure 6.10 

B 

quantitatively show the benefit from increasing the long-range kill capabil: 


of the defender's weapon system: more attacker casualties occur earlier 
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Figure 6.10. Results for BONDER'S constant-speed-attack model when 


opposing weapon-system tynes have different maximum 


effective ranges: force-level trajectories of X 


and Y forces for various different maximum effective 


ranges of the X-force-weapon-system type for linear 


attrition-rate coefficients with r = 1250 meters, 0 

r = 1500 meters, and the same values of the other paramea 

(i.e. aO, BO, and V) listed in the legend of Figure 6.; 


The symbol X has the same meaning as in that figure. 



in the battle, and these are then magnified over time by che "compo~mdi 


nature" of the LANCHESTER-type equations (6.2.1). Again, these numeric 


results nave been generated from analytical results that are given late 


in this chapter. However, using an analogue computer, BONDER and FARRE 

[lo, pp. 296-3673 have developed extentive parametric results for this 


The important thing to glean from all these battle examples is th 


variations in weapon-system kill rates with range in mobile operations 


(equivalently, temporal, variations in fire effectiveness over the cours 


a battle) have a significant impact on the battle's outcome. Consequen 


we should use time-dependent attrition-rate coefficients to model tempo 


variations in fire effectiveness when, for example, the range between f 


and targets changes appreciably during battle. 


As noted above, we have generated all the force-level curves show 


Figures 6.5 through 6.10 Prom analytical results, i.e. hfinite-series 


solbtions, to be subsequently developed in this chapter. However, we c 


have equally well generated them by a step-by-step i~tunerical integra- 


tion of a finite-diffe~ence approximation to our differential-equation 


model. We can, of course, always numerically do this for a specific se 


battle-parameter values. However, the structure of combat results is nl 


at all evident from such specific numerical evaluations, but it may be I 

duced from further analysis of the analytical results. Of course, befo, 


we embark on an analytical examination of force-level trajectories for 


model (6.2.4), we should consider what: Information one wants to extract 

the model. 




6.3. piormation to be Obtained from the Model. 


As we have discuseed many times above, our goal in this book is to 


help the reader to obtain insights into the dynamics of combat from rela- 


tively simple combat models rather than enriching such models in details 


(seaW. T. MORRIS [29] for a lucid discussion of the process of such en- 


richment). Consequently, both our research and also the developments of 


this chapter have been guided by this goal of obtaining insights into the 


dynamice of combat. 


We will emphasize extracting as much operational information as pos- 


sible from the model with a minimum of effort. What information should we 


seek to obtain? Although the specific information to extract from any com- 


bat model depends, of course, on the purpose of the OR study, we have used 


the queseions shown in Table 6.1 to guide our efforts. We have tried to 


make the extraction of euch information from variable-coefficient homogeneous- 

force models almost as easy as obtaining it from LANCHESTER's classic &on- 


stant-coefficient models. As we have just seen in the previous section, such 


variable-coefficient combat models are required when there are appreciable 


temporal variations in fire effectiveness during a battle. 


In the rest of this chapter we will present analytical results for 


time-dependent F I  F, FTI FT, and CF-kT) I (F+T) attrition processes. S. BONDER 

[lo, pp. 36-31] has streesed the importance of analytical solutions to such 

mdelr for developing insights into the dynamice of combat by explicitly 


portraying the relation between various factors in the combat attrition pro- 


cess and the survivfng numbers of forcee and also for facilitating seneitivity 


and other p8rearctrj.c analyses ($* BONDER [ 9 ] ) .  Consequently, we will con- 

rider developing and analyzing 8olutions to variable-coefficient differential 


models for PI P ,  FTIFT, and (F+T)~ (F+T) combat. 




Table 6.1. Information to Extract from Combat Model. 


(Ql) Who will "win"' the engagement? Be annihilated? 


(42) How do the force levels change over time in the battle? 

(43) Bow many survivors will the winner have? 


(44) What force ratio is required to guarantee victory? 


( Q 5 )  How long will the battle last? 

(46) Hot: do changes in the initial force levels and weapan-systern 


parameters affect the battle's outcome? 


(47) What will be the casualty-exchange ratio? 


(Q8) 1s concentration of forces a good tactic? 




Most nf t h e s e  devalopmene's f o r  ann ly t  i c a l l y  i n v e ~ t  i g a t i n g  v a r i a b l e -  

c o e f f i c i e n t  IANCHESTER-type combat have on ly  r e c e n t l y  appeared i n  t h e  l i t e r  

t u r e .  In p a r t i c u l a r ,  t h e  theory  of var iable-coef  f  i c i e n t  F I  F combat is now 

e s a a n t i a l l y  almost R R  complete! a s  t h a t  f o r  LANCHESTER's c l a s s i c  consrtant- 

c o e f f i c i e n t  equa t ion& f o r  modern warfare .  I n  o t h e r  words, It is  now almost  

as easy t o  e x t r a c t  F n f o ~ t i o r i  ( r e c a l l  Table  6. I) from t h e s e  v a r i a b l e -  

c o e f f i c i e n t  LANCNESTER-type r.ombat models as it is from t h e  correnponding 

constant-coef f i c i e n t  onee. 



6 . 4 .  The Special Case o_f Quaei-Autonomous Equatione. 

Before elaborating upon general results c,oncerning analytical solutio~ 


of LANCHESTER-type equations with time-dependent attrition-rate coefficient5 


let us coxisider a very important special case that bridges the gap between 


constant-coefficient and variable-coefficient models. As stressed by S. 


BONDER [lo, pp. 30-311, analytical eolutions to LANCHESTER-type equations 


are important far developing insights into the dynamics of combat by ex- 


plicityly portraying the relation between the parameters of the attrition 


process and the numbers of survivors. Unfortunately, it ie generally im-


possible to exprese the solution to such a system of equations with time- 


dependent attrition-rate coefficients in terms of any of the classic "ele- 


5
mentary" functions of mathematics , e.g. exponential functions, hyperbolic 

functione, etc. Thus, we are grateful when constant-caefficient results 


may be used in some sense for analyzing combat modelled with time-dependent 


coefficients. 


Let us therefore note that any homogeneous-force model of the form 


with x(0) = xo, 

may be transformed into the autonomous system of differential equations 


(i.e. the right-hand eides of the differential equations do not contain the 


time parameter) 


with y(r-0) = yo, 

230 




- - 

I 

by the substitution 


where we assume that the integral exists. Thus, the model (6.4.1) with tin 


dependent attrition-rate coafficienta may be transformed into a constant- 


coefficient one by a transformation of the battle's time scale. We will ss 


that such LUCHESTEK-type equations are quasi-autonomous. 


We have already encountered in Section 3.6 an important example of 


such quasi-autonomous equations for an F I P  attrition process, namely 


and *= -b(t)x, (6.4.4)
dt 


where 


h(tj > 0 for all t 3 0, and ka and kb are positive constants. The 

substitution 


then transforms (6.4.4) with (6.4.5) int,o 


whence", for example, 




which may be written as 


where ) denotes the average intensity of combat, i . e .  

t

1


da(t)b(t) = .'a(s)b(s) de. 
0 


Finally, we note that for combat modelled with the quasi-autonomous equat 


7(6.4.5) and (6.4.5) a "square law" still holds 




6.5 .  General Force-Level -- Resul t s  fo r  Var iab le -Cooff ic ien t  LANCHESTER- 

Type Ecpations of Modern Warfare. 

Let us consider  t h e  following LANCHESTER-type equa t ions  f o r  a 

F 1 F a t t r i t i o n  process with time-dependent a t t r i t i o n - r a t e  coef f i c i e n t ~  

dx --. I 
d t  - a ( t ) y  with x(O) - xo, 

(6.5.1) 

= -b (x) x 
d t  w i th  y(O) = yo . 

These equa t ions  may be hypothesized t o  model combat under e i t h e r  of the 

following two s e t s  of circumstances ( c f .  Sec t ions  2.2 and 2.11 above): 

e i t h e r  (Sl) bcth s i d e s  use "aimed" f i r e  and t a rge t - acqu i s i t i on  times 

do not  depend on the  number of t a r g e t s  [6l], 

o r  (S2)  both s i d e s  use "area" f i r e  and a constant-densi ty  defense 

[I* I 

Mathematically, we assume t h a t  t h e  a t t r i t i o n - r a t e  c o e f f i c i e n t s  

a(r) and b ( t )  a r e  def ined ,  pos i t i ve ,  and c,ontinuous f o r  t o <  t < + "  

with to ( 0 .  For convenience, w e  introduce the  no t a t i on  t h a t  

a ( t )  C L(tO,T) means I' a ( t ) d t  e x i s t s  (and i s  given by a f i n i t e  

quan t i t y ) .  From our aeseunpeions about a ( t )  it fol lows t h a t  a ( t )  j! 
T 

L(tO,T) implies  that 1 a ( t ) d t  - + -, and s i m i l a r l y  f o r  b ( t )  . We 

a l s o  assume t h a t  both a ( t )  and b ( t )  E L(tO,T) f o r  any f i n i t e  T. 

It follows t h a t ,  f o r  example, a ( t )  f L(t,O,+ m) implies  t h a t  

l i + + + m  a ( r ) d t  = + m. We w i l l  f u r t h e r  t ake  a ( t )  and b ( t )  

t o  be given i n  t h e  form 



where ka and % a r e  pos i t i ve  cons tan ts  chosen so tha t  a ( t ) / b ( t )  - La/% when g ( t )  a h ( t ) .  I n  o the r  words, k and kb a r e  basical l  
a 

"scale  f ac to r s , "  which a r e  usefu l  f o r  the  parametric study of b a t t l e  

outcomes a s  r e l a t ed  t o  var ious  system parameters. 

We w i l l  now introduce eome usefu l  no ta t ion  f o r  two important 

parameters of such "aimed-fire" b a t t l e s  with time-dependent a t t r i t i o n -

r a t e  c o e f f i c i e n t s  (6.5.1). In Chapter 2 ,  we considered the  F ~ F  

a t t r i t o n  process ,wi th  constant  a t t r i t i o n - r a t e  c o e f f i c i e n t s  and found 

ou t  t h a t  t he  force-level t r a j e c t o r i e s  depended on the  following three  

quan t i t i e s :  (1) the  i n i t i a l  force  r a t i o  u = xO/yO, (2) the i n t e n s i t  
0 

of combat I = , and (3) the r e l a t i v e  f i r e  e f f ec t iveness  R n/b 

where a and b denote constant  a t t r i t i o n - r a t e  c o e f f i c i e n t s .  With 

these cons tan t -coef f ic ien t  r e s u l t s  i n  mind, we introduce f o r  the  model 

(6.5.1) t he  -.i n t e n s i t y  of combat I ( t )  and the r e l a t i v e  f i r e  e f f ec t ive -  

ness- R(t)  def ined by 

I )  - ( t b t , and R(t)  - a ( t ) / b ( t )  . (6.5.3) 

We s imi l a r ly  introduce the combat-intensity parameter h I  and the 

re la t ive- f i re -ef fec t iveness  parameter 
A~ 

defined by 

" - - 9  and AR = La/%. (6.5.4) 

Before considering the representa t ion  of so lu t ions  t o  (6.5.1), 

l e t  us e s t a b l i s h  an important mathematical property of such so lu t ions :  



a l l  solutiorrs to (6.5.1) with both a ( t )  and b ( t )  -> 0 f o r  a l l  r -> 0 

and a l s o  with both xo and yo > 0 a r e  aonoec i l la tory  i n  t he  sense 

t h a t  x ( t )  and y ( t )  can have a t  most one zero f o r  t -> 0 To see  

t h i s ,  we mult iply the  f i r s t  equation of (6.5.1) by y, the second by 

x,  add, and i n t e g r a t e  t o  obta in  

whence follows the a s s e r t i o n  by r e c a l l i n g  t h a t  on physical  grounds we 

must have (and therefore  we w i l l  assume t h a t )  both a ( t )  and b ( t )  -> 0 

f o r  a l l  t -> 0 and a l s o  t h a t  both xo and y > 0.
0 


THEOREM 6.5 .l: A l l  so lu t ions  t o  (6.5.1) ore non-

o s c i l l a t o r y  i n  t he  sense t h a t  a t  most one of the 

force  l e v e l s  x ( t )  and y ( t )  can ever  vanish i n  

f i n i t e  time. 

A s  w e  have discussed i n  Sect ion 2.2 above, we should " turn  o f f "  the 

combat model (6.5 . l )  when e i t h e r  s i d e  i s  annih i la ted  [cf  . (2.2.2) 1 . 
For many purposes, however, i t  is convenient t o  " l e t  t he  equat ions run 

f o r  a l l  t -> 0 . I '  Theorem 6.5.1 then t e l l 8  us t h a t  i f ,  f o r  example, the 

X force  is ever annih i la ted  [ i . e .  t he re  is  a f i n i t e  
'a 

such t h a t  

X~ ( t , )  = 01, then y ( t )  > 0 f o r  a l l  t ->- 0 .  This property is  usefu l  

f o r  developing force-annihi la t ion-predict ion condi t ians  f o r  the  model 

( 6 . 5 1 )  Furthermore, i t  does not hold f o r  a l l  d i f f e r e n t i a l  combat 

We w i l l  now show how the  well-known cons tan t -coef f ic ien t  r e s u l t s  

(2.2.11) f o r  t h e  fo rce  l e v e l s  as func t ions  of time, i . e .  x ( t )  and 

235 



y ( t ) ,  may be general ized t o  t h e  model (6.5.1) f o r  b a t t l e s  wi th  t i m e -

dependent a t t r i t i o n - r a t e  c o e f f i c i e n t s .  The b a s i c  idea  is  t o  cons t ruc t  

the  so lu t ion  ou t  of c e r t a i n  gene ra l i za t i ons  of t he  c l a s s i c  hyperbolic 

functions. Thua, the  X force  l e v e l  a s  a funct ion of time, x ( t ) ,  may 

be represented as ( see-TAYLOR and BROWN [53 ] )  

where the hyperbol ic- l ike gbneral LANCHESTER func t ions  (GLF) CX(t) 

and SX( t )  a r e  l i n e a r l y  independent so lu t ions  t o  the  X force- level  

equat ion 
* b  

2
d x  --d a t d x -- - 1 

d t 2 ( a ( t )  d t  J d t  a ( t )  b ( t ) x  = 0 , 

with i n i t i a l  condi t ions 

Here to 5 0 denotes the  l a r g e s t  f i n i t e  time a t  which a ( t )  or  b ( t )  

ceases  t o  be def ined,  pos i t i ve ,  o r  continuous. We w i l l  s e t  to - 0 

i f  no such f i n i t e  tine exists. 

I n  a  s i m i l a r  fashion,  the Y force  l e v e l  a s  a  func t ion  of 

t i m e ,  y ( t ) ,  may be represented a s  



where t h e  hyperbo l ic - l ike  GLF C ( t )  and S y ( t )  a r e  l i n e a r l y  inde- 
Y 


pendent s o l u t i o n s  t o  t h e  Y fo rce - leve l  e q u a t i o n  

w i t h  i n i t i a l  conditions 

I t  may be  shown (and we w i l l  do s o  below) t h a t  

whence (6.5.6) and (6.5.9) are r e a d i l y  seen  t o  s a t i s f y  t h e  i n i t i a l  

c o n d i t i o n s  t o  (6.5 . l )  . 
It i s  o f t e n  convenient  to view t h e  above GLF as s o l u t i o n s  t o  t h e  

fol lowing two systems 

w i t h  CX(tO) = 1 , 

w i t h  Sp(tO) = 0 , 



and the  dua l  system obtained by making the s u b s t i t u t i o n s  X + Y, Y + X, 

a ( t >  + b ( t ) ,  b ( t )  + a ( t ) ,  and I g  + l / A R  i n  (6.5.13) 

wi th  S,(tO) - 0 . 

Equation (6.5.12) i s  now a t r i v i a l  consequence of (6.5.13) and (6.5.14) . 
Thus, t he  X and Y f o r c e  l e v e l s  may be constructed from the  

GLF, which w e  may consider t o  be the  bas i c  "building blocks" of all 

a n a l y t i c a l  results f o r  t h e  d i f f e r e n t i a l  combat model (6.5.1).  In o the r  

words, once w e  have determined the GLF defined by (6.5.7), (6.5.8), 

(6.5 . lo) ,  and (6.5.11) (or ,  equiva len t ly ,  by t h e  two systems (6.5.13) 

and (6.5.14)), we  can, f o r  example, cons t ruc t  the  X fo rce  l e v e l  x ( t )  

by means of  (6.5.7) . 
Thus, i t  remains t o  d i s cus s  t h e  c a l c u l a t i o n  of the hyperbolic-

l i k e  GLF. Two appraaches t h a t  may be used t o  c a l c u l a t e  t h e  hyperbolic- 

l i k e  GLF from t h e i r  d e f i n i t i o n s  a r e  as follows: 

(Al) method of succesivs  approximations, 

and (A2) i n f  i n i t e - s e r i e s  methods. 

The i n f i n i t e - s e r i e s  methods e s s e n t i a l l y  cons i s t  of assuming an i n f i n i t e  

a e r i e s  of a g i w n  form with undetermined c o e f f i c i e n t s  and then de t e r -  

mining these  c o e f f i c i e n t s  (see,  f o r  example, INCE [23], KAMKE [24] ,  

MURPHY [32], o r  RAIWILLE 1351). We have pr imar i ly  used, however, 



successive approximations i n  our work ( see ,  f o r  e x m p l e ,  TAYLOR [ 4 3 1 ) ,  

and we w i l l  now f u r t h e r  d i s cus s  t h i s  approach. 

We w i l l  now I l l u s t r a t e  the  method of successive approximations 

by developing an expression f o r  t h e  hyperbol ic- l ike GLF CX(t) From 

(6.5.13) we f i nd  t h a t  CX(t) satisfies t h e  fol lowing V O L T E W  i n t e g r a l  

equat ion 

We may a l s o  w r i t e  t h a t  

which we may then s u b s t i t u t e  i n t o  t h e  right-hand s i d e  of (6.5.15) and 

r ecu r s ive ly  continue. Doing t h i s ,  we  f ind  t h a t  we may write 

where Fo(t)  = 1 and f o r  n 3 0 

I t  may be shown t h a t  F t -< 1 a(.) ~ ( e ) d s ~ ~, whence the  

i n f i n i t e  s e r i e s  (6.5.16) converges uniformly and abso lu t e ly  on S 

f o r  S = [O,T] with T f i n i t e .  I n  a s i m i l a r  fashion we may show 

t h a t  



where Go(t) = 1 and f o r  n > 0 

Example 6.5 .l. I f  a ( t )  = kah( t )  and b ( t )  k,,h(t) wi th  h ( t )  > ( 

f o r  a l l  t > -=, then  CX(t)  = cosh T and SX(t) = s i n h  T ,  where 

-r ( t )  h ( s ) d s .  

Example 6.5.2. I f  a ( t )  k ( t  + c)' and b ( t )  = k b ( t  + c)' with  
a 

C -> 0 and b o t h  IJ and v > -1, then 

and 

Before l e a v i n g  t h e  t o p i c  o f  time s o l u t i o n s  t o  (6 .5 .1) ,  l e t  u s  

record  here  some f u r t h e r  important p r o p e r t i e s  of such s o l u t i o n s .  Firs 

of a l l ,  i f  t h e  reader  compares, f o r  example, the  X f o r c e  l e v e l  

(6.5.6) w i t h  t h e  correvpotiding c o n s t a n t - c o e f f i c i e n t  result (2.2 . Y )  , hc 

w i l l  see t h a t  it  ie more complex. TAYLOR and BROWN [53] have shown 

that (6 .S .6) on ly  simplifies f o r  to < 0 when 

a ( t ) / b ( t )  - kai\ - CONSTANT , 



s ince  only then does a so-called a lgeb ra i c  addi t ion  theorem (see below) 

hold between the  hyperbol ic- l ike GLF. 

THEOREM 6.5.2 (TAYLOR and BROWN [ 5 3 ] ) :  For t < 0 ,  
0 . 

one can f u r t h e r  s impl i fy  (6.5 "6) i f  and only i f  

a ( t ) r ' b ( t )  ka/kb = CONSTANT (constant. r a t i o  of 

a t t r i t i o n - r a t e  c o e f f i c i e n t s ) .  

L e t  ue now give  an example of how such an a lgeb ra i c  addi t ion  theorem 

he lps  us  t o  s implify (6.5.6). Consider a  cons tan t -coef f ic ien t  b a t t l e  

t ha t  begins a t  t = t Equation (6.5.6) then y i c lde  1 

I 
'cosh tt cosh a t - s i n  t1 s i n h  tl x ( t )  = xo,  

I I; 'cosh tl s i n  6 t - 8inh 6 tl cosh t , ,  - '0\jb I 

(6.5.21) 

which s i m p l i f i e s  t o  

due t o  t he  well-known a l g e b r a i ~  add i t i on  theorems f o r  the ordinary 

hyperbolic funct ions,  e.g. cash(u-v) = coah u c ~ e h  v - s inh  u  ainh v .  

As we have seen above in Sectfon 6 .4 ,  when t h e  r a t f o  of 

a t t r i t i o n - r a t e  c o e f f i c i e n t s  i a  cons tan t ,  i . e .  (6.5.20) holds,  we can 

transform the  X force-level equat ion i n t o  one with constant  

c o e f f i c i e n t s  by a traneformation of the indepnden t  va r i ab l e  t. As 

we have eeen, t h i s  s i t u a t i o n  leads  t o  p a r t i c u l a r l y  convenient r e s u l t s .  



In t h i s  r e spec t ,  TAYLOR and BROWN have proved the following r e s u l t .  

THEOREM 6 .5 .3  (TAYLOR and BROWN 1531) : A necessary and 

s u f f i c i e n t  condi t ion t o  be ab l e  t o  transform the X force-

l e v e l  equation (6.5.7)  by a transformation of the inde-

pendent va r i ab l e  t i n t o  a l i n e a r  second-order ord inary  

d i f f e r en t , i n l  equation wi th  constant  c o e f f i c i e n t s  i s  t h a t  

In  t h i s  case the des i red  s u b s t i t u t i o n  is given by 

t 
where ... ds  denotes an I n d e f i n i t e  i n t e g r a l  and K i s  

an a r b i t r a r y  constant  conveniently chosen. 

F ina l ly ,  the reader  may be in t e re s t ed  i n  the au tho r ' s  assess -

ment as t o  j u s t  how d i f f i c u l t  i t  i s  t o  develop a n a l y t i c a l  so lu t ions  

t o  such LANCHESTER-type equat ions f o r  modern warfare when the re  a r e  

temporal va r i a t i ons  i n  f i r e  e f f ec t iveness .  Figure 6.11 shows the  

au tho r ' s  eubject ive est imate of such d i f f i c u l t i e s .  



No Replacements 

Conetaut Variable ~&nstant Variable 
Coef ficieata Coef f icfenes Coefficients Coef ficianto 

Two Homogeneous Forcee 
U i  th Supportin8 Pisces kt Too Eady 
lo t  Subject to Aterition 

kterogeneour Forces 
(Several &bitant Types) 

Be tarogeneoue Forces 
( M y  Combatant Typerp) 

Figure 5.11.  Classif icat ion of LANCBESTER-type equations for  "modern wrfarc" and their  ease of solution 

by analyt ical  methods (af ter  L. vcn BERTALANFFY [ 3 ] ) .  
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6.5. Force-Annihilation-Pred1.ct i o n  Conditions 

X t  1,s i u p o c t m t  f o r  the  m i l i t a r y  operat ione ana lys t  t o  have a 

c l e a r  understanding of how t h e  i n t t i a l  fo rce  r a t i o  and weapon-system- 

performtrnce p a r m t e r s  i n t e r a c t  t o  detsrmina a b a t t l e ' s  outcome. For any 

p a r t i c u l a r  b a t t l e ,  we can always, of  course,  determine i t s  outcome by 

e x p l i c i t l y  computing t h e  force- leve l  t r a j e c t o r i e s  and p l o t t i n g  them over 

time: the  l o s e r  is  simply tha  s i d e  t h a t  f i r s t  reaches i t s  bat t le- termi-

na t ion  condi t ion ( see  Sect ion 3.3). The force- level  t r a j e c t o r i e s  may be 

generated e i t h e r  from the  a n a l y t i c a l  r e s u l t s  discussed i n  t he  previous 

s e c t i o n  o r  more simply by numerical i n t e g r a t i ~ n  of t he  d i f f e r e n t i a l  

equationa. This approach, however, i s  time consuming and by i t s s l f  

provides no understanding about t h e  parametr ic  dependence of b a t t l e  out- 

tome on t h e  i n i t i a l  f o r c e  l e v e l s  and waapon-system-performance parameters. 

Moreover, a s  work by BONDER and FARMILL [ lo1  and TAYLOR 143;  531 unfortu-

n a t e l y  shows, even t h e  a n a l y t i c a l  ( i . e .  i n f i n i t e - s e r i e s )  so lu t ion  t a  

v a r i a b l e - c ~ e f f i c i e n t  equat ions gene ra l l y  provides by i t s e l f  ( i . e .  without 

e x p l i c i t l y  computing force- level  t r a j e c t o r i e s )  l i t t l e  informatioa about 

b a t t l e  outcome because of i t s  complexity. 

Moreover, f r rquen t ly  t h e  m i l i t a r y  opera t ions  ana lys t  may only 

want t o  determine who i s  going t o  "win" a b a t t l e  without having t o  spend 

t h e  t i m e  and e f f o r t  of e x p l i c i t l y  computing t h e  force- level  t r a j e c t o r i e s .  

It i s  the re fo re  of i n t e r e s t  t o  develop battle-outcome-predicelon (or-
victory-predict ion)  condi t ions t h a t  he lp  one ob t a in  i n s i g h t s  i n t o  t h e  

dynamics of combat by exp1icit l .y por t ray ing  t h e  r e l a t i o n  between t h e  

var ious  f a c t o r s  in t h e  combat-at t r i t ion process and b a t t l e  outcome. 

Spec i f i ca l l y ,  one waul< l i k e  t o  have a (hopefully) simple expression t h a t  



, 

r e l a t e s  b a t t l e  outcome 20 the  model's parameters. Thxs, the m i l i t a r y  OR 

analyot is i n t e r e s t e d  i n  developing bettle-outcome-prediction condit ions.  

B a t t l e  outcome, however, depends on t h e  bat t le- terminat ion model chosen, 

and modelling b a t t l e  terminat ion i s  a somewhat con t rove r s i a l  t op ic  a s  

we saw i n  Chapter ?. 

Although we a r e  w e l l  aware t h a t  engagement terminat ion i s  a 

complex random process f o r  which i t  Is by no means c e r t a i n  t h a t  force  

l e v e l s  are the  s i g n i f i c a n t  v a r l a b l e s  ( see  Chapter 3 ) ,  we w i l l  consider.-

two types of bat t le- terminat ion condit ions i n  t h i s  sec t ion :  

(TI) b a t t l e  terminated by one s i d e ' s  fo rce  l e v e l  reaching 

i ts  "breakpoint" value while  t he  o the r  s i d e ' s  fo rce  

l e v e l  has always been above i t s  breakpoint value 

(force-level-breakpoint b a t t l e ) ,  

and (T2) b a t t l e  terminated by the  force  r a t i o  f i r s t  reaching 

e i t h e r  of two given %breakpoint1' force  r a t i o  va lues  

(force-ratio-breakpoint b a t t l e ) .  

Moreover, i n  both ceses  we w i l l  only consider  de t e rmin i s t i c  breakpoints  

here (see-Sect ion 3.4 f o r  a  f u r t h e r  d i scuss ion) ,  and we w i l l  accordingly 

r e f e r  t o  these  engagements with de t e rmin i s t i c  ba t t le - te rmina t ion  

condit ions as 

(El) fixed-force-level-breakpoint b a t t l e ,  

and 

(E2) fixed-Zorce-ratio-breakpoint b a t t l e .  
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The f i r s t  type of b a t t l e - t e r m i n a t i o n  cond i t ion  (T l )  and t h e  

corresponding engagement wi th  d e t e r m i n i s t i c  b r e a k p o i n t s  (E l )  have been 

d i scussed  i n  Sec t ion  2 .8  and Chapter 3 above, and t h u s  i t  remains t o  

d i s c u a s  ba t t l e - t e rmina t ion-condi t ion  t y p e  (T2) and t h e  corresponding 

engagement model w i t h  d e t e r m i n i s t i c  b reakpoin t s  (E2). Let  us as usua l  

denote  t h e  f a r c e  r a t i o  x / y  a s  u. Then f o r  a  f ixed- fo rce - ra t io -

breakpoint  b a t t l e ,  we denote  t h e  "breakpoint" f o r c e  r a t i o  as uX when
BP 

X t e rmina tes  t h e  b a t t l e  ( i . e .  t r i e s  t o  "break o f f "  t h e  engagement), 

and a s  uy when Y t e r m i n a t e s  t h e  b a t t l e .  The i d e a  he re  is t h a t ,
BP 

f o r  example, X w i l l  dec ide  t o  "break o f f "  t h e  engagement when he 

p e r c e i v e s  a  c e r t a i n  ve ry  unfavorable  f o r c e  r a t i o  a g a i n s t  him. These 

X
"breakpoint" f o r c e  r a t i o s  then s a t i s f y  0 5 uBp 

Corresponding t o  a  f i g h t  u n t i l  t h e  a n n i h i l a t i o n  o f  one s i d e  o r  t h e  

o t h e r  is t h e  c a s e  i n  which u i p  = 0 and uY = + -. Such a  "fight-to-the.BP 


f i n i s h "  may consequent ly  be examined under e i t h e r  of t h e  above two b a t t l e -  

t e rmina t ion  c o n d i t i o n s  ( T I )  and (T2). BONDER and HONIG [ l l ]  have po in ted  

o u t ,  however, t h a t  f o r c e  a n n i h i l a t i o n  m y  not  always be t h e  b e s t  c r i t e r i o n  

f o r  e v a l u a t i n g  t h e  outcomes of s imulated m i l i t a r y  o p e r a t i o n s .  -See BONDER 

and FARRELL [ l o ,  pp. 192-2421 f o r  a d e t a i l e d  LANCHESTER-type a n a l y s i s  of 

an  a t t a c k  s c e n a r i o  f o r  wi th  o t h e r  "end of b a t t l e  cond i t ions"  p lay  t h e  

p r i n c i p a l  r o l e .  Never the less ,  i t  i s  of cons iderab le  i n t e r e s t  ( e s p e c i a l l y  

f o r  developing i n s i g h t s  i n t o  t h e  dynamics of combat) t o  b e  a b l e  t o  e a s i l y  

p r e d i c t  t h e  occurrence of f o r c e  a n n i h i l a t i o n .  

Thus, as w e  have d i scussed  i n  Sec t ion  2 .8  above, b a t t l e  outcome 

depends on no t  on ly  t h e  dynamics of combat bu t  a l s o  t h e  b a t t l e - t e r m i n a t i o n  

model considered.  Consequently, w e  w i l l  g e n e r a l l y  o b t a i n  d i f f e r e n t  

v i c t o r y - p r e d i c t i o n  c o n d i t i o n s  f o r  t h e  above two t y p e s  o f  engagements: 



(El) fixad-force-lavel.-breakpoint b a t t l e ,  and (E2) f ixed-force-rat io-

breakpoint b a t t l e .  Moreover, i t  t u rns  out  t h a t  t he re  a r e  -two d i f f e r e n t  

kinds of battle-outcome-prediction condi t ions  t h a t  have been developed 

f o r  t he  model (6.5.1) : 

(A) exact  force-annihi la t ion-predict ion condi t ions  

(necessary and s u f f i c i e n t  f o r  t h e  occurrence of 

force a n n i h i l a t i o n ) ,  

and 

(B) simple approximate battle-outcome-prediction condi t ions  

( s u f f i c i e n t ,  bu t  not  necessary,  f o r  t he  occurrence of a 

p a r t i c u l a r  type of outcome). 

The f i r s t  type of condi t ion is  e s s e n t i a l l y  developed fram r e s u l t s  on 

t he  represen ta t ion  of s o l u t i o n s  t o  (6.5.1), -see  equat ions (6.5.6) and 

(6.5.9) above. In r e t r o s p e c t ,  t he  au thor  f e e l s  t h a t  t h e  main va lue  of 

(6.5.6) is  t h a t  it may be  used t o  develop these  force-annih i la t ion-  

pred ic t ion  condi t ions.  The second type of battle-outcome-prediction 

condi t ion may be developed from consider ing the  equat ion s a t i s f i e d  by 

the force  r a t i o .  

We w i l l  see t h a t  so-ca l led  higher  t ranscendenta l  func t ions ,  unfortu 

na t e ly ,  a r e  usual.ly involved ( i . e .  f o r  to < 0 and a ( t ) / b ( t )  + CONSTANT) 

i n  t he  "exact" force-annihi la t ion-predict ion condi t ions.  On t h e  o t h e r  

hand, no h igher  t ranscendental  funct ions a r e  u sua l ly  involved i n  t h e  

"simple approximate" battle-outcome-prediction condi t ions  f o r  a f ixed-

force-ratio-breakpoint b a t t l e ,  but many t i m e s  one is  unable t o  p red i c t  t h e  

outcome, i.e. t h e r e  is  a "gap" i n  t h i s  type of condi t ion.  
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Concerning exact force-annihilation-prediction conditions the 
- 9  

author [ 5 2 ]  (extending e a r l i e r  resulta by TAYLOR and COMSTOCK (581) has 

developed the following general r e s u l t .  

THEOREM 6 . 6 . 1  (TAYLOR [ 5 2 ) J  : The X force w i l l  be 

annihilated i n  f i n i t e  time i n  LANCHESTER-type combat 

modelled with (6 .5 .1)  i f  and only i f  

where F(Q) i s  given by 

Neither s ide  wi l l  be  annihilated i n  f i n i t e  time i f  and only 

where 



* * * * 
We always have $in 5 Qmax with Qmin < Q,,,, wi th 

* * 
< Qmax i f  and only i f  both a ( t )  + b ( t )  < ~ ( t ~ , + m ) .$in 

The determi.nis t ic  i nequa l i t y  (6.6.1) is  t h e  genera l iza t ion  of 

the  well-known constant-coeff icient  force-annihi la t ion-predict ion condit :  

given i n  Sect ion 2.2 above ( r e c a l l  Proposi t ion 2.2.1). We w i l l  c a l l  t h e  
* * 

parameters Qmax and Qmin defined by (6.6.4) and (6.6.5) i n  Theorem 

6.6.1 the pari ty-condit ion parameters, s i n c e  p a r i t y  between t h e  two force 

( i . e .  n e i t h e r  fo rce  ann ih i l a t ed  i n  f i n i t e  time) may be assoc ia ted  with t k  

[ see- (6.6.3) above]. A s  (6.6.1) shows us ,  force-annih i la t ion  predic t ior  

may be expressed i n  terms of t h e  following t h r e e  parameters: 

(PI) t he  i n i t i a l  force  r a t i o ,  uO = xO/yO, 

(P2) the  re la t ive- f i re -ef fec t iveness  parameter, A R  = ka/kb, 

* * k
and (P3) t he  part i ty-condit ion parameter, Q 

= Qmax O r  $in' 

A s  Theorem 6.6.1 t e l l s  us,  d i f f e r e n t  par i ty-condit ion parameters a r e  in-

volved i n  t h e  predic t ion  of ann ih i l a t i on  of t he  X force  and i n  t h a t  of 

t he  Y force .  These two pari ty-condit ion parameters a r e  fumctionals depel 

ing on only the a t t r i t i o n - r a t e c o e f f i c i e n t  funct ions a ( t )  and b ( t )  

see (6.6.4) and (6.6.5) above]. Depending on t h e  boundedness of the1-

t o t a l  sumda t ive  f i r e  e f f ec t iveness  of both s i d e s  (1.e. the  i n t e g r a b i l i t y  

of t he  a t t r t t i o n - r a t e  c o e f f i c i e n t s  over t h e  i n t e r v a l  [to,+-)), however, 



* * 

the  values  of these  two parameters 

* Q,n and Q~~ may not be the  same 
* * * 

[i*ev Qmin 5 $ax With $in < %ax i f  and only i f  both a ( t )  and 

b ( t )  6 L(tO,SOO)]. Thus, un less  both a ( t )  and b ( t )  E L(tO,+-), only a 
* 

s i n g l e  parameter, denoted simply a s  Q , is  a c t u a l l y  involved i n  force-  

a n n i h i l a t i o n  pred ic t ion .  

Let us now g ive  a physical  i n t e r p r e t a t i o n  f o r  t h e  pa r i t y - cond i t i o~  

parameter. TAYLOR and COMSTOCK [Sap p. 3551 have pointed ou t  t h a t  w e  may 
* 

consider  Q t o  be t he  i n i t i a l  Y f o r ce  l e v e l  t h a t  l e ads  t o  a draw8 

i n  t h e  following fight-to-the f i n i s h  ( i . e .  p a r i t y  e x i s t s  between t h e  two 

forces)  aga ins t  an X force  of "uni t  s t rength"  

where E ; and E;(t ;Q) a r e  so-called subdominant s o l u t i o n s  which 

p lay  t h e  r o l e  of decreasing exponent ia ls  f o r  the  

* * 
X and 

* 
Y force- level  

equations.  Let us  denote any Q E [Qmin9 Qmax ] as Q . It follows from 

(6.6.3) and (6.6.6) t h a t  

* * 
E,(~;Q ) and q ( t ; ~) > 0 f o r  a l l  f i n i t e  t L to . 

* 
Considering (6.6.6) and (6.6.7), we may th ink  of Q a s  "the Y-force 

equiva len t  of an X fo rce  of u n i t  s t rength ,"  s i n c e  n e i t h e r  fo rce  is  a n n i h i l  

i n  f i n i t e  time. 



Let us now consider  two examples of  LANCHESTER-type b a t t l e s  f o r  

which t h e  par i ty-condi t ion parameter may be e x p l i c i t l y  a n a l y t i c a l l y  

determined. The f i r s t  example shows t h e  p o s s i b i l i t y  of t he  ex i s t ence  of 

a f i n i t e  range of va lues  f o r  t h e  i n i t i a l  f o r ce  r a t i o  
xO/yO such t h a t  

n e i t h e r  s i d e  i s  ever  ann ih i l a t ed  i n  b a t t l e ,  while t he  second a n a l y t i c a l l y  

determines t he  par i ty-condi t ion parameter f o r  a  very important s p e c i f i c  

case  of a t t r i t i o n - r a t e  c o e f f i c i e n t s  (namely, power a t t r i t i o n - r a t e  c o e f f i c i e  

wi th  "no o f f se t "  modelling, f o r  example, combat between two opposing 

weapon-system types with t h e  same maximum e f f e c t i v e  range).  Fur ther  exampll 

and use of such r e s u l t s  i n  t a c t i c a l  a n a l y s i s  is  given i n  Sec t ion  6.9 below. 

Example 6.6.1. Consider combat modelled by (6.5.1) wi th  t he  following 

a t t r i t i o n - s a t e  c o e f f i c i e n t s  

We assume t h a t  h ( t )  > 0 f o r  all t > --, and then to = 0. It fol lows 

( s ee-Sect ions 6.4 and 6.5) t h a t  C ( t )  Cp(t) = cosh r  and SX( t )  = Sy( t ;
X 


/ 
t 

= s i n h r ,  where t ( t )  = r  h (s )ds .  Denote l i m  r ( t )  a s  M. It 
I 0  t - c a  

fol lows t h a t  

* k 
Thus, Qmin < \ax i f  and only i f  M < +- i f  and only i f  h ( t )  C L(0,tso). 9 

Theorem 6.6.1 t e l l s  us t h a t  X w i l l  be  ann ih i l a t ed  i f  and only i f  



Furthermore, n e i t h e r  X nor Y w i l l  be ann ih i l a t ed  i n  f i n i t e  t h e  f o r  

Example 6.6.2. Consider combat modelled by (6.5.1) with the  following 

power a t t r i t i o n - r a t e  c o e f f i c i e n t s  with no o f f s e t  

where C -> 0. It follows t h a t  to = -C. A s  we saw i n  Sect ion 6.2 above, 

these  c o e f f i c i e n t s  may be taken t o  model, f o r  example, the constant-speed 

a t t a c k  of a  mobile fo rce  aga ins t  t he  s t a t i c  defensive pos i t i on  of an enem 

force  i n  which each s i d e ' s  f i r e  e f f ec t iveness  v a r i e s  a s  a power of t h e  

range between t h e  two opposing forces .  These p a r t i c u l a r  c o e f f i c i e n t s  

(6.6.10) model combat between two opposing fo rces  armed with weapon s y s t e  

with the  same maxhun s f f e c t i v e  range, i . e .  s e t  D = 0 i n  (6.2.9). The 

assumption t h a t  both a ( t )  and b ( t )  C L(tO,T) f o r  m y  f i n i t e  T 2 to 

y i e l d s  t h a t  we must have sl and u > -1, and consequently both a ( t )  



* * * 

and b ( t )  f L(tO.+=)  s o  that  $in a $ax = Q . Considering ( 6 . 5 . 7 )  , 

( 6 . 5 . 8 ) ,  ( 6 . 5 . l r ) ) ,  and ( 6 . 5 . U ) ,  one may show that  ( see  [53,  p .  521)-

where A = , I ( T  denotes the  modified BESSEL function of the  f :  
P 


kind of order p ( e . g .  see LEBEDEV [27, p .  1081, OLVER [ 3 4 ,  p .  6 0 1 ,  or-
qWATSON [60, p. 7 7 ] ) ,  p = ( ~ + l ) / ( ~ + v + 2 ) ,  = 1 - p,  and 

Hence, 



We observe t h a t  p and v > -1 i m p l i e s  t h a t  0 < p, q < 1 and a l s o  

t h a t  T + + - a s  t + + -. Using t h e  so -ca l l ed  asymptot ic  r e p r e s e n t a t i o i  

f o r  modified BESSEL f u n c t i o n s  of t h e  f i r s t  k ind (e.g.  s e e  OLVER- [ 3 4 ,  p .  21 

one may show t h a t  on t h e  r e a l  l i n e  l i m  
E++ 

I /a I - 1 f o r  a l l  r e a l  

v a l u e s  of a and f3 . It fol lows from (6.6.16) t h a t  

and hence [from (6.6.11) through (6.6.14) above] 

where To denotes  T(0). A t  t h e  expense of some mathematical  o b s c u r i t y ,  

t h e  express ion  (6.6.18) may be w r i t t e n  i n  t h e  somewhat s imple r  form 

where A,(€) denotes  t h e  genera l i zed  AIRY f u n c t i o n  of t h e  f i r s t  kind of 

(non in tegra l )  o rder  a ( see  SWANSON and-
a - - I + , 0 - b - v ) l ( v + l ) ,  EX - [ A  ,I (p+l)  ] 2p~p+1,  and 

2q C ~ + l  Theorem 6.6.1 then t e l l s  us  t h a t  t h e  X f o r c eE, I[ ~ ~ / ( v + l ) l  . 
w i l l  be a n n i h i l a t e d  in f i n i t e  time i f  and on ly  i f  



-which for to = 0 simplifies to 

Concerning simple approximate battle-outcome-prediction conditions, 


the author [45] (see 
-also TAYLOR and PARRY [59]) has shown that under the 

appropriate conditions xO/yO 4 implies that the X force will. lose 


a fixed-farce-ratio-breakpoint battle in finite time. Here a0 denotes 

a(0) and eimilarly for bo. A fight-to-the-finish is, of course, just 


a special case of such a battle. More preciseiy, we have 

THEOREM 6.6.2 (TAYLOR [45;): Assume that b ( t )  f L(O,+oo) 

and that R(t) = a(t)/b(t) is nondecreasing. Then for 

LANCHESTER-type combat modelled with (6.5.1), 


implies that the X force will Lose a fixed-force-ratio- 


breakpoint battle in finite time. 


--PROOF. Introducing the force ratic u = xly, we find that it satisfies 

the Riccaci equation (see
-Appendix A.3) 

= b( t )u2  - a(t) with u(0) - uo - xO/yO .dt 




Let u+( t )  = = J a ( t ) / h ( t )  denote  t h e  p o s i t i v e  r o o t  of t h e  q u a d r a t i c  

equa t ion  b ( t ) u 2  - a(r)  - 0,  and observe t h a t  du/dt  < 0 f o r  any p o s i t i v e  

u < u+(t3 (seeFigure  2.7).  The assumption t h a t  R ( e )  i s  nandecreas ing 

t h e n ' y i e l d s  t h a t  u+( t )  is nondecreasing.  It is  r e a d i l y  shown t h a t  

du/dt(O) < 0 and u+( t )  no~ldecreas ing  imply t h a t  d u / d t ( t )  < 0 f o r  a l l  

(e.8. 2~ Sec t ion  2.2 above o r  TAYLOR and PARRY [59,  pp. 526-5271).t LO 
Consequently, when (6.6.22) ho lds  and R( t )  is nondecreasing,  it  fo l lows  

t h a t  d u / d t ( t )  < 0 f o r  a l l  t -) 0. It then remains t o  be shown t h a t  X ' s  

breakpoint  f o r c e  r a t i o  i s  reached i n  f i n i t e  time.1° Observing t h a t  

a. < + - and bo > 0, w e  f i n d  t h a t  under t h e  s t a t e d  c o n d i t i o n s  

Thus, 

whence b ( t )  I L ( 0 . C )  impl ies  t h a t  u ( t )  goes t o  u i p  i n  f i n i t e  time. 

The above proof of Theorem 6.6.2 is p a r t i c u l a r l y  important ,  s i n c e  i t  may 

be extended t o  more g e n e r a l  models, e .g .  (6.13.1) ( see  Theorem 6.13.3 below)-
Moreover, t h e  r o l e  of t h e  assumption t h a t  b ( t )  fi L ( 0 , t - )  i n  guaran tee ing  

t h a t  t h e  b a t t l e  is d r i v e n  t o  t e rmina t ion  i s  c l e a r l y  shown i n  t h e  above 

11proof .  

By cons ider ing  LIOUVILLE's so -ca l l ed  normal form ( s e e  INCE [ 2 3 ,-
p.  2711; f c r  t h e  Y fo rce - leve l  equa t ion ,  t h e  au thor  [ 4 5 ,  p. 1971 has  

a l a o  developed t h e  fo l lowing  complementary r e s u l t  



-- 

THEOKEM 6.6 .3  (TAYLOR [ 4 5 ] ) :  Assume thaL 

T 

0 < R(0) < +- and t h a t  l i m  / J a ( t )  b ( t )  d t  + m. 

T-c* to 

where Q ' ( T )  denotes  dQ1d.r. I f  G(T) -< 0 f o r  a l l  

T -> 0 ,  then 

"0 > ( 1  + E,,3 


i m p l i e s  t h a t  t h e  Y f o r c e  w i l l  be  a n n i h i l a t e d  i n  f i n i t e  t ime. 

Here E 0 deno tes  (11-) [ d l d t  kn{a( t ) /b  ( t) l , ' l4 ] . Furthermore,  

i f  dR/dt -> 0 f o r  a l l  t -> 0 ,  t h e n  Y w i l l  l a s e  a f ixed-force-

ra t io -breakpoin t  b a t t l e  i n  f i n i t e  time. 

The d e t e r m i n i s t i c  i n e q u a l i t i e s  (6.6.22) and (6.6.26) show us t h e  comple- 

mentary n a t u r e  of Theorems 6.6.2 and 6.6.3: i f  t h e  i n i t i a l  f o r c e  r a t i o  

Uo ' xolyo is  below a c e r t a i n  c r i t i c a l  v a l u e ,  Theorem 6.6.2 p r e d i c t s  

t h a t  Y w i l l  win a f ixed-force-ra t io-breakpoint  b a t t l e ;  whi le  i f  uo 

exceeds a second c r i t i c a l  v a l u e ,  Theorem 6.6.3 p r e d i c t s  t h e  X w i l l  win. 

Example 6.6.3. Again w e  c o n s i d e r  combat modelled by (6.5.1) wi th  t h e  

power a t t r i t i o n - r a t e  c o e f f i c i e n t s  wi th  no o f f s e t  (6.6.10) and C > 0.  

Without l o s s  of g e n e r a l i t y ,  we may assume t h a t  p 2 v and t h e n  



dR/dt -> 0 ( i . e .  R ( t )  i s  nondecrees ing) .  Theorem 6 , 6 . 2  then y i e l d s  t h a t  

Y w i l l  win a f ixed-force-ra t io-breakpoint  b a t t l e  i n  f i n i t e  time i f  

I n  p r e p a r a t i o n  f o r  invoking Theorem 6.6.3;we compute 

and 

We observe t h a t  G ( r )  -< 0 f o r  a l l  r ( t )  > r (0) and a l s o  E~ 2 0 i f-
and only  i f  p 2 v .  Hence, Theorem 6.6 .3  y i e l d s  t h a t  X w i l l  win a 

f ixed-force-ra t io-breakpoint  b a t t l e  i n  f i n i t e  time i f  

The complementary n a t u r e  of Theorems 6.6.2 and 6 .6 .3  i3 c l e a r l y  shown by 

t h e  v ic to ry-pred ic t ion  c o n d i t i o n s  (6.6.27) and (6.6.30). However, t h e s e  

d e t e r m i n i s t i c  i n e q u a l i t i e e  a l s o  show us  t h a t  t h e s e  simple approximate v i c t o ~  

p r e d i c t i o n  c o n d i t i o n s  f a i l  t o  p r e d i c t  t h e  outcome of b a t t l e  when 



Further  r e s u l t s  and examples a r e  given i n  TAYLOR [39] .  

Let us now e l abo ra t e  f u r t h e r  upon the  genera l  na tu re  of t he  v ic tory-  

p red i c t i on  condi t ions given i n  Theorems 6.6.2 and 6.6.3. Our examination 

w i l l  a l s o  y1el.d t h a t  t he re  i s  a "gap" i n  these  v ic tory-pred ic t ion  condi t ions :  

f o r  a c e r t a i n  given range of va lues  f o r  t he  i n i t i a l  fo rce  r a t i o ,  we cannot 

fo recas t  t h e  outcome of b a t t l e .  To s e e  t he  complementary na tu re  of these  

condi t ions ,  we observe t ha t  under t h e  appropr ia te  condi t ions ,  Theorem 6.6.2 

y i e l d s  ( f o r  d ~ / d t-> 0 always) 

r w i l l  win i f  
X 

2 < d$ , 
"0 

while  Theorem 6.6.3 y i e l d s  ( f o r  G(T)-< 0 always and c0 2 0) 

Moreover, f o r  many a t t r i t i o n - r a t e  c o e f f i c i e n t s  of t a c t i c a l  i n t e r e s t  (e.g. 

t he  power a t t r i t i o n - r a t e  c o e f f i c i e n t s  with no o f f s e t ) ,  we have t h a t  

dR/dt -> 0 i f  and only i f  G(r)  -< 0 i f  and only  i f  tzO -> 0, al though 

these  if-and-only-if s ta tements  do no t  genera l ly  hold. In such ca se s ,  

though, we observe t h a t  f o r  

we cannot p red i c t  by t h i s  approach who w i l l  be the  l o s e r  of a fixed-force-

rat io-breakpoint  b a t t l e .  Thus, t h e r e  is  a "gap" i n  these  simple approximate 

bat t le-outcome-predict ion condi t ions ( see-Figure 6 -12 ) . 





The s i g n i f i c a n t  t h i n g  t o  no te  about  t h e  simple approximate 

v i c t o r y - p r e d i c t i o n  c o n d i t i o n s  (6.6.32) and (6.6.33) is t h a t  o l though t h e y  

a r e  r a t h e r  s t r o n g  s u f f i c i e n t  c o n d i t i o n s ,  they a r e  ve ry  s imple:  they  

invo lve  on ly  s imple  f u n c t i o n s  of t h e  i n i t i a l  c o n d i t i o n s  and i n i t i a l  v a l u e s  

of t h e  a t t r i t i o n - r a t e  c o e f f i c i e n t s  p l u s  assumptions about t h e  behav ior  

over  time of t h e  a t t r i t i o n - r a t e  c o e f f i c i e n t s .  No "spec ia l "  mathematical  

f u n c t i o n s  a r e  involved,  a l though t h i s  i s  no t  t r u e  f o r  t h e  e x a c t  fo rce -  

a n n i h i l a t i o n - p r e d i c t i o n  c o n d i t i o n s  g iven  in Theorem 6.6 .1  excep t  f o r  t h e  

s p e c i a l  c a s e  i n  which a ( t ) / b ( t )  f CONSTANT. However, as shown by both  

(6.6.34) and F igure  6.12, t h e r e  is  a "gap" in t h e s e  s imple  approximate 

v i c t o r y - p r e d i c t i o n  c o n d i t i o n s .  The p r i c e  of removing t h i s  "gap" i s  t h e  

i n t r o d u c t i o n  o f  h i g h e r  t r andscendan ta l  f u n c t i o n s  (see,f o r  example, 

TAYLOR and COMSTOCK [ 5 8 ,  p. 3501). Furthermore,  "exact" results wi th  

no such gap in v i c t o r y  p r e d i c t i o n  a r e  a p p a r e n t l y  o n l y  p o s s i b l e  f o r  a 

f igh t - to - the - f in i sh  i n  which one s i d e  o r  t h e  o t h e r  i s  t o  be a n n i h i l a t e d  

(seea l s o  Sec t ions  3.5 and 3.6 above).  



6 . 7 .  Parametric Dependence of the Parity-Condition Parameter. -
We have seen in Section 2.2 that for a LANCHESTER-type F I  F 


attrition process with constant attrition-rate coefficients, Y will win 


a fight-to-the-finish in finite time if and only if 


Thus, when there are no temporal variations in fire effectiveness, anni- 


hilation of a force depends on only two relative factors, namely: (I) the 


initial force ratio uo - xO/yO, and (11) the relative fire effectiveness 

R = a/b. Theorem 6.6.1 generalizes (6.7.1) to homogeneous-force combat 

modelled by (6.5.1) with the temporal variations in fire effectiveness. 


It tells w that, for example, the annihilation of the X force depends 


on the following three factors 


(F1) the initial force ratio, uo = xO/yO, 

(F2) the relative-fire-effectiveness parameter, A k  = k,/kb, 

* 
and (~3) the parity-condition parameter, Q 


when there are temporal variations in fire effectiveness. The first two 


factors, (Fl) and (F2), are clearly relative ones, and explicitly depend 


on certain given parameters in our combat model. 

* 

How does the parity-condition parameter Q depend on the Input 


parameters to our simple combat model (6.5.1)? This is an important 




ques t ion  f o r  t h e  m i l i t a r y  OR worker t o  answer, s i n c e  i ts  answer w i l l  

h e l p  hFm t o  b e t t e r  understand how f o r c e - l e v e l  and weapon-system-performance 

f a c t o r s  i n t e r a c t  t o  determine t h e  outcome of b a t t l e .  I n  o u r  examination 

h e r e  w e  w i l l  show t h a t  f o r  time-dependent a t t r i t i o n - r a t e  c o e f f i c i e n t s  

t h e  outcome of b a t t l e  no longer  depends on j u s t  r e l a t i v e  f a c t o r s  bu t  t h a t  

t h e  i n t e n s i t y  of combat g e n e r a l l y  a l s o  i n f l u e n c e s  :he b a t t l e ' s  outcome. 

S p e c i f i c a l l y ,  w e  w i l l  de termine on which i n p u t  parameters  of tho model 

(6.5.1) t h e  pa r i ty -condi t ion  parameter depends f o r  t h e  s p e c i a l  c a s e  of 

un l imi ted  f i repower  f o r  one o r  b o t h  s i d e s ,  i.e. e i t h e r  a ( t )  $ L(O,.Cm) 

* * 
=o r  b ( t )  i L(O,+m). I n  t h i s  c a s e  sin(2max, and we w i l l  denote  t h i s  

* 
common v a l u e  simply a s  Q . Theorem 6 . 6 . 1  t h e n  t a k e s  t h e  fo l lowing  

form. 

THEOREM 6.7.1: Assume t h a t  e i t h e r  a ( t )  f L(O,+UO) o r  

b ( t )  f L(O,+oo). Then t h e  X f o r c e  w i l l  be a n n i h i l a t e d  

i n  f i n i t e  t ime i f  and on ly  i f  

where t h e  pa r i ty -condi t ion  parameter Q" is unique 

and g iven  by 

We a l s o  have t h a t  



Also, ne i the r  s i d e  w i l l  be ann ih i l a t ed  i n  f i n i t e  time i f  and 

only i f  t he  i nequa l i t y  s ign i n  (6.7.2) is replaced by an 

equa l i t y  s ign.  

We w i l l  henceforth i n  t h i s  s ec t ion  assume t h a t  e i t h e r  

a ( t )  t L(O,+.°) and/or t h a t  b ( t )  4 L(O,+oo). For determining the  
* 

parametric dependence of t h e  pari ty-condit ion parameter Q , i t  is con-

venient  t o  introduce a new independent va r i ab l e  s defined by 

where the  parameter K i s  t o  be chosen t o  s impl i fy  t h  e form 

given by (6.7.7) below. We denote s (0) a s  so, and than '0 -> 0 

i f  and only i f  to -< 0. The sube t i t u t ion  (6.7.5) transforms the  X force-

l e v e l  equation (6.5.7) i n t o  the  normal form (e. g. -see  KAMKE [ 2 4 ] ) .  

where the so-called inva r i an t  J ( s )  of the normal form i s  given by 



a r ~ d  t = t ( s )  v i a  (6 .7 .5) .  We a l s o  d e f i n e  t h e  normal-form hyperbol ic- l i l  

GLF c ( s )  and s X ( s ) ,  which s a t i s f y  (6.7.6) wi th  t h e  i n i t i a l  c o n d i t i o n s  X 


where ( f o r  example) c i ( s )  denotes '  dcx/ds. It fo l lows  t h a t  

where t - t ( s )  by t h e  i n v e r s i o n  of (6 .7 .5 ) .  The corresponding Y funct 

( s e e  TAYLOR [51] f o r  f u r t h e r  d e t a i l s )  are analogously  de f ined  t o  s a t i s f y  -

* 
It t h e n  t u r n s  o u t  t h a t  t h e  p a r i t y - c o n d i t i o n  parameter Q may 

only  depend on t h e  combat- in tensi ty  parameter as t h e  fo l lowing  theore  I 


shows. 

THEORPI 6.7.2 (TAYLOR [51]): The par i ty -condi t ion  parameter 

Q* does n o t  depend on t h e  r e l a t i v e - f i r e - e f  f e c t i v e n e s s  parameter 

but  may depend on t h e  combat-intensity parameter h' It
X~ 

is  independent of X I  i f  and on ly  i f  t h e  r a t i o  o f  a t t r i t i o n -  

rate c o e f f i c i e n t s  is c o n s t a n t ,  i .e. a ( t ) / b ( t )  = CONSTANT. 

The above theorem may b e  proved by c o n s i d e r i n g  t h e  d i f f e r e n t i a l  equa t ion  

s a t i s f i e d  by t h e  q u o t i e n t  sX/cX (see-TAYLOR [Sl] f o r  f u r t h e r  d e t a i l s ) .  

It i s  a l s o  worth n o t i n g  t h a t  t h e  fo rce -ann ih i l a t ion-pred ic t ion  c o n d i t i o n  

(6.7.2) may be w r i t t e n  in t e r n  of t h e  normal-form hyperbo l ic - l ike  GLF 

a s  



* ' 

where the  modified pari ty-condit ion parameter Z i s  given by 

We a l s o  have t h a t  

* 
By choosing K i n  (6.7.5) i n  the  r i g h t  way, we can sometimes f a c t o r  Q in1 

two terms, one of which ( i . e .  K) depends on X I  and one ( i .e .  z*) t h a t  

does not .  Theorem 6.7.3 shows us when t h i s  f a c t o r i z a t i o n  is  probable. 

THEOREM 6.7.3 (TAYLOR [51]): The modified pari ty-condit ion parameter 

Z* of (6.7.10) is  independent of the  combat-intensity parameter A I  

i f  and only i f  the  invar ian t  J ( s )  of the  normal form i s  of the  

form J ( s )  - sa. In t h i s  case,  t he  parameter K depends on the  

combat-intensity parameter X I  and is f r e e  from XI i f  and only 

if a ( t ) / b ( t )  is constant .  

TAYLOR [51] has a l s o  ehown t h a t  when the  invar ian t  J(s) = s 
a , 



-- 

with p = 1 / ( 2  + a ) .  I n  t h i s  case  

where q 1-p, S(s) = 2ps '2p) , and F and Hv denote  LANCHESTER- 
V 


CLIFFORD-SCHL&?LI f u n c t i o n s  o f  o r d e r  v ( s e e-Sec t ion  6 .9  below). TAYLOR 

withh a s  a l s o  shown t h a t  when h ( t )  = c ~ { ~ ( ~ ) I ~C1 an  a r b i t r a r y  c o n s t a n t  

* 
[ r e c a l l  (6 .5 .2)] ,  t h e n  t h e  modif ied par i ty -condi t ion  parameter Z can be 

chosen t o  be independent of t h e  combat- in tensi ty  parameter A, i f  and 
A 


'atonly  i f  e i t h e r  g ( t )  = (t-to)' o r  g ( t )  = e . T h i s  l a t t e r  r e s u l t  

a l s o  i m p l i e s  t h a t  t h e  same mathematical  f u n c t i o n s  may be used tc ana lyze  

"aimed-fire" combat ruodelled by (6.2.4) wi th  both  t h e  power a t t r i t i o n - r a t e  

c o e f f i c i e n t s  wi th  "no o f f s e t "  (6.6.10) [ i . e .  set D = 0 i n  ( 0 . 2 . 9 ) ]  and a l s o  

t h e  e x p o n e n t i a l  a t t r i t i o n - r a t e  c o e f f i c i e n t s  (6.2.12). 
* 

Theorems 6.7.2 and 6.7.3 show how t h e  pa r i ty -condi t ion  parameter Q 

depends on t h e  combat- in tensi ty  parameter X I  and t h e  r e l a t i v e - f i r e - e f f e c t i ~  

ness  parameter . I n  c o n t r a s t  t o  t h e  c l a s s i c  c o n s t a n t - c o e f f i c i e n t  r e s u l t s !
R * 

we s e w  t h a t  b a t t l e  outcome ( i . e .  f o r c e  a n n i h i l a t i o n  through Q ) depends 

on X I  u n l e s s  t h e  r a t i o  of a t t r i t i o n - r a t e  c o e f f i c i e n t s  i s  c o n s t a n t ,  i . e . ,  

a ( t ) / b ( t )  - cons tan t .  It is doubt fu l  t h a t  one would ever have l e a r n e d  about 

8uch dependence merely by numerical ly  determining t h e  p a r i t y - c o n d i t i o n  

parameter (eee  t h e  next  s e c t i o n ) .  Thus, uur  t h e o r e t i c a l  i n v e s t i g a t i o n  h e r e  -
has  y i e l d e d  some important  i n s i g h t s  i n t o  t h e  dynamics o f  combat t h a t  would 

be a t h e r w i s e  d i f f i c u l t  t o  perceive .  



6.8. Numerically Determining t h e  Parity-Condition Parameter 

The r e s u l t  (6.7.3) suggests  a numerical procedure f o r  approximately 
* 

determining t h e  par i ty-condi t ion parameter Q i n  those cases  f o r  which 

e x p l i c i t  a n a l y t i c a l  r e s u l t s  a r e  not a v a i l a b l e : we may approximate t h e  
I A ' ., I * 
Q - wherepari ty-condi t ion parameter 0 by l / { ~ ~ ( t ) / ~ ~ ( t ) } ,  r is 

* 
a "su i tab ly  la rge"  value of t. In o ther  words, w e  may e s t ima te  Q 

simply by picking a l a r g e  value f o r  t (we denote t h i s  s e l e c t e d  l a r g e  
* 8.n 

value by t ) ,  computing SX( t )  and CX(t ) ,  and then forming t h e i r  r a t i o .  

* 
Our es t imate  of Q is then given by Q = ~ / { S ~ ( ~ ) / C ~ ( C ) ) .-The only 

problem i s  t h a t  we do not  know r i g h t  now how l a r g e  t o  take  t f o r  

* * - -
" sa t i s f ac to ry"  es t imat ion  of Q : t he re  i s  an es t ima t ion  e r r o r  Q - Q ( t ) ,  

n 

which depends monotonically on t ,  and a p r i o r i  w e  do no t  know how l a rge  

t h i s  e r r o r  is .  In  t h i s  s ec t i on  we give a bound on the  magnitude of t h i s  

e r r o r ,  and t h i s  e r r o r  e s t ima te  a l lows the  goodness of approximation t o  be 

e a s i l y  evaluated in many cases  of i n t e r e s t .  

In  a c t u a l  p r ac t i ce  w e  have found i t  more convenient t o  numerically 

* 
determine t h e  modified par i ty-condi t ion parameter Z def ined by (6.7.12). 

Our idea  is  t o  use knowledge about the modified par i ty-condi t ion parameter 

* 
Z corresponding t o  one p a i r  of a t t r i t i o n - r a t e  c o e f f i c i e n t s ,  denoted as 

* 
a ( t )  and b ( t ) ,  t o  n m e r i c a l l y  determine Z for a r e l a t e d  p a i r ,  a ( t ,

1 

and b ( t ) ,  With t h i s  i n  mind, l e t  u s  denote cX(s) corresponding t o  

a ( t )  and b ( t )  a s  cX(s ; a ,b ) ,  and s i m i l a r l y  f o r  ex and ox  = sXIcX.  

In o ther  words, we w i l l  now write 



X 

I n  t h i s  n o t a t i o n ,  we may w r i t e  (6.7.12) a s  

* 
where Z [ a , b j  deno tes  t h a t  t h e  modified par i ty -condi t ion  parameter i s  a 

f u n c t i o n a l  ( i . e .  a f u n c t i o n  f o r  which t h e  independent v - i r i ab les  themselves 

a r e  f u n c t i o n s ) ,  depending on on ly  t h e  a t t r i t i o n - r a t e  c o e f f i c i e n t s  o ( t )  

and b ( t ) .  
* 

The r e l a t i o n  (6.8.2) s u g g e s t s  t h a t  we shou ld  e s t i m a t e  Z  [ a , b ]  wi th  

Z d e f i n e d  by 

A 

where s denotes  a s u i t a b l y  chosen va lue  f o r  s. It may be shown t h a t  

n ( s ; a ,b )  i n  a  s t r i c t l y  i n c r e a s i n g  f u n c t i o n  o f  s s o  t h a t  t h e  l a r g e r  we 
A 

t a k e  s i n  (6.8.3),  t h e  b a t t e r  our approximation becomes. How l a r g e  should 
A * 

w e  t a k e  s f o r  " s a t i s f a c t o r y "  e s t i m a t i o n  o f  Z ? What is  t h e  e r r o r  made 
A A * 

by t a k i n g  Z(s ;a ,b )  as an e s t u n a t e  of Z [ a ,b ]?  The answer t o  t h i s  l a t t e r  

* 
ques t ion  invo lves  comparison wi th  known results f o r  2 and h e l p s  u s  t o  

A 

determine how l a r g e  t o  t a k e  s. Theorem 6.8.1 (an e r r o r  e s t i m a t e  f o r  our 

approximation) te l ls  us  e x a c t l y  how l a r g e  t o  t a k e  s. 

THEOREM 6.8.1 (TAYLOR and BROWN [51]): Assume t h a t  b l ( t )  < b ( t )  
A 

f o r  a l l  f i n i t e  t < t Let f ( s )  denote  t h e  f r a c t i o n 3 1  e r r o r  
0' 

A * e 
made i n  t h e  e s t i m a t i o n  of 2 [ a , b ]  by Z ( s ; a , b ) ,  i . e .  



Then 

* 
Thus, we  have presented a  method f o r  numer ica l ly  determining Z [ a , b ] :  

w e  simply p ick  a l a r g e  v a l u e  f o r  s (and denote  t h e  s e l e c t e d  va lue  8s i ), 
-

compute oX(a) and cX(s), and then  c o q u t e  t h e  c a t l a a t e  Z(s ;e ,b)  accord-

ing t o  (6.8.3).  Theorem 6.8.1 a l l o w s  u s  t o  know t h e  accuracy of our approxi-

mation,  which can be Improved by taking s l a r g e r .  Accordinglv,  we can 

* 
numerical ly  determine Z [ a , b ]  t o  any s p e c i f i e d  degree  of accuracy ance 

* 
Z [a ,b l ]  is hewn. Moreover, exac t  a n a l y t i c a l  r e s u l t s  f o r  t h e  modified 

* 
par i ty -condi t ion  parameter Z have been o b t a i n e d  f o r  on ly  t h e  two c a s e s  of 

a t t r i t i o n - r a t e  c o e f f i c i e n t s  considered i n  S e c t i o n  6.5 above: namely, (1) a 

cons tan t  r a t f o  of a t t r i t i o n - r a t e  c o e f f i c i e n t s ,  and (11) power a t t r i t i o n - r a t e  

c o e f f i c i e n t s  wi th  "no o f f q e t . "  We w i l l  now show how t o  u s e  the  l a t t e r  known 

r e s u l t s  t o  numerical ly  determine (by comparison wi th  t h e  known r e s u l t s  v i a  

Theorem 6.8.1) t h e  p a r i t y  c o n d i t i o n  parameter i n  a very Important r e l a t e d  

case .  

We w i l l  now apply t h e  above theory t o  t h e  a n a l y s i s  of b a t t l e s  modelled 

by LANCHESTER-type equa t ions  of modern war fa re  (6.5.1) wi th  pover a t t r i t i o n -

r a t e  c o e f f i c i e n t s  v i t h  " p o s i t i v e  o f f s e t  ," 1.e. 

a ( t )  a k a ( t  + c)" and b ( t )  = k b ( t  + C + mV . 



- - with C > O and D > 0 [ c f .  ( 6 . 2 . 9 ) ) .  It. order  t h a t  a ( t )  C L ( ~ ~ , T ).for 

any f i n i t e  T -> to we must have p > -1, and hence a ( t )  f L(0.W) so  

t h a t  Theorem (6.7.1) holds. I f  w e  choose K = [l1/(u + 1) ]
2p-1 , then it 

follows from (6.7.5) t h a t  t he  modified time va r i ab l e  s i s  given by 

and the  invar ian t  J ( s )  o f  the  normal form (6.7.6) s i m p l i f i e s  t o  

i nva r i an t  corresponding 

t o  the  a t t r i t i o n - r a c e  coe f f i c i en t s  a ( t )  and b ( t )  a s  J ( s ; ~ , ~, v )  , s i n c e  

we  may take y ,  p ,  and v as a bas i s  f o r  genera t ing  the  four  parameters a, 

8 ,  y ,  and u t h a t  e x p l i c i t l y  appear i n  t h e  right-hand side of (6.8.8).  

Furthermore, w e  w i l l  denote the  normal-form hyperbolic-llka GLF t h a t  correspond 

W e  can now use the  known r e s u l t s  f o r  the  power a t t r i t i o n - r a c e  

* * 
c  ) e f f i c i c n t s  v i t h  "no o f f s e t "  (6.6.10) t o  assure  t h a t  2 [ a , b ]  = Z (y,u,v) 

is numerically determined eo within any spec i f ied  degree of eccuracy. Let 

Ta = Fa/Hl= den0 t e  the quot i c n t  of two LAN~TER-(ZIFFOPD-SCHGPLI(LCS) 


funceionr (see- the next sec t ion ) .  Then t h e  followtag theorem t e l l s  us 

* 
t x ~ c t l yhow l a rge  t o  take f o r  the  est imation of Z (Y > O , P  ,v)  by 

Z (s;y , p  , v )  t o  any des i red  degree of accuracy. 
.. 
C 



T H E O W  6.8.2 (TAYLOR and BROWN [51]): For a battle modified 


by LANWSTER-type equations of modern warfare (6.5.1) with 


power attrition-rate coefficients with "positive offset" (6.8.6). 

* ..* 

if we estimate Z (y,p,v) with Z(s;y ,u,v) defined by 

then bounds on the fractional error made in this approximation 


are given by 


where q = 1-p, S(s) - 2ps1'(2p' * an,i qx(s ;y ,p ,v )  denotes the 

quotient of two normal-form hyperbolic like GLF for the attrition-


rate coefficients (6.8.61, I.@. rlX(s;y .e ,v)  = sX(s;y ,u,u)/cX(s;~ ,u,v). .. .. .. 
ALSO, S denotes S(s), and f E(s) denotes the fractional arror 

defined by (6.8.4). 


In order to riumerically determine the modified parity-condition 


parameter for the offset power attrition-rate coefficients (6.8.6). we muat 


* 
use knovlodge about how quickly the liaiting value (I.@. Z [a.bl]) of a 

hyperbolic-tangent-like! function of a related pair of coefficients [denoted 


as a(t) and bl (t) 1 ,  power attrition-rate coefficients with "no offset" 

(6.6.10). is reached as its argument increases dthout bound. In Figure 


* - * 
6.13 we see that this limiting value, denoted as Z (u.v) Z [a.bl], 






A 

i s  quite quickly reached, and consequently ( r e c d l  Theorem 6 . 8 . 2 )  Z ( s ; y , p , v )
* A

hag e s sent ia l l y  converged t o  Z (y ,p ,v)  when s = 10.0 ( see  TAYLOR and BROWN-
[ 5 1 ]  for  further d e t a i l s ) .  Results generated by t h i s  numerical procedure 

for  the power at tr i t ion-rate  coe f f i c i en t s  with "pos i t ive  o f f s e t "  ( 6 . 8 . 6 )  

with p = 1 and v = 2 are shown in Figure 6.14. 
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Mobifiod O f f u t  Poromrtor, y 

Figure 5.14. Dependence of the modified paxity-condition parameter Z* on the modified 


offset parameter y for the offset power attrition-rate coefficients. TZle 

modified offset parameter is given by y = D[lI/(p+l)] 
(P+v+~), where D 

is the offset parameter in (6.8.6). 




6.9. a l l c o t i o n  t o  General  Power A t t r i t i o n - R a t e  C o e f f i c i e n t s  

I n  t h i s  s e c t i o n  we  w i l l  g ive  a n a l y t i c a l  r e s u l t s  f o r  combat modellec 

by v a r i a b l e - c o e f f i c i e n t  LANCHESTER-type e q u a t i o n s  f o r  modern war fa re  ( 6 . 2 . 1  

with t h e  g e n e r a l  power a t t r i t i o n - r a t e  c o e f f i c i e n t s  (6 .2 .9) ,  which w e  r ewr i t  

h e r e  a s  

a ( t )  = k a ( t  + c)', and b ( t )  = k , ( t  + C + D)'. 

Phys ica l  mot iva t ion  f o r  t h e  use  of t h e s e  c o e f f i c i e n t s  a s  w e l l  a s  t h e  

r e l a t i o n  between t h e i r  parameters C ,  and D and t h o s e  o f  t h e  rang
ka' kb' 

dependent a t t r i t i o n - r a t e  c o e f f i c i e n t s  a ( r )  and B ( r )  i n  BONDER'S constan 

speed-at tack model) may be found i n  Sec t ion  6.2 above. Thus, t h e  parameter 

ka, kb, C ,  and D may u l t i m a t e l y  be r e l a t e d  t o  t h e  performance and operat i t  
I * 

c h a r a c t e r i s t i c s  of t h e  two opposing weapon-system types .  

Within t h e  con tex t  of BONDER'S constant-speed a t t a c k  considered i n  

Sec t ion  6 .2 ,  both C and D -> 0 i f  and on ly  if re > r -> rO, t h e  maximum 

e f f e c t i v e  range of X ' s  weapon-system type is g r e a t e r  than  t h a t  of Y whid  

i s  i n  c u m  g r e a t e r  than t h e  opening range of b a t t l e  Also,  on p h y s i c a lro. 

grounds we shou ld  have and v -> 0, i .e .  t h e  weapon-system k i l l  r a t e s  

i n c r e a s e  wi th  d e c r e a s i n g  f o r c e  s e p a r a t i o n .  The on ly  r e s t r i c t i o n s  ( b e s i d e s  

t h e  genera l  ones d i scussed  i n  Sec t ion  6 5 )  t h a t  w e  p l a c e  on t h e s e  parameters 

however, i s  t h a t  both  C and D -> 0, s i n c e  i t  makes more phys ica l  sense  t o  

cons ider  a s l i g h t l y  d i f f e r e n t  form f o r  t h e  c o e f f i c i e n t s  i n  o t h e r  cases .  

Formally a l l  o u r  mathematical  r e s u l t s  hold  i n  t h e s e  o t h e r  cases, though. 

A n a l y t i c a l  results have been developed f o r  t h e  fo l lowing  two s p e c i a l  

c a s e s  of g e n e r a l  power a t t r i t i o n - r a t e  c o e f f i c i e n t s  (6.9.1):  



(Cl) power attrition-rate coefficients with no offset, 1.e. 


D = 0 in (6.9.1), 

and 


(C2) power attrition-rate coefficients with positive offset and 


a nonnegative integral exponent for X's kill rate, i.e. 


B > 0 and v = n (a nonnegative integer) in (6.9.1). 

Although general analytical results have not been obtained far the attritioc 


rate coefficientsr(6.9.1), the above two special cases may be used for many 

such battles of tactical interest. Within the context of BONDER'S constant-


speed attack, power attrition-rate coefficients with "no offset" allow one 


to model combat between two weapon-system types with same mintmum effective 


rauge but different range dependencies for each system's fire effectiveness, 


whlle power attrition-rate coefficients with "positive offset and integral 


exponent" allow one to model such combat between two weapon-system types 


with different max.imum effective ranges for a mildly restrictive case of 

range dependencies for X's weapon-system type. 


Let us fitat consider the case (Cl) of power attrition-rate 


coefficients with no offset, 1.e. 

and b(t)=\(t+c)', 


with C 2 0 .  In order that both a(t) and b(t) € L(t ,T) for any finite 
0 


T 2 to, we must have both I.I a t d  v > -1, a d  then both a(t) and 

b ( t )  L L ( 0 . w ) .  As we saw in Section 6.5, the X and Y force levels 

x(t) and y(t) may be expressed in t e r n  of hyperbolic-like GLF, which 


for the above coefficients (6.9.2) are given by (TAYLOR and BROWN (53;  5 4 1 )  



Here Fa ( E  ) and Ha ( 5 )  denote WCHESTER-CLIFFORD-SCH~~I  (LCS) function: 

of order a and may be represented for a + 0, 1 - 2 , .  as the i n f i n i t e  

s e r i e s  
m 

F ~ ( O= r ( a )  1 t ~ / 2 > ~ ~g 

k-0 Ek! I ' (k+a) l  

and 

In other words, the X force l e v e l  x ( r )  is given by13 

where r denotes ~(0). We f i n a l l y  observe that for  both u and
0 


v > -1 i t  follows that both p and q f (0,l). 

The LCS functions Fa and ill+ form a fundamental eyatem of 

eolutions t o  



1-2a

with  Wronskian W(Fa,H14) = (512) . Fur ther  mathemat ical  p r o p e r t i e s  

a r e  given i n  Table 6.11, and t h e  r e a d e r  is  d i r e c t e d  t o  T~yLoR'and BROWN [ 5 4  

f o r  f u r t h e r  d e t a i l s .  It is convenient  t o  i n t r o d u c e  a n  a d d i t i o n a l  LCS 

f u n c t i o n  analogous t o  t h e  hyperbo l ic  t angen t  and d e f i n e d  by Ta 

It fo l lows  t h a t  T  (5) is a s t r i c t l y  i n c r e a s i n g  f u n c t i o n  of 5 on [O,+-)a 

w i t h  Ta(0) = 0 and 

Tabula t ions  of t h e s e  LCS f u n c t i o n s  a r e  given i n  Appendix D f o r  cases 

corresponding t o  a v i d e  v a r i e t y  o f  tactical s i tua t ions14  (E a l s o  TAYLOR 

and BROWN [ 5 5 ;  561. A r e p r e r a n r a t i v e  t a b u l a t i o n  o f  t h e  hyperbo l ic - l ike  

LCS f u n c t i o n s  Pa(x), H1,(,(x), and Ta(x) f o r  a = 315 is shown i n  

Tables  6.111 and 6.IV. We observe from Table  6.IV and (6.9.9) t h a t  t h e  

l imiting v a l u e  o f  T 3 ~ 5 ( ~ )as X + + i8 q u i c k l y  r u c h e d ,  wi th  three-  

decimal-place agreemeat by x - 4 . 5 .  

The X f o r c e  w i l l  be a n n i h i l a t e d  i n  f i n i t e  t ime i f  and on ly  i f  15 

It is r e a d i l y  shown t h a t  Pa(E) -- r ( a ) / r ( l a )  > 0 f o r  all 



TABLE 6.11. P r o p e r t i e s  of t h e  LCS Funct ions  F (5) and Ha(E).a 

3. F14(E) - H,(S)  Hl+(S) - 1 f o r  all 5 .  

where a is n o t  an i n t e g e r  ( i n c l u d i n g  ze ro)  

4. FJO> = 1 

5.  H,(O)=O for a > O  







-- 

X 

a € ( 0 , l )  when E -> 0 is f i n i t e .  Also,  n e i t h e r  s i d e  w i l l  be a n n i h i l a t e d  

i n  f i n i t e  t ime i f  and on ly  i f  t h e  i n e q u a l i t y  s i g n  i n  (6.9.10) is  rep laced  

by an e q u l a i t y  s i g n .  When C = C ,  (6.9.10) reduces  t o  

The t ime t o  a n n i h i l a t e  t h e  X f o r c e ,  denoted as  t:, i s  determined by 

x ( t a )  = 0, and it fo l lows  t h a t  

We w i l l  now examine a couple  o f  numerical  examples t o  show t h e  u s e  

of t h e  above a n a l y t i c a l  r e s u l t s  f o r  developing i n s i g h t s  i n t o  t h e  dynamics 

of combat. These examples i l l u s t r a t e  t h e  use of t h e  LCS f u n c t i o n s  
Fa* 


and Ta for ana lyz ing  "aimed-fire" combat modelled by t h e  power Hl-a * 

a t t r i t i o n - r a t e  c o e f f i c i e n t s  w i t h  "no o f f s e t ' '  (6.9.2). Consider BONDER'S 

constant-speed-at tack model, which w e  have examined i n  Sec t ion  6.2 above. 

A11 t h e  fo rce - leve l  t r a j e c t o r i e s  shownin Sec t ion  6.2 f o r  b a t t l e s  i n  which 

t h e  two opposing weapon-system types  have t h e  same maximum e f f e c t i v e  range 

( i . e .  F igures  6.5 through 6.9) were developed by us ing  (6.9.6) o r  t h e  



~ ~ 

analogous r e s u l t  f o r  y ( t ) .  Let  us now focus  on t h e  p r e d i c t i o n  of b a t t l e  

outcome from i n i t i a l  c o n d i t i o n s  wi thout  e x p l i c i t l y  computing t h e  force-

l e v e l  t r a j e c t o r i e s  ( c f .  q u e s t i o n s  (Ql) ,  (44).  and (Q.5)  of Table  6 . 1 ) .  We-
w i l l  c o n s i d e r  combat s i t u a t i o n s  modelled by t h e  i n p u t  d a t a  and computed 

parameter va lues  shown i n  Table 6.V. The r e a d e r  should observe from 

Tables  6.IV and 6.V t h e  p r e d i c t e d  agreement between ) ( a and t h e  

l i m i t i n g  v a l u e  of T,(x) a s  x + + m  [ r e c a l l  (6.9.9)J f o r  a = q - 315. 

We w i l l  now cons ider  two c a s e s :  ( 1  r = 2000 meters, and (11) ro - 1251
0 

meters .  

When ro = 2000 meters ( s e e  Figure  6.5 above) ,  we have C = 0 and-
? = 0. The maximum time t h a t  t h e  b a t t l e  can last  i n  t = 14.91 minute 0 max 

s i n c e  a t  t h i s  time t h e  a t t a c k i n g  Y f o r c e  reaches  i t s  f i n a l  o b j e c t i v e  

( i . e .  t h e  de fens ive  p o s i t i o n  of t h e  X f o r c e ) .  We w i l l  now c o n s i d e r  t h e  

q u a l i t a t i v e  behavtor  of t h e  = 1, v = 2 X-force-level t r a j e c t o r y  

denoted a s  curve ( C )  l i n e a r - q u a d r a t l . ~  i n  F igure  6.5.  The i n e q u a l i t y  (6.9.: 

Cells us cha t  t h e  X f o r c e  cau be a n n i h i l a t e d  i f  and o n l y  i f  x ~ < 0.4:/ 

X
By (6.9.12) t h e  a n n i h i l a t i o n  ~ l m eof t h e  X f o r c e  i s  given by T q ( ~ ( t a ) )a 

3.544 xo/yOe For xo - 10 ,  yo a 30, w e  have T  (T X ) = 1. l 8 l 2 2  so t h a t  
4 a 

from Table  6.111 (us ing l i n e a r  i n t e r p o l a t i o n )  we o b t a i n  T' = 1.Om. Iiencf 

(6.9.4) y i e l d s  tX= 14.24 minutes and r i  - 89.8 meters .  

a  

Fur the r  r e s u l t s  
a 

a r e  given i n  Table 6.VI. 

When ro = 1250 meters ( see  Figure  6.6 above) ,  we  have C = 5.5923-
minutes,  ro - 0.0975, and tmax- 9.32 minutes.  I n  t h i s  c a s e  (aga in ,  

f o r  p = 1, v = 2) .  X can be a n n i h i l a t e d  i f  and o n l y  i f  xoly0 < 0.382. 

wi th  from (6.9.12) t h e  a n n i h i l a t i o n  time of t h e  X f o r c e  given by 

X
T (1 ) - ( 3 . 5 6 5 6 ~ ~+ 0.223)/(0.156p0 + 1.004),  where 

pO o xo/yo0 
Some 

q a 



TABLE 6.V. Particulars for the Numerical Examples for Combat Modelled 


by the Power Attrition-Rate Coefficients with No Offset 


(6.9.2). 


1. Input Data 

p = l , v = 2  

a
0 

0.06 X casualties/minute/(a single Y' firer) 

0 
= 0.6 Y casualties/minute/(a single X firer) 

r 
a 

= r
B 

= 2000 meters 

v = 5 mileslhour 

2. Computed Parameter Values 

k 
a 

- 4.023 x X casualries!(rninuce)'/ (a single Y firer) 

kb = 2.698 x loe3 Y casualties/ (minute)"l (a single X firer) 

p = 215, q = 315 

r(p)/r (4) = 1.48951 

D - 0  



-- 

f u r t h e r  numerical  r e s u l t s  a r e  given i n  Table  6 .VIII .  Again, t h e s e  param~ 

r e s u l t s  should be c o n t r a s t e d  w i t h  t h e  s i n g l e  1.1 - I, v - 2 X-force-le~ 

t r a j e c t o r y  [denoted a s  curve (C) l i n e a r - q u a d r a t i c ]  shown i n  F igure  6.6. 

Let u s  nex t  cons ider  c a s e  (C2) of power a t t r i t i o n - r a t e  c o e f f i c f e l  

1 6with  p o s i t i v e  o f f s e t  and i n t e g r a l  X exponent,  i . e .  

a ( t )  = k a ( t  i-C) , and b(t) = k b ( t  + C + a)", (6.9 

wi th  C -> 0 ,  D > 0, and n a nonnegative i n t e g e r .  We a l s o  assume t h a t  

p > -1, and then both  a ( t )  and b ( t )  jl L(0, +-). A s  w e  developed i n  

Sec t ion  6 .5 ,  t h e  X and Y f o r c e  l e v e l s  x ( t )  and y ( t )  may be exprez 

i n  terms of hyperbo l ic - l ike  GLF s o  t h a t  once we have determined t h e  latte 

we can compute t h e  f o r c e - l e v e l  t r a j e c t o r i e s .  Using t h e  method of  success 

approximations ( s e e  Sec t ion  6 .5 ) ,  one can compute t h a t  f o r  t h e  above 

c o e f f i c i e n t s  (6.9.14) we have t h e  fo l lowing  o f f s e t  power LANCHESTER funct 

and 



-- 

TABLE 6.VI. Annihilation of the X Force as a Function of the Initial 

Force Ratio for the Coefficients with No Qffset (6.9.2) 


with ro = 2000 Meters. 

X

r (meters) 
a 


89.8 


443.2 


633.2 


TABLE 6.VII. Annihilation of the X force as a Function of the Initial 


Force Ratio for the Coefficients with No Offset (6.9.2) 


with ro = 1250 Meters. 

X X 

(x,/Y,) ta(minutes) ra (meters) 

tt - 9.32 minutes and x - x(r = 0) = 1.35. max f 



where u = p + n + 2, p = (p+l ) /u ,  q = 1-p, & ( t >= D / ( t  +C), ~ ( t )  

is a g a i n  given by (6 .9 .4) ,  and t h e  o f f s e t  c o e f f i c i e n t s  , B:, c:, and 

jDk a r e  given i n  Table  6 .VIII .  I n  t h i s  t a b l e  

deno tes  t h e  usua l  binomial  c o e f f i c i e n t .  We observe t h a t  P > 1 and 

n 2 0 imply t h a t  both p and q E ( 0 , l ) .  

We may use  Theorem 6 .7 .1  (which is  a s p e c i a l  c a s e  of Theorem 6.6.1 

t o  p r e d i c t  f o r c e  a m i h i l . a t i o n .  Unfor tuna te ly ,  w e  have no t  been a b l e  t o  
* * 

a n a l y t i c a l l y  compute t h e  pa r i ty -condi t ion  parameter Q = Q (D,p,n) f o r  

t h e  o f f s e t  power a t t r i t i o n - r a t e  c o e f f i c i e n t s  (6 .9 .14) ,  but  i t  may be 

numerical ly  determined by t h e  method given i n  Sec t ion  6.8.  For such 

de te rmina t ions  as w e l l  as f o r  ana lyz ing  f o r c e  a n n i h i l a t i o n ,  though, we 

have found i t  more convenient  t o  use  t h e  normal-form GLF [e .g .  see (6.7.9) 

than t o  use C ( t ) ,  S X ( t ) ,  Cy( t )  and S y ( t ) .  Thus, we in t roduce  t h e  X 


modified t ime v a r i a b l e  s def ined  by (6.8.7) which we r e w r i t e  a s  

-with so = " ( 0 )  I[ A I / ( ~ + l )12p c('+'), and o b t a i n  [ c f .  (6.7.9) ] t h e  normal- 

form hyperbo l ic - l ike  GLF. Thus, w e  o b t a i n  t h e  normal form a f f s e t  power -
LANCHESTER f u n c t i o n s ,  f o r  example 

and 



TABLE 6 . V X X L .  The Offse t  C o e f f i c i e n t s  for  the Offse t  Power LANCHESTER 

Functions (6.9.15) through (6 i9 .18) .  

0

A. - 1, and f o r  k L 1 

f o r  0 -< j -C nk 

0

Bo = 1 ,  and f o r  k -> 1 

f o r  C) -< j -< nk 

c:= 1 ,  and f o r  k -> 1 

f o r  0 -< j C nk 

f o r  0 -< j -< n(k+l)  

4,
NOTES: We havn adopted here the convention that B:, and C: = 0 

f o r  < 0 or  j > nk. Also,  D: = 0 for j < 0 o r  j > n ( k + l ) .  



X 

S ( s )  = 2ps 1/ (2p) ,  b ( s )  = y/sa, u - l/(u+l ) ,  and t h e  o f f s e t  parameter where 

y is  g iven  by y = [ , I I / (y+l)  12/'D. We may use  t h e s e  normal-form power 

LANCHESTER f u n c t i o n s  t o  p r e d i c t  f o r c e  a n n i h i l a t i o n  by means of (6.7.11) 

* * 
a f t e r  t h e  modified par i ty -condi t ion  parameter Z = Z (y ,p ,n )  has  been 

* 
determined. Numerical r e s u l t s  ( see  TAYLOK and BROWN [57] f o r  Z ) a r e-
shown i n  Figure  6.14 f o r  two s e t s  of v a l u e s  f o r  t h e  exponents i n .  t h e  

c o e f f i c i e n t s  (6.9.14):  1 )  u = 1 n = 1, d 1 u = 1 n = 2. The 

time t o  a n n i h i l a t e  t h e  X f o r c e ,  denoted a s  tX i s  determined by 
a ' 

x ( t a )  = 0, and hence 

We w i l l  now cons ider  a couple of numerical  examples f o r  ana lyz ing  

-"aimed-fire" combat modelled by t h e  power a t t r i t i o n - r a t e  c o e f f i c i e n t s  wi th  

-" p o s i t i v e  o f f s e t  and i n t e g r a l  X exponent" (6.9.14). A s  above, w e  w i l l  

cons ider  BONDER'S constant-speed-at tack model. A l l  t h e  fo rce - leve l  

t r a j e c t o r i e s  shown i n  Sec t ion  6.2 f o r  b a t t l e s  i n  which t h e  two opposing 

weapon-system types  have d i f f e r e n t  maximum e f f e c t i v e  ranges  ( i . e .  Figure  6.10) 

were developed by u s i n g  t h e  above a n a l y t i c a l  r e s u l t s .  Focusing now on 

t h e  p r e d i c t i o n  of b a t t l e  outcome, w e  w i l l  cons ider  combat s i t u a t i o n s  



modelled by t h e  i n p u t  d a t a  and computed parameter v a l u e s  shown i n  Table 6.18 

We w i l l  now cons ider  two c a s e s :  ( I )  ro = 1500 mete r s ,  and (11) ro 

= 1250 mete r s .  

When ro = 1500 meters ,  we have C = 0 and s = 0.  The maximum 
0 

t i m e  t h a t  t h e  b a t t l e  can l a s t  i s  t 11.18 minutes ,  s i n c e  a t  t h i s  t i m e  
max 

t h e  advancing a t t a c k e r s  ( i . e .  t h e  Y f o r c e )  overrun t h e  de fens ive  p o s i t i o n  
* * 

of t h e  X f o r c e .  I n  t h i s  c a s e  2 (y ,p ,n)  = Z (0.32,1,1) = 1.381, s o  t h a t  

(6.7.10) t e l l s  u s  t h a t  t h e  X f o r c e  can be a n n i h i l a t e d  i f  and on ly  i f  

xO/yO < 0.264. By (6.9.22) t h e  X-force a n n i h i l a t i o n  t ime is  given by 

X X
n X ( s ( t a ) )  = 2.739 xO/yO. For x 0 = 1 0  and yo = 50, we have X (s  ) - 0.54 a 

s o  t h a t  by techniques  s i m i l a r  t o  t h o s e  used above f o r  t h e  previous  examples, 

we f i n d  t h a t  s: - 0.771. These computations f o r  determining sX involve 
a 

genera t ion  of t a b l e s  of sX, cX,  and o x  f o r  y = 0.32 and LI = n = 1. 

Hence, (6.9.19) y i e l d s  t h a t  tX= 10.25 minutes  and rX- 125.7 meters.  
a a 

F u r t h e r  r e s u l t s  a r e  given i n  Tab le  6.X. 

When r = 1250 meters  ( see  F igure  6.10 above),  w e  have C 1.864
0 -

minutes,  s = 0.0255, and t = 9.32 minutes.  I n  t h i s  c a s e  X can be
0 max 

a n n i h i l a t e d  i f  and o n l y  i f  xO/yO < 0.281, wi th  t h e  X-force a n n i h i l a t i o n  

time gioen by n (sX
) = (l.OO1pO + 0.009)/(0.127u0 + 0.3661, where

X a 

PO xO/y0. Numerical r e s u l t s  a r e  given i n  Table  6.XI. F i n a l l y ,  t h e s eI 

paramet r ic  r e s u l t s  should be c o n t r a s t e d  with merely computing a f o r c e - l e v e l  

curve  f o r  a p a r t i c u l a r  set of v a l u e s  f o r  b a t t l e  parameters  (e .g .  compare 

them wi th ,  f o r  example, t h e  s i n g l e  X-force-level t r a j e c t o r y  f o r  

rg = 2000 meters shown i n  Figure  6.10). 

A few f i n a l  remarks about t h e  r e s u l t s  o f  t h i s  s e c t i o n  seem t o  

be i n  o r d e r .  We have given r e s u l t s  t h a t  a l low one i n  p r i n c i p l e  t o  s tudy  

t h e  v a r i a b l e - c o e f f i c i e n t  model (6.2.4) w i t h  t h e  genera l  power a t t r i t i o n - r a t e  



TABLE 6.XX. Particulars for the Numerical Examples for Combat Modelled 


by the Pover Attrition-Rate Coefficients with Positive 


Offset and Integral X Exponent (6.9.14). 


1. Input Data 


) l = v = l  


= 0.006 X casualties/minute/(a single Y firer) 

B O  = 0.6 Y casualties/minute/(a single X firer) 

r = 1500 meters, r = 2000 meters 
J B 

2. Parameter Values 


k = 5-364 x i)-3 X casualties/minute/(a single Y firer)
a 

= 4.023 x 10'~ Y casualties/minute/(a single X firer)
kb 


p = q = l/2 

D = 3.728 minutes, y = Q. 320 (casualties minutes) 1/2 



TABLE 6.X. Annihilation sf the X Force as a Function of the Initial 


Force Ratio for the Coefficients with Positive Offset (6.9.14) 


with r = 1500 Meters. 
0 


X X 

(xo/y0) ta (minutes) r (meters) 


a 


0.250 14.09 


tt = 11.18 minutes and x = x(t = 0) = 2.48. 
max f 


TABLE 6.XI. Annihilation of the X Force as a Function of the Initia 

Force Ratio for the Coefficients with Positive Offset 


(6.9.14) with ro = 1250 Meters. 

X X
ta (micutes) ra (meters) 
-
t 


tt - 9.32 minute. and x = x(r = 0) - 1.74. 
max f 



coefficients (6.9.1) almost as easily and thoroughly as one can study 


LANCHESTER1s classic constant-coefficient model (2.2.1). In practice, 


though, the details for such variable-coefficient combat models are 


generally rather complicated as we have seen above. Furthermore, except 


fn special cases (e.g. a constant ratio of attrition-rate coefficients) 


the solution to such variable-coefficient LANCHESTER-type equations for 


modem warfare, unfortunately, apparently cannot be represented in terms 


of any of the "elementary" functions of analysis but requires the intro- 


duction of new transcendents defined by infinite series. Moreover, such 


infinite-series solutions by themselves provide little insight into the 


dynamics of combat and, in fact, as we have seen above require a fairly 


high degree of mathematical proficiency just to understand, let alone to 


use. In the next section we will therefore give a simple approximation 


to such solutions. 


Finally, we note that the above results for power attrition-rate 


coefficients with no offset (6.9.2) may be used to analyze "aimed-f ire" 


combat modelled by (6.2.4) with exponential attrition-rate coefficients 


(6.2.12). This may be seen by observing that the substitution 

t 


Aat 

s = a(u)du = (kalAa)e transforms the X force-level equation 
4 


(6.5.7) into tkc normal form (6.7.6) with invhriante J(s) = KS", where 

K = I I and v = (Ab/Aa) - 1. 



- -  

6.10.  The LIOUVILLE-GREEN-LANCEESTER Approximation.-
A s  we have seen above, t h e  a n a l y t i c a l  s o l u t i o n  t o  v a r i a b l e - c o e f f i c i e n t  

LANCHESTER-type e q u a t i o n s  of modern war fa re  g e n e r a l l y  invo lves  so-cal led  

h igher  t r a n s c e n d e n t a l  f u n c t i o n s  wi th  whlch most OR workers a r e  q u i t e  un- 

f a m i l i a r .  I n  t h i s  s e c t J o n  we w i l l  g ive  a  s imple  approximation t h a t  invo lves  

on ly  "elementary" f u n c t i o n s  and r e q u i r e s  no advanced mathematical  theory t o  

apply .  We ca l l  our  approximation (6.10.1) t o  t h e  s o l u t i o n  of LANCHESTER-type 

e q u a t i o n s  f o r  modern war fa re  (6.5.1) t h e  LIOWILLE-GREEN-LANCHESTER (LGL) 
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approximation.  Er ro r  bounds, i . e ,  bounds f o r  t h e  e r r o r s  i n  t h e  approximate 

s o l u t i o n s ,  a r e  given i n  terms o f  s imple  a p r i o r i  e s t i m a t e s  t h a t  a r e  both  

r e a l i s t i c  and a l s o  easy  t o  e v a l u a t e .  These e r r o r  bounds are based on new 

t h e o r e t i c a l  r e s u l t s  by t h e  a u t h o r  ( see-TAYLOR [47 1) f o r  t h e  theory  of t h e  

LIOWILLE-GREEN (LG) approximation18 and do no t  r e q u i r e  knowledge of t h e  

e x a c t  s o l u t i o n .  

Let u s  make t h e  a d d i t i o n a l  assumption t h a t  t h e  a t t r i t i o n - r a t e  c o e f f i c i e n t s  

e ( t )  and b ( t )  a r e  twice  d i f f e r e n t i a b l e  f o r  to < t < + - .  Then o u r  

approximation t o  t h e  s o l u t i o n  of t h e  X f o r c e - l e v e l  equa t ion  (G.5.7) is  given 

b1-

where ; ( t )  deno tes  t h e  L6L approximation,  Ro deno tes  R(O), EL denotes  

~ ( 0 1 ,  e ( t )  = 1 1 / [ 4 I ( t ) J } d  en R/dt ,  r o  deno tes  r ( O ) ,  and 

T t = a d s .  Th is  approximation was developed by t h e  a u t h o r  
0  

(eee  TAYLOR [47])  by t ransforming t h e  X f o r c e - l e v e l  equa t ion  (6.5.7) i n t o  

LIOUVILLE's normal form ( see  INCE [23, p. 2711) wi th  t h e  f i r s t  d e r i v a t i v e  -
of t h e  dependent v a r i a b l e  removed 



by means of the substitution T = ds and x(r) = 

X(T)[R(~)/R~I~~~.
In (6.10.2) we 


(G.10 


where P = [~(t)]'~ and P t( r )  denotes dPidr. Heuristically, if the 

appropriate fractional power of the relative fire effectiveness R ( t )  

= a(t)/b(t) is "slowly varying," then from (6.10.3) we would expect that 

I F ( T )  1 << 1 so that the term F ( r )  is "negligible" in (6.10.2). The LGL 

approximation (6.10.1) comes dropping this term, and Theorem 6.10.1 gives us 


bounds on how "negligiblet1 it is. 


What is the error made in using (6.10.1)? This is an important questi 


for any OR analyst who wishes to use such an approximation. It is important 


for him to know the accuracy of the approximation (6.10.1) and especially 


to know when it is particularly accurate or inaccurate. The following 


theorem gives a priori error bounds for the LGL approximation. 


THEOREM 6.10.1 (TAYLOR [47]): Error bounds for the LIOUVILLE- 


GREEN-LANCHESTER (LCL) approximation (6.10.1) to the solution 


of LANCHESTER-type equations of modern warfare (6.5.i) are given by 




where 

J - r for 1 - (yolxo) $ 5  c 0  

and then KI - 1 + c + (yo/xO) % ,0 

J - I1 f o r  -1 - (yo/xo) $< E~ < 1 - (yO/xO) $ 

and then KII = 2 , 

J - I r r  f o r  E 
0 -< - I - (yolxO) % 

and then - 1 - r - (yolxo) > 0 ,
K~~~ 0 

and 

The s i g n  o f  the error i s  determined by the s i gn  o f  F ( r ) .  As long as 

x ( t )  -> 0 ,  i t  fo l lows  that  

F(r)  > 0 f p r  a l l  r ro implies  that  x ( t )  2 ; ( t )  , 

with the last inequal i ty  being reversed when F(r) 5 0 always. 



X 

Ekample 6 .10 .1 .  For combat modelled by (6.5.i) with the power aetr i t ion-  

rate  coe f f i c i en t s  with no o f f s e t  ( 6 . 9 . 2 ) ,  the  LGL approximation t o  the 

force l e v e l  is  given by 

where 

and 6 = (p + v +  2) /2 .  For the error estimate (6 .10 .4)  of Theorem 6 .10 .1 ,  

we have 

Also, i t  may be shown that F(r) > 0 for a l l  -r 2 .r0 > 0 i f  and only -
i f  p l v .  



6.11. HELMBOLD'S Modification of LANCHESTER1s Equations 


Based on consideration of historical combat data, HELMBOLD [18] hat 


proposed a modification of LANCHESTER's equation for "modern warfare" to 


account for inefficiencies of scale for the larger force when force sizes 


are grossly unequal (see Section 2.12 for further details). His basic 

idea is to modify relative force-attrition (or fire-effectiveness) 


capability by a multiplicative factor depending on only the force ratio, 


and for temporal variations in fire effectiveness, his proposed modificatj 


would read 


where EX and Ey denote the fire-effectiveness-modification factors 

that model the inefficiencies of scale. HELMBOLD argued that these fire- 


effectivenss-modification factors should satisfy the following three 


requirements: 

(Rl) EX(u) = Ey(u) E ( u )  (i.e .  the same inefficiencies of 

wale for each side), 


(R2) E(u) is an increasing function of its argument, 




HELMBOLD then considered the special case in which E(u) is a 

C 
power function, i.e. E(u) - u with c 2 0. In this case, (6.11.1) 

becomes 

1-W 
= -b(t) (Y) I. dt X ' X 

with y(0) = yo, 

where we will call W the "WIIISS parameter" ((see Section 2.12). It 

follows that W = 1 - c. We will refer to (6.11.2) as the equations for 

HELMBOLD-type combat. These equations are particularly significant 

because a simple generalization of them gives a much better fit to 

casualty-rate curves used in several important contemporary large-scale 

combat models than does tANCHESTERfs classic model of modern warfare 

(2.2.1) (see Section 7.11 below). As for the case of constant attrition. 

W 
rate coefficients (see Section 2.12 above), the substitution p = x 

and q = yW transforms the nonlinear combat model (6.11.2) into a 

linear one, namely 

W with p(0) = xu , 

W 
with q(0) - yo . 

Hence, all the results for variable-coefficient LANCHESTER-type equations 

of modern warfare (see Sections 6.5 through 6.10 above) also apply to the 



equat ions f o r  HELMBOLD-type combat (6.11.2). Moreover, i t  may be shown 

t h a t  f o r  EX(u) = %(u) = E(u) i f  x and y a r e  "separated" i n  E(x/y),  

i.e. i f  E ( x / ~ )- F(x)/G(y), then t h e  on ly  form f o r  E(u) s a t i s f y i n g  (R2) 

and (R3) above such t h a t  we  can ob t a in  a  l i n e a r  model, i . e .  the  a t t r i t i o n  

r a t e s  propor t iona l  t o  only t h e  "numbers" of f i r e r s ,  by a  t ransformation 

C
of only t h e  dependent v a r i a b l e s  i s  given by E(u) - u with c 2 0. Thus, 

t h e  only combat model of t he  form (6.11.1) [with EX and Ey s a t i s f y i n g  

(Rl) through ( R 3 ) ]  transformable i n t o  a  l i n e a r  model l i k e  (6.11.3) is  

given by (6.11.2) when E(x/y) = F(x) /G(y) . 
I n  t h e  case  of cons tan t  c o e f f i c i e n t s ,  (6.11.2) becomes 

where a and b denote constant a t t r i t i o n - r a t e  c o e f f i c i e n t s .  The s t a t e  

equat ion f o r  (6.11.4) is  given by (see Sect ion 2.12 f o r  d e t a i l s )  

and 

b Pn(x0/x) = a Pn(yo/y) f o r  w - 0 . 

Thus, f o r  t h e  case  of  constant  a t t r i t i o n - r a t e  c o e f f i c i e n t s ,  t h e  equat ions f o r  

HELMBOLD-type combat y i e l d  t h e  square law when W = 1, t h e  l i n e a r  l a w  when 

W = 112, and t h e  logari thmic law when W - 0 .  Hence, w e  should t h ink  of 



(6.11.4) a s  a g e n e r a l  combat model which c o n t a i n s  many of t h e  c l a s s i c  homo- 

geneous-force combat models a s  s p e c i a l  c a s e s  (= Sec t ion  2.12 f o r  f u r t h e r  

d e t a i l s ) .  

We w i l l  f i n d  i t  very  i n s t r u c t i v e  f o r  f u t u r e  developments (seeS e c t i o n  

7.11 below) t o  examine c a s u a l t y  r a t e s  (expressed as a f r a c t i o n  of each s i d e ' s  

c u r r e n t  s t r e n g t h )  f m  t h e  above model of HELMBOLD-type combat (6.11.4).  

Considering X ' s  f r a c t i o n a l  c a s u a l t i e s  p e r  u n i t  t lme, we o b t a i n  from t h e  f i r s t  

of equa t ions  (6.11.4) 

where u denotes  t h e  X-to-Y f o r c e  r a t i o ,  i . e .  u = x/y,  and v deno tes  i t s  

r e c i p r o c a l  (cf.Sec t ion  5 .2) .  

I n  F igure  6.15 (g.F i g u r e  5.3) we have p l o t t e d  X ' s  f r a c t i o n a l  c a s u a l t i e s  

per  u n i t  t ime v e r s u s  t h e  f o r c e  r a t i o  v = y/x (denoted i n  t h e  f i g u r e  as AID) 

f o r  t h e  c a s e  i n  which Y a t t a c k s  and X defends.  As i n  Sec t ion  5.2 above, 

f o r  t h e  f o r c e  r a t i o  w e  have used t h e  q u o t i e n t  o f  t h e  a t t a c k e r ' s  s t r e n g t h  (he re ,  

f o r c e  l e v e l )  d iv ided  by t h a t  o f  t h e  de fender  (denoted as AID), s i n c e  most 

combat ana lyses  use t h i s  r a t i o  A/D and consequently we w i l l  b e  a b l e  t o  more 

e a s i l y  relate such LANCHESTER-type models t o  them. 

In F igure  6.15, W - 1 corresponds t o  t h e  c a s e  i n  which X ' s  c a s u a l t y  

rate is p r o p o r t i o n a l  t o  on ly  t h e  number of enemy f i r e r s ,  and ( i n  t h e  symmetric 

c a s e  i n  which Y'e c a s u a l t y  r a t e  h a s  t h e  same f u n c t i o n a l  form) consequent ly  

t h e  corresponding a t t r i t f o n  model is given by LANCHESTERts equa t ions  f o r  

modern war fa re  (2.2.1), which y i e l d  t h e  square  law. We observe (see a l s o  



- X DEFENDS AND Y ATTACKS 

FORCE RATIO, A / D  

Figure 6.15. Relation between t h e  defender's casualty rate  [expressed 

as  a fract ion of h i s  current force l e v e l  x (e ) ]  and the 
1-Wdxattackar/defender force r a t i o  for the model -= -a*(:)dt  

with X defending. [NOTE: In the  legend of the above 

f igure,  A denotes t h e  attacker's  force l e v e l ,  and D denoi 

that of the defender.] 



Sec t ion  5 . 2 )  t h a t  i n  t h i s  case  ( l e e .  W = 1 )  X ' s  f r a c t i o n a l  c a s u a l t i e s  per  

u n i t  t ime are d i r e c t l y  p r o p o r t i o n a l  t o  t h e  f o r c e  r a t i o  A I D  when Y 

a t t a c k s  and X defends.  Refe r r ing  back t o  t h e  f i r s t  of equa t ions  (6.11.4),  

we s e e  t h a t  W = W1 corresponds t o  a more e f f i c i e n t  use  of che a t t a c k e r ' s  

f i repower  f o r  f o r c e  r a t i o s  v = AID = y/x > 1 than does W = W2 when 

1 2 W1 > W2,  s i n c e  t h e  a t t a c k e r ' s  f i r e - e f f e c t i v e n e s s - m o d i f i c a t i o n  f a c t o r  
1-W. 

1

f o r  W = W1 [ i.e. Ey(x/y) = ( x l y )  ] is g r e a t e r  than t h a t  f o r  W - W2 

when y/x  > 1. Figure  6.16 shows t h e  same type  of p l o t  when X i s  t h e  

a t t a c k e r  and Y t h e  defender .  I n  t h i s  case ,  t h e  c a s u a l t y - r a t e  curve 

a l s o  S e c t i o n  5.2).corresponding t o  t h e  square  law i s  a hyperbola (e 

S i m i l a r  curves  f o r  d a i l y  c a s u a l t y  r a t e s  (but  not  expressed i n  terms of 

d i f f e r e n t i a l  e q u a t i o n s )  a r e  commonly used t o  a s s e s s  c a s u a l t i e s  i n  c u r r e n t l y  

o p e r a t i o n a l  l a r g e - s c a l e  ground-combat models (E S e c t i o n  7.11). Consequent1 

by s t u d y i n g  a n a l y t i c a l  r e p r e s e n t a t i o n s  of t h e s e  curves ,  w e  can o b t a i n  some 

v a l u a b l e  i n s i g h t s  i n t o  t h e  dynamics o f  combat a s  por t rayed  by such models 

Ce.g. see Sec t ion  7.14) below. 



I I I I I -
0 1 . O  2 . 0  3.0 4 .O 

FORCE RATIO, A / D  

Figure 6.16.  Relation between the attacker's  casualty rate  [expressed a 

a fraction of h i s  current force l e v e l  x ( t )  J and the 
1-


attacker/defender force ra t io  for the model dt  

with X attacking. [NOTE: In the legend of  the above fi 

A denotes the attacker's  force l e v e l ,  and D denotes tha 

of the defender.] 

(:) -a* 



x 

6.12.  The General L inear  Model f a r  Combat Between Two Homogeneous Forct 

I n  t h i s  s e c t i o n  we w i . l l b r i e f l y e x a m i n e  t h e  g e n e r a l  l i n e a r - d i f f e r -  

e n t i a l - e q u a t i o n  model f o r  combat between two homogeneous f o r c e s .  Speciz 

c a s e s  of t h i s  g e n e r a l  model w i l l  be e x m i n e d  i n  more d e t a i l  i n  subsequer 

s e c t i o n s  of t h i s  chap te r .  

Thus, w e  cons ider  t h e  fo l lowing  LANCHESTER-type equa t ions  f o r  

and y > 0 

where x ( t )  and y ( t )  denote  t h e  X and Y f o r c e  l e v e l s  a t  t i m e  t ,  

and a ( t )  and b ( t )  denote  LANCHESTER a t t r i t i o n - r a t e  c o e f f i c i e n t s ,  whi 

r e p r e s e n t  t h e  f i r e  e f f e c t i v e n e s s  of a s i n g l e  f i r e r  on each s i d e .  The 

c o e f f i c i e n t s  a ( t )  , B ( t )  , r ( t )  , and s ( t )  have d i f f e r e n t  p h y s i c a l  i n t e r .  

p r e t a t i o n s ,  depending upon t h e  context  i n  which t h e  model (6.12.1) is  

viewed. Thus, t h e r e  a r e  s e v e r a l  d i f f e r e n t  s e t s  of p h y s i c a l  circumstance! 

t o  which t h e  model (6.12.1) may be hypothesized t o  apply ,  and we w i l l  

now d i s c u s s  s e v e r a l  p o s s i b i l i t i e s .  

The term r ( t )  i n  t h e  f i r s t  of equa t ions  (6.12.1) can model 

e i t h e r  (A) t h e  replacement r a t e  of t h e  X f o r c e  (wi th  a n e g a t i v e  va lue  

r e p r e s e n t i n g  a n e t  continuous withdrawal of t h e  X f o r c e ) ,  o r  (B) t h e  

a t t r i t i o n  [wi th  r(t) < 01 of t h e  X f o r c e  from exogenous f i r e s  (not  

s u b j e c t  t o  a t t r i t i o n )  a t  a r a t e  no t  dependent on X ' s  f o r c e  l e v e l .  

S i m i l a r  remarks apply  t o  s ( t )  . For s i m p l i c i t y ,  however, w e  w i l l  considc 

306 



only  t h e  f i r s t  p o s s i b i l i t y  he re ,  and w e  w i l l  consequent1.y r e f e r  t o  r ( t  

and s ( t )  as replacement r a t e s .  Within t h i s  c o n t e x t ,  two d i f f e r e n t  

t a c t i c a l  s i t u a t i o n s  may aga in  be hypothesized t o  y i e l d  t h e  above 

e q u a t i o n s  (6.12.1) (g. Figure  2.15 of Chapier 2 )  : 

e i t h e r  (Sl)  "aimed-fire" combat between two homogeneous f o r c e s  wi th  

"opera t iona l"  l o s s e s  and wi th  cont inuous  replacements ,  

(S2) "aimed-fire" combat between two homogeneous primary 

f o r c e s  ( o r  i n f a n t r i e s )  w i t h  superimposed e f f e c t s  of 

suppor t ing  f i r e s  n o t  s u b j e c t  t o  a t t r i t i o n  and wi th  

cont inuous  replacements  f o r  t h e  primary f o r c e s  (E 

Figure  6.17).  

I n  t h e  second case  (SZ), i t  is assumed t h a t  each s i d e  uses  "aimed" f i r e  

and t h a t  t a r g e t - a c q u i s i t i o n  times do n o t  depend on t h e  number of enemy 

t a r g e t s  (see Sec t ion  6 .5  f o r  a f u r t h e r  d i s c u s s i o n ) .  The suppor t ing  

11 weapons are assumed t o  employ a rea"  f i r e  a g a i n s t  enemy i n f a n t r y  (E 

WEISS [61] f o r  a more thorough d i s c u s s i o n  of assumptions).  In  t h i s  c a s ~  

de te rmina t ion  of numerical  v a l u e s  f o r  t h e  a t t r i t i o n - r a t e  c o e f f i c i e n t s  

a ( t )  and B ( t ) ,  modell ing t h e  suppor t ing  f i r e s ,  fo l lows  a long t h e  l iner  

discussed i n  Sec t ion  5.7. I n  t h e  s i m p l e s t  i n s t a n c e  we then have t h a t ,  

f o r  example, a ( t )  = a vUuO/%, where t h e  X f o r c e ' s  a r t i l l e r y  i s  
=u 

denoted as t h e  U f o r c e  w i t h  f o r c e  l e v e l  u ( t ) ,  aL denoteg the  
u 

l e t h a l  a r e a  of a s i n g l e  U a r t i l l e r y  round, vU denotes  t h e  U f i r i n g  

rate per  tube,  uo denotes  t h e  U f o r c e  l e v e l  (which is  cons tan t  becaw 





t h e  U f o r c e  s u f f e r s  no l o s s e s ) ,  and $ denotes  t h e  a r e a  of t h e  region 

occupied by t h e  Y f a r c e .  

Mathematically,  we make t h e  fo l lowing  assumptioas  about t h e  a t t r i t i c n -  

r a t e  c o e f f i c i e n t s  and replacement r a t e s  i n  t h e  model (6.12.1):  

(Al) a ( t )  and b ( r )  a r e  de f ined ,  p o s i t i v e ,  and cont inuous  

f o r  to < t < b 00 w i t h  co _(_ 0 , 

(A21 a ( t )  and B ( t )  ,0 f o r  t o  ( t < i.-, 

We p l a c e  no f u r t h e r  r e s t r i c t i o n s  on t h e  replacement r a t e s  t ( t )  and s ( t ) ,  

and thus  n e g a t i v e  v a l u e s  a r e  p o s s i b l e  f o r  them. we f u r t h e r  assume t h a t  

a ( t )  and b ( t )  a r e  given i n  t h e  f o w  (6.5.2),  and w e  t h e n  i n t r o d u c e  f ~ r  

t h e  primary weapon systems t h e  combat- in tensi ty  parameter X I  and t h e  

r e l a t i v e - f i r e - e f f e c t i v e n e s s  parameter de f ined  by (6:5.4). 
X~ 


No r e s u l t s  have p rev ious ly  appeared i n  t h e  l i t e r a t u r e  f o r  t h e  

genera l  model (6.12.1) w i t h  v a r i a b l e  a t t r i t i o n - r a t e  c o e f f i c i e n t s .  We w i l l  

now show t h a t  (6.12.1) may be t ransformed i n t o  a s imple r  canonica l  form 

t o  which r e s u l t s  f o r  v a r i a b l e - c o e f f i c i e n t  LANCHESTER-type e q u a t i o n s  of 

modern war fa re  (6.5.1) may be app l ied .  Thus, t h e  model (6.5.1) i s  

b a a i c  f o r  s tudy ing  a wide v a r i e t y  of combat s i t u a t i o n s  (g.a l s o  Sec t ion  

6.11 above). The s u b s t i t u t i o n  



transforms (6.12.1) i n t o  

where 

A(t)  = a ( t )  exp{/ [B(s) - u ( s ) l d s l ,  
0


and 

and 

The transformation (6.12.2) is  motivated by looking f o r  an " in t eg ra t ing  

fac tor"  f o r ,  f o r  example, the  f i r s t  equation of (6.12.1), a s  wr i t ing  

dx/dt + fl(t)x = - a ( t ) y  + r ( t )  suggests t o  us. 

As we have seen above, we may consider equat ions (6.12.3) t o  

model "aimed-fire" combat between two homogeneous fo rces  with continuous 

replacements. However, t he re  is another very important s e t  of circum-

s tances  t h a t  leads t o  s imi l a r  equations of t h i s  form. Consider aimed-fire 



combat between two homogeneous f o r c e s  modelled by LANCHESTERts equa t ions  

o f  modern war fa re  (6.5.1). I n  t h i s  model t h e  s t a t e  v a r i a b l e s  x ( t )  

and y ( t )  a r e  t h e  numbers of combatants t h a t  a r e  e f f e c t i v e  on each s i d e .  

Furthermore, cons ider  now a f ixed-force- level-breakpoint  b a t t l e .  I f  we 

i n t r o d u c e  new s t a t e  v a r i a b l e s  X(t )  and Y ( t )  de f ined  by 

where xBP and yBp denote  t h e  X and Y f o r c e - l e v e l  b reakpoin t s ,  

then  (6.5.1) i s  transformed i n t o  ( f o r  X(t )  and Y( t )  > 0) 

where w ( t )  = a(!)yBp and v ( t )  = b( t )xgp .  These e q u a t i o n s  (6.12.7) 

a r e  of t h e  same form as (6.12.3),  and t h u s  w e  s e e  t h a t  t h e  e q u a t i o n s  

(6.12.3) may a l s o  be  t aken  t o  model f o r c e  a t t r i t i o n  "above a u n i t ' s  bseak-

po in t . "  We observe t h a t  f o r  t h e  transformed fo rce - leve l  v a r i a b l e  X, 

X = 0 corresponds t o  t h e  X f o r c e  reaching i t s  breakpoin t .  

The fo rce - leve l  t r a j e c t o r i e s  xCt) and yCt) f o r  t h e  m d e l  

(6.12.1) [ e q u i v a l e n t l y, (6 .12.3) o r  (6.12.7) ] , moreover, no longer  possess  

a very  important  mathematical  p roper ty  t h a t  is possessed by a l l  s o l u t i o n s  

t o  (6.5.1) w i t h  a ( t )  and b ( t )  L O  f o r  a l l  t / O  and xo and 

yo > 0:  namely, a l l  s o l u t i o n s  t o  (6.12.1) are no longer  n o n o s c i l l a t o r y  



i n  t h e  s t r l c t  sense t h a t  x ( t )  and y ( t )  can now have more than one 

zero.  This  mathematical property is troublesome and makes a n a l y s i s  of 

b a t t l e s  modelled with (6.12.1) much more d i f f i c u l t  than ana lys i s  of 

those modelled with (6.5.1).  This  nonosc i l l a to ry  property is  f u r t h e r  

discussed i n  Sect ion 6.15 below. 

The X fo rce  l e v e l  a s  a func t ion  of t i m e ,  x ( t ) ,  f o r  t he  general  

model (6.12.1) may be represented a s  

where Z ( t )  = -A(t) S ( t )  + dR/dt - C R ( t ) / ~ ( t ) ) d ~ / d t ,and t h e  hyperbolic- 

l i k e  GLF C ( t )  and S (t) a r c  l inearly-inaependent s o l u t i o n s  t o  t he  P P 


P force-level equation (6.13.3) t h a t  s a t i s f y  t h e  i n i t i a l  condi t ions  

(6.13.4). The GLF C ( t )  and S ( t )  a r e  s i m i l a r l y  def ined.  The above 
9 Q 

r e s u l t  is r ead i ly  developed by consider ing (6.12.3) and applying well-know 

r e s u l t s  f o r  inhomogeneous ord inary  d i f f e r e n t i a l  equat ions (e.g. 9 

HILDEBRAND [19, pp. 29-30]). Further  ana lys i s  of t h e  genera l  model 

(6.12.1) i s  beyond t h e  scope of our present  i nves t i ga t ion ,  but w e  w i l l  

now consider some important s p e c i a l  cases .  



6.13. Combat w i t h  Support ing F i r e s  

An important  s p e c i a l  c a s e  of t h e  g e n e r a l  Linear combat model (6.12.1) 

is t h a t  i n  which t h e r e  a r e  no replacements ,  i . e .  r ( t )  and s ( t )  :0 ,  and 

i n  t h i s  cave our combat model becomes (aga in ,  f o r  x and y > 0 )  

w i t h  x(0)  - xo , 

As d i scussed  i n  t h e  previous  s e c t i o n ,  two d i f f e r e n t  t a c t i c a l  s i t u a t i o n s  

t h a t  may be hypothesized t o  y i e l d  t h e  above e q u a t i o n s  (6.13.1) a r e  

(cf.Figure  2.15 of Chapter 2)  : 
I 

e i t h e r  (S1) "aimed-fire" combat between two homogeneous f o r c e s  wi th  

1t o p e r a t i o n a l "  l o s s e s  (see BACH e t  a l .  [I]) 

o r  (S2) "aimed-fire" combat between two homogeneous primary f o r c e s  

( o r  i n f a n t r i e s )  wi th  superimposed e f f e c t s  of suppor t ing  

f i r e s  n o t  s u b j e c t  t o  a t t r i t i o n  (E TAYLOR and PARRY [591) 

( s e e-Figure  6.18).  

For convenience, we w i l l  r e f e r  t o  (6.13.1) simply as modelling combat w i t h  

suppor t ing  f i r e s  and hence fo l lows  t h e  name of t h i s  s e c t i o n .  The modell ing 

of t h e  a t t r i t i o n - r a t e  c o e f f c i e n t s  i n  (6.13.1) is discussed i n  Sec t ion  6.12 

above, w i t h  f u r t h e r  d e t a i l s  t o  be found i n  Chapter 5. 





For our ana lys i s  of the  LANCHESTER-type model (6.13.1) of combat 

with support ing f i r e s ,  we make the following mathematical assumptions about 

t he  a t t r i t i o n - r a t e  c o e f f i c i e n t s  

(Al) a ( t )  and b ( t )  a r e  def ined,  p o s i t i v e ,  and continuous 

f o r  to ( t < + - with to '0 , 

(A21 a ( t )  and B( t )  2 0 f o r  to ( t < + 0 ,  

( ~ 3 )  a ( t ) ,  b ( t ) ,  a ( t ) ,  and B( t )  E L(tO,T) f o r  any f i n i t e  T. 

We f u r t h e r  assume t h a t  a ( t )  and b ( t )  a r e  given i n  the farm (6.5.2) ,  and 

we  then in t roduce  f o r  t h e  primary weapon systems t h e  combat-intensity param 

h I  and t h e  re la t ive- force-ef fec t iveness  parameter XR defined by (6.5.4). 

The X fo rce  l e v e l  a s  a  func t ion  of t ime, x ( t ) ,  f o r  t h e  model (6.13 

may h e  wr i t t en  a s  (9TAYLOR [ 4 9 ] )  

where t he  hyperbol ic- l ike GLF C (t) and s p ( t )  a r e  l inearly-independentP 


so lu t ions  t o  t h e  P force- level  equat ion 

with i n i t i a l  condi t ions  
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The GLF CQ (t) and S ( t )  a r e  s i m i l a r l y  def ined (eQ TAYLOR [49] f o r  fu r th  

d e t a i l s )  . Fina l ly ,  w e  observe t h a t  t he  above r e s u l t  (6.13.2) is  a spec i a l  

case  of (6.12.8). 

The above force- leve l  r e s u l t s  a r e  r e a d i l y  developed by observing 

t h a t  t h e  s u b s t i t u t i o n  (6.12.2) transforms (6.13.1) i n t o  

with 

and 

From (6.13.5) we see t h a t  a11 t h e  r e s u l t s  f o r  LANCHESTEH1s equat ions of 

modern warfare (6.5.1) may be used i n  our s tudy o f  combat with support ing 

f i r e s  a s  mode,Slcd by (6.13.1). Then, f o r  example, t h e  X f o r c e  l e v e l  

x ( t )  as given by (6.13.2) follows from t h i s  observation. Let us  a l s o  

observe t h a t  from (6.13.3) t h e  transformed "force-level" v a r i a b l e  p ( t )  

s a t i s f  i e e  



which may be w r i t t e n  i n  t h e  e q u i v a l e n t  form (6 . l 3 . 3 ) .  I n  a s b i l a r  vei l  

TAYLOR [49] has developed t h e  fo l lowing  r e s u l t s  t h a t  d e s c r i b e  t h e  behav: 

of t h e  model (6.13.1) : 

RESULT 1: A t  most one of t h e  two f o r c e  l e v e l s  x ( t )  and y ( t )  

can e v e r  vanish  i n  f i n i t e  t ime. 

RESULT 2: I f  e i t h e r  A(t )  # L(O,+) o r  ~ ( t )f L(O,+), t h e n  

t h e  X f o r c e  (wi th  suppor t ing  f i r e s )  w i l l  b e  a n n i h l l a  

i n  f i n i t e  time i f  and only  i f  

* 
where l i m t + + _ f S p ( t ) / ~ p ( t )  = l / A  . Also,  n e i t h e r  

s i d e  w i l l  be  a n n i h i l a t e d  i n  f i n i t e  t i m e  i f  and on ly  i f  

t h e  above i n e q u a l i t y  s i g n  is rep laced  by an e q u a l i t y  

s ign .  

RESULT 3: I f  a ( t )  :&(t) , than  

and t h e  X f o r c e  (wi th  suppor t ing  f i r e s )  w i l l  be  

a n n i h i l a t e d  i n  f i n i t e  time i f  and on ly  i f  (6.6.1) holc 



F u r t h e r  r e s u l t s  and a  d i scuse ion  of t h e i r  s i g n i f i c a n c e  is  t o  be found i n  

TAYLOR [ 4 9 ] .  I n  p a r t i c u l a r ,  Resu l t  3  says  t h a t  when each s i d e ' s  s u p p o r t i n ;  

f i r e s  a r e  always e q u a l l y  e f f e c t i v e  [l . .e .  a ( t )  5 0 ( t )  1, t h e i r  e f f e c t s  c a n c ~  

out and t h e  b a t t l e ' s  outcome i n  a Eight-to-the-finish i s  t h e  same (althougl 

t h e  v i c t o r  s u f f e r s  g r e a t e r  l o s s e s )  a s  when they  a r e  n o t  p r e s e n t .  

Thus, we see t h a t  t h e  combat model w i t h  suppor t ing  f i r e s  (6.13.1) 

may be transformed i n t o  LANCHESTER's equa t ions  f o r  modern war fa re  (6.5.1) : 

t h a t  a l l  t h e  r e s u l t s  f o r  t h e  l a t t e r  (E S e c t i o n s  6.5 through 6.10 above) t 

be invoked. I n  p a r t i c u l a r ,  one i s  i n t e r e s t e d  i n  developing battle-outcome- 

p r e d i c t i o n  c o n d i t i o n s  ( r e c a l l  Sec t ion  6 .6) .  Exact f a rce -ann ih i l a t ion-  

p r e d i c t i o n  c o n d i t i o n s  f o r  t h e  model (6.13.1) a r e  r e a d i l y  developed by a 

t r a n s l a t i o n  of Theorem 5.6 .1  t o  t h e  t i m e f  armed equat ion (6 .13.5) ,  and a 

s p e c i a l  c a s e  of such c o n d i t i o n s  appears  as R e s u l t  2  above. We w i l l  now con 

s i d e r  simple approximate battle-outcome-prediction c o n d i t i o n s  f o r  t h i s  mode 

Example 6.13.1. For cons tan t  c o e f f i c i e n t s  i n  t h e  model (6.13.1).  we have 

Cp(t)  - exp[ t (0-a) /2]  (cosh B t  + [ (a -B) /2q  s i n h  Bt l ,  and S p ( t )  

= ( 6 / e )  expl t (0-o) /21 s i n h  g t ,  where 9  . J a b  + [(a-0)1212 . ~f  f a l l o w s  

Hence, Resul t  2 y i e l d s  t h a t  t h e  X f o r c e  w i l l  be  a n n i h i l a t e d  i n  f i n i t e  t i m  

i f  and on ly  i f  



where R = a /b  denotes t h e  r e l a t i v e  f i r e  e f f ec t i venes s  of t he  two oppasing 

primary weapon-system types,  and S ( 6 - a ) l G  denotes t he  n e t  e f f ec t i venes s  

of Y ' s  support ing u n i t s  normalized by t h e  " in t ens i t y "  of combat between the  

primary u n i t s .  Moreover, when each s i d e ' s  support ing f i r e s  a r e  equally 

- 6e f f e c t i v e ,  i . e .  a o r  S = 0 ,  then t h e  X f o r c e  w i l l  be  ann ih i l a t ed  i n  

f i n i t e  time i f  and only i f  

which is  the  same a s  LANCHESTER's c l a s s i c  m ~ d e l  (2.2.1) without t he  support ing 

f i r e s .  F ina l ly ,  we observe t h a t  t h e  X f o r c e  l e v e l  x ( t )  is  given by 

x ( t )  = {x0 cosh 9 t  - -1 [aye + (7' a  - ') xOJ s i n h  8 t l  exp[-t (a + b)/2]  .
8 

Simple approximate battle-outcome-prediction condi t ions  f o r  a fixed-

force-ratio-breakpoint b a t t l e  may be developed by consider ing the  RICCATI 

equation s a t i s f i e d  by t h e  f o r c e  r a t i o  u - x/y,  namely 

This  observat ion was apparent ly  f i r s t  made by TAYLOR and PARRY [59]. Before 

developing simple approdimate v ic tory-pred ic t ion  condi t ions  wi th  (6.13.9), 

we  w i l l  develop some "local"  condi t ions of f o r c e  s u p e r i o r i t y  which w i l l  

mot ivate  subsequent developments. 

For a fixed-force-ratio-breakpoint b a t t l e ,  i t  seems appropr ia te  t o  

m y  t h a t  "the course of b a t t l e  i s  moving towards a  Y v ic tory"  when 

du/d t  < 0. Moreover, du/dt  < 0 i f  and only i f  

- - .  
.i el- C 
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which may be  rearranged t o  y i e l d  t h a t  f o r  nonnegative f o r c e  r a t i o s  

llY is  winning" X(t) 

If s ( t )  dm- < m , 7+ /' , (6.13.11 
i f  and only i f  y ( t )  

where 

Here R(t) represen ts  t he  r e l a t i v e  f i r e  e f f ec t i venes s  (Y t o  XI of t h e  

primary u n i t s ,  while S ( t )  represen ts  the  ne t  e f f ec t i venes s  of Y ' c  support-

ing  u n i t s  normalized by the  " in tens i ty"  of combat between the  primary un i t s .  

The "local"  condi t ion of fo rce  s u p e r i o r i t y  (6.13.11) then says t h a t  t he  
/ '  

fo rce  r a t i o  x/y w i l l  continue t o  decrease ( t o  Y ' s  favor)  when i t  is below 

a c e r t a i n  (time-varying) c r f t i c a l  "threshold" value.  This  threshold value 

dependa on only t h e  weapon-system-performance parameters ( i . e .  t h e  a t r r i t i o n -  

r a t e  c o e f f i c i e n t s )  through the  model parameter R( t )  and S ( t ) .  In a sense,  

we have decoupled the  quant i ty  and q u a l i t y  of weapon systems i n  the "local" 

condi t ion of fo rce  s u p e r i o r i t y  (6.13.11). 

I n  a moment we w i l l  extend t h e  above "local1' condi t ion t o  be a "global" 

one of f o r c e  supe r io r i t y ,  but l e t  us f i r s t  consider a very important s p e c i a l  

caae. When t h e  supporting weapon systems a r e  equa l ly  e f f e c t i v e ,  i . e . ,  

a ( t )  I 0 ( t )  , (6.13.10) reduces t o  t he  "instantaneous" equare law 



which may be considered t o  be a " local"  c o n d i t i o n  f o r  Y t o  win. I n  o t h e r  

words, when t h e  supportingweapon systems a r e  e q u a l l y  e f f e c t i v e ,  t h e i r  e f f e c t  

c a n c e l  ou t .  Furthermore, i f  R ( t )  - a ( t )  / b ( t )  is a nondecreas ing f u n c t i o n  

of time and a c e r t a i n  t e c h n i c a l  c o n d i t i o n  i s  s a t i s f i e d  then (6.13.33) h o l d i n  

a t  t = 0 is s u f f i c i e n t  f o r  Y t o  win ( r e c a l l  Theorem 6.6.2) . It i s  a l s o  

necessa ry  when R ( t )  i s  c o n s t a n t .  S i m i l a r  s t a t e m e n t s  may be made about 

(6.13.11) i n  those  c a s e s  f o r  which a ( t )  f 13 ( t )  , and w e  w i l l  now develop sucl 

s imple  approximate bat t le-outcome-predic t ion cond i t ions .  

Thus, we w i l l  now develop a s imple  approximate battle-outcome-predicti,-
-

c o n d i t i o n  f o r  combat wi th  suppor t ing  f i r e s  n o t  s u b j e c t  t o  a t t r i t i o n  (s 
Theorem 6.13.3 below). F i r s t ,  we must a t t e n d  t o  some p r e l i m i n a r i e s .  Let  us  

denote  t h e  right-hand s i d e  of t h e  i n e q u a l i t y  (6.13.11) as u + ( t ) .  More 

p r e c i s e l y ,  let u+( t )  and u- ( t )  denote ,  r e s p e c t i v e l y ,  t h e  p o s i t i v e  r o o t  

2
and t h e  n e g a t i v e  r o o t  of b ( t ) u  + I a ( t )  - B ( t ) ) u  - a ( t )  = 0. It fo l lows  thi 

s o  t h a t  u- ( t )  < 0 < u+(t )  and (see Figure  6.19) 

< 0 f o r  u- ( t )  < u <  u+( t )  , 

d t  
> Q f o r  u+( t )  < u . 

We then have 

THEOREM 6.13.1 (TAYLOR and PARRY 1 5 9 1 ) :  I f  du/du(O) < 0 and 

u+( t )  i n  a nondecreasing f u n c t i o n  o f  t ime,  then d u / d t ( t )  < 0 

f o r  a l l  t 2 0 .  



Figure 6.19. Force-ratio v e l o c i t y  as a funct ion of t h e  fo rce  r a t i o  f o r  combat 

modelled by LANCHESTER-type equations f o r  an (F+ T) I(F + T) 
a t t r i t i o n  procese [E equat ions (6.13.1) i n  t he  t e x t ] .  Here 

the  length of the  arrow drawn on the u-axis is i n  proport ion 

t u  t he  magnitude of du id t  correepondllng t o  t h a t  fo rce  r a t i o  

u, and the  d i r e c t i o n  in which t h v d r r o w  po in t s  corresponds 

t o  t he  siign of du ld t ,  e.g.  an arrow poin t ing  t o  the  Left  

correeponde t o  a  minus s t g n  f o r  du ld t  ( c f .  Figure 2 . 7 ) .-




PROOF. The b a s i c  i d e a  behind t h i s  proof i s  t h a t  u ( t )  and u+(t) "move 

i n  o p p o s i t e  d i r e c t i o n s . "  The hypothes i s  t h a t  du/dt(O) < 0 y i e l d s  t h a t  

0 < u0 < u+(O) by (6.13.15). The assumption t h a t  u+( t )  is nondecreasing 

then y i e l d s  t h a t  uo < u+(O) -< u+( t )  f o r  a l l  t -> 0 .  I: fo l lows  t h a t  

u ( t )  i s  a s t r i c t l y  decreas ing  f u n c t i o n  of time, s i n c e  f o r  t n e a r  ze ro  

we have u ( t )  ( uo < u+(O) ( u+(t )  and consequent ly  (6.13.15) y i e l d s  t h a t  

d u / d t ( t )  < 0 always. Q.E.D. 

Theorem 6.13.2 then t e l l s  u s  when u+(t)  is  nondecreasing.  

THEOREM 6.13.2 (TAYLOR and PARRY [59] ) :  I f  R( t )  and S ( t )  

a r e  both nondecreas ing f u n c t i o n s  o f  time, then u+( t )  i s  a non-

decreas ing  f u n c t i o n  of time. 

W e  now make t h e  fo l lowing  a d d i t i o n a l  assumptions.  

( 8 4 )  R(t )  and S ( t )  are nondecreasing f u n c t i o n s  of t ime, 

(A61 R( t )  is not  i d e n t i c a l l y  e q u a l  t o  ze ro .  

Let  R,, denote  R(0) and s i m i l a r l y  f o r  So. Then a s imple  approximate 

bat t le-outcome-predic t ion c o n d i t i o n  is given by t h e  fo l lowing  theorem. 



THEOREM 6.13.3  (TAYLOR[50]) : Assume tha's ( A 4 )  through (A6) hold .  

Then Y w i l l  win a f ixed-force-ra t io-breakpoint  b o t t l e  i n  f i n i t e  

t ime i f  

PROOF (ske tch ;  TAYLOR [50] f o r  complete d e t a i l s ) .  The i n i t i a l - c o n d i t i o n  -
i n e q u a l i t y  (6.13.16) impl ies  t h a t  dvId t (0 )  < 0 so  t h a t  Theorem 6.13.1. 

>t e l l s  us t h a t  d u / d t ( t )  < 0 f o r  a l l  t .-0. It remains t o  show t h a t  

X
u ( t )  + uBp < uo i n  f i n i t e  time, wtere  uX > 0 denotes  X ' s  "breakpoint"BP 

f o r c e  r a t i o .  The 1at:er r e s u l t  may be proven by showing t h a t  u ( t )  
C 

+ +b ( s ) d s  wi th  K1 > 0, s i n c e  l i m t  / L  b ( s ) d s  = +. There 
0 

a r e  now two c a s e s  t o  be considered:  (Cl) S ( t )  < 0 f o r  a l l  1: 2 0 ,  

and (U)t h e r e  e x i s t s  t1 / 0 such t h a t  R( t l )  > 0 and S ( t l )  2 0. I n  

t h e  f i r s t  c a s e  (Cl)  it may be  shown t h a t  d u / d t ( t )  5 {b( t ) /b0)du /d t (O) ,  
t 

In t h i s  case .  I n  t h e  second c a s e  (C2)  i t  may be shown t h a t  

t 

whence u ( t )  ( uo - K1 ltl b(8)ds with Kp = minimum [R(t l ) ,  ( - l / b ( t l ) ) d u / d t ( t l :  

Q . E . D .  

+ +_The assumption t h a t  114 1 b ( t  ) d t  = + means t h a t  an  X primary weapon 

system [and, by impl ica t fon  from aseumption (A4) ,  a Y primary weapon system 

a l s o ]  h a s  unl imited f i repower ,  i . e .  t h e r e  a r e  no l o g i s t i c s  c o n s t r a i n t s  on t h e  



-- 

b a t t l e .  Theorem 6.23.3'8 proof ,  which we hove sketched above, i e  p a r t i c u l a r l y  

s i g n i f i c a n t  because i t  a l lows r e v e r a l  important ex tens ions :  (1)  c ~ l u l a t i v e  

f i repower  need n c t  be un l imi ted ,  and ( 2 )  c o n d i t i o n s  f o r  Y t o  ach ieve  a 

given f o r c e  r a t i o  w i t h i n  a s p e c i f i e d  t ime.  

Let us  now make a f e w  observa t ions  about t h e  s imple  approximate b a t t l e -  

outcome-prediction c o n d i t i o n  (6.13.16). 

Comment 1. Although t h e r e  a r e  s i x  a b s o l u t e  q u a n t i t i e s  ( i . e .  two f o r c e  

l e v e l s  and f o u r  a t t r i t i o n - r a t e  c o e f f i c i e n t s )  i n  c u r  model of combat wi th  

suppor t ing  f i r e s  (6.13.1),  t h e r e  a r e  on ly  t h r e e  independent r e l a t i v e - c o p a b i 1 i t y  

pa ramete rs  (one re la t ive - in i t i a l -p r imary- fo rce -s ize  parameter and two r e l a t i v e -  

f i r e - e f f e c t i v e n e s s  parameters)  involved i n  v i c t o r y  p r e d i c t i o n :  (1) t h e  

i n i t i a l  f o r c e  r a t i o  o f  t h e  primary systems 
I+, = %/yo, ( 2 )  t h e  i n i t i a l  

r e l a t i v e  f i r e  e f f e c t i v e n e s s  of t h e  primary weapon systems %, and (3) t h e  

i n i t i a l  n e t  f i r e  e f f e c t i v e n e s s  of t h e  s u p p o r t i n g  weapons normalized by t h e  

i n t e n s i t y  of combat between t h e  primary weapon systems So . 

Comment 2 .  When t h e  suppor t ing  f i r e s  are always e q u a l l y  e f f e c t i v e ,  f.e. 

a ( t )  I= B ( t ) ,  t h e i r  e f f e c t s  "cancel  ou t , "  and ( i n  terms o f  t h e  f o r c e  r a t i o )  

t h e  b a t t l e ' s  outcome is t h e  same as though they  were n o t  2 reJen t .  

Although h igh ly  i d e a l i z e d ,  the model (6.13.1) is s i g n i f i c a n t  because 

o f  t h e  i n s i g h t s  t h a t  it provides  i n t o  t h e  dynamics o f  combat. A s  we discussed  

above, we may cons ider  (6 . l 3 . l )  t o  model combat between two homogeneous 

f o r c e s  (primary weapon systems) w i t h  superimposed e f f e c t s  of suppor t ing  

f i r e s  no t  s u b j e c t  t o  a t t r i t i o n .  F. W. LANCHESTER 1261 a p p a r e n t l y  bealeved 



t h a t  be fore  1914 t h e  "modern" t r e n d  i n  war fa re  had been towards g r e a t e r  

concen t ra t ion  of f o r c e s  ( i . e .  h i g h e r  t r o o p  d e n s i t i e s  i n  combat a r e a )  and 

formulated h i s  now c l a s s i c  model o f  combat (without suppor t ing  f i r e e )  

i n  o r d e r  t o  q u a n t i t a t i v e l y  jurvtify t h e  p r i n c i p l e  of concen t ra t ion .  It i s  

s i g n i f i c a n t  t o  n o t e  (e.g. HERO [20-221, however, t h a t  t h e  a c t u a l  trenc 

i n  combat o p e r a t i o n s  over t h e  p a s t  two thousand y e a r s  o.f mil.i.tary h i s t o r y  

has  been towards g r e a t e r  d i s p e r s i o n  of f o r c e s  ( i . e .  lower t r o o p  d e n s i t i e s  

i n  combat a r e a s ) .  Some f i g u r e s  f o r  t h e  last  hundred y e a r s  a r e  shown 

i n  Table 6,XII (eSTEWART [41]) .  

Furthermore, t h e  model (6.1.3.1) may be used t o  g a i n  important  i n s i g h  

i n t o  whether o r  no t  it. is " b e n e f i c i a l "  t o  c o n c e n t r a t e  f o r c e s ,  i . e .  whether 

o r  n o t  a s i d e  should make its i n i t i a l  commitment of f o r c e s  as l a r g e  as 

p o s s i b l e  (e.g. see Sec t ion  2.9 above).  R e s u l t s  show :hat i f  t h e  " i n t e n s i t  

o f  t h e  s u p p o r t i n g - f i r e  combat exceeds t h a t  o f  t h e  primary systems [ i . e .  

a ( t )  0 ( t )  > a ( t )  b ( t )  1,I9 then  t h e  v i c t o r  should  no t  concen t ra te  h i s  f o r c e  

(seeTAYLOR [48] f o r  a d e t a i l e d  a n a l y s i s  of t h e  d e c i s i o n  of whether o r  n o t  

t o  concen t ra te  f o r c e s ;  a l s o  see Sec t ion  8.10 below). Considering t h e  p a s t  

i n c r e a s e s  [20-221 i n  t h e  fire e f f e c t i v e n e s s  of suppor t ing  weapons r e l a t i v e  

t o  t h a t  f o r  primary weapon systems (e.g. s m a l l  arms) ,  w e  would expect  t h a t  

i n  g e n e r a l  a ( t )  8 ( t )  > a ( t )  b ( t )  on t h e  modem b a t z l e f i e l d .  Consequentl: 

t h e  v i c t o r  should n o t  concen t ra te  h i s  f o r c e s  accord ing  t o  t h e  above. Thus 

t h e  model (6.13.1) y i e l d s  a t h e o r e t i c a l  r e s u l t  (about  op t imal  m i l i t a r y  

t a c t i c s )  t h a t  is  i n  b e t t e r  a g r e e m n t  w i t h  t h e  h i s t o r i c a l  t r e n d  i n  m i l i t a r y  

o p e r a t i o n s  t h a n  is  t h a t  y i e l d e d  by LANCHESTER's o r i g i n a l  model (2.2.1) 

without suppor t ing  f i r e e  ( i . e .  t h e  v i c t o r  should always c o n c e n t r a t e  f o r c e s  

[-s e e  Sec t ion  2.9 above]). 



TABLE 6.XII. Increase i n  the Dispersion of Troops from the U.  S .  Civ i l  We 

to  World War I1  (from STEWART [41 ] ) .  

ITEM CIVIL WAR WORLD WAR I WURLD WAR 1 

Area of 100,000 men 
( i n  square miles)  26.8 140 1727 

Average frontage of  
100,000 men (miles) 11 38.4 

Average depth of  
100,000 men (miles) 3 . 3  13 45 



It will be instructive for us to consider a more concrete case and 


examine more closely this question about the optimal initial commitment 


of forces. Hence, let us consider the constant-coefficient model of combat 


with supporting fires 


with x(0) = xo , 

with y(O) = yo , 

where a, b, a, and B now denote constant attrition-rate coefficients. 

Returning to first principles, to determine the optimal initial commitment 


of forces, we must coneider a '@combat-optimization" problem as we have done 


in Section 2.9 above (see also Section 8.10 below). Consider now a battle 

in which Y has more than enough troops t o  win. Will Y be "better off" by 

initially committing all his forces to battle? Should he hold some of them 


in reserve? We assume that this initial-commitment decision is to be made 


(only) once before the battle begins. If we take the overall casualty-exchar 


ratio Rc (= yc/xc, where yc denotes Y's casualties and similarly 

for xc) as Y ' s  decision criterion, then Y should initially commit more 

forces to battle as long as aRc/ayO < 0. Then for either a fixed-force- 

level-breakpoint battle or a fixed-force-ratio-breakpoint one, it may be 


shown (e
TAYLOR [ 4 9 ] )  that aRc/ayo < 0 if and only if 2 (dyldx) lau > 0. 

This if-and-only-if statement holds because a(dy/dx)/au always has 


the same sign (E below) and the attrition-rate coefficients are constant. 

For the model (6.13.17) we have 




and a ~ t r a i g h tf  o w a r d  computation y i e l d s  

Thus, we see  t h a t  a(dy/dx)/3u > 0 always i f  and only i f  ab > a%. Hence 

the prospect ive v i c t o r  should i n i t i a l l y  commit as many primary-system 

fo rces  (e.g. i n f a n t r y  forces)  a s  pos s ib l e  t o  b a t t l e  when t h e  i n t e n s i t y  

of combat between t h e  primary fo rces  exceeds t he  " in t ens i t y "  of t he  

support ing f i r e s ,  i.e. when eb > aB. When a0 > ab, more fo rces  than a r e  

required t o  "-Just1' a s su re  v i c to ry  should no t  be i n i t i a l l y  committed because 

they a r e  more vulnerable  t o  support ing f i r e s  (seeTAYLOR [ 4 8 ]  and Sect ion 

8.10 f o r  f u r t h e r  d e t a i l s )  . 
A s  discussed i n  Sect ion 2.9, t h e r e  i s  a very simple and i n t u i t i v e l y  

appealing i n t e r p r e t a t i o n  of t h e  above optimal force-commitment dec is ion  

ru l e .  The instantaneous casualty-exchange r a t i o  dyldx r ep re sen t s  t he  

"costt '  t o  Y of reducing the  X fo rce  l e v e l  a u n i t  mount .  The p a r t i a l  

de r iva t ive  a(dy/dx)/au represen ts  the  v a r i a t i o n  i n  t h i s  cos t  t o  changes 

i n  the  f o r c e  r a t i o  u - x/y. When a(dy/dx)/au > 0 always, then Y 1 s  

ins tantaneous cost  of doing b a t t l e  is  always reduced when t h e  b a t t l e  is  

fought a t  lower force r a t f o s  u = x / y .  If Y i n : t i a l l y  commits more 

fo rces  t o  b a t t l e  ( i . e .  Y makes yo l a rge r ,  then the  b a t t l e  i s  fought 

at lower fo rce  r a t i o s ,  a i d  Y i s  cumulatively b e t t e r  o f f  according t o  t h i s  

dec is ion  c r i t e r i o n .  Hence, ab > a8 y i e l d s  t h a t  Y is  b e t t e r  off by 

i n i t i a l l y  c o m i t t i n g  more fo rces  t o  b a t t l e .  Moreover, t h i s  dec is ion  r u l e  

is su rp r i s ing ly  robust and holds f o r  o the r  dec is ion  c r i t e r i a  ( see-TAYLOR 

1481). F ina l ly ,  t h i s  h e u r i s t i c  reasoning is shown t o  be mathematically 

p rec i se  i n  Sect ion 8.10 below. 
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6.14. HELMEOLD-Type Combat wi th  Support ing F i r e s  -
I f  we assume t h a t  a t t r i t i o n  between t h e  two primary weapon systems ( 

i n f a n t r i e s ,  see Figure  6.18) fo l lows  HELMBOLD'S modi f i ca t ion  of WCHESTER' 

equa t ions  of "modern warfare" t o  account f o r  i n e f f i c i e n c i e s  of s c a l e  when 

i n f a n t r y - f o r c e  s i z e s  a r e  g r o s s l y  unequal (seeSec t ion  6 .11) ,  our  model of c  

wi th  s u p p o r t i n g  f i r e s  (6.13.11 becomes ( s e e-Figure  6.20) 

where a ( t )  and B( t )  aga in  r e p r e s e n t  t h e  e f f e c t i v e n e s s e s  of t h e  supportix 

f i r e s ,  and W deno tes  t h e  "WEISS parameter" of t h e  b a t t l e .  

More fo rmal ly ,  we w i l l  c a l l  (6.14.1) t h e  equa t ions  f o r  HELMBOLD-type 

combat wi th  suppor t ing  f i r e s  not s u b j e c t  t o  a t t r i t i o n ,  a l though (of c o u r s e j  

we know t h a t  o t h e r  i n t e r p r e t a t i o n s  a r e  p o s s i b l e  (see Sec t ions  2.12 and 6.13 

above). Here, we have assumed t h a t  both  s i d e s  s u f f e r  t h e  same i n e f f i c i e n c i e  

of s c a l e .  Th i s  nonLinear combat model (6.14.1) reduces  t o  t h e  above s tud ied  

l i n e a r  model (6.13.1) when W = 1. I n  ana lyz ing  t h i s  model w e  w i l l  aga in  

assume t h a t  assumptions ( A l )  through (A6) o f  S e c t i o n  6.13 hold.  F i n a l l y ,  

l e t  us  no te  t h a t  t h e  above n o n l i n e a r  combat model (6.14.1) is  h igh ly  oper- 

a t i o n a l l y  significant, s i n c e  i t  provides  an e x c e l l e n t  f i t  t o  l a rge-un i t  

( i .  e .  d i v i s i o n - l e v e l  and l a r g e r )  c a s u a l t y - r a t e  curves  c u r r e n t l y  used i n  

s e v e r a l  of t h e  p r i n c i p a l  l a r g e - s c a l e  ground-combat models used i n  t h e  

United S t a t e s  (seeSec t ion  7.11 below f o r  f u r t h e r  d e t a i l s ) .  





Again (seeSec t ion  6.11),  t h i s  n o n l i n e a r  HlWtBOLD-type combat model 

may be transformed i n t o  a l i n e a r  combat model by t h e  a p p r o p r i a t e  t r ans format io  

p -of t h e  dependent v a r i a b l e .  Thus, t h e  s u b s t i t u t i o n  x W and q y W 

t r ans forms  (6.14.1) i n t o  

Hence, a l l  t h e  r e s u l t s  (=Sec t ion  6.13 above) f o r  t h e  l i n e a r  model wi th  

suppor t ing  f i r e s  not  s u b j e c t  t o  a t t r i t i o n  (6.13.1) app ly  t h e  t h e  non l inear  

HELMBOLD-type combat model (6.14.1). For example, when assumptions (A4) t h r ~ u l  

(A6) o f  S e c t i o n  6.13 a r e  s a t i s f i e d ,  then t h e  Y f o r c e  w i l l  win a fixed-force-

ra t io -breakpoin t  b a t t l e  i n  f i n i t e  time i f  

where R( t )  * and S ( t )  a r e  given by (6.13.12), RO deno tes  R(O), and 

s i m i l a r l y  f o r  SO. 



-- 6.15. The General Linear Model with Replacements (Constant At t r i t ion-Rate  

Coe f f i c i en t s ) .  

I n  t he  case of constant  a t t r i t i o n - r a t e  c o e f f i c i e n t s ,  t he  genera l  

l i n e a r  model (6.12.1) reads  

d x 
-I -ay - Bx + r wi th  x(O) = xO ,a t  

where a ,  b, a ,  6, r ,  and s denote q u a n t i t i e s  t h a t  remain constant  during 

a p a r t i c u l a r  b a t t l e ,  and we assume t h a t  a and b > 0 ,  while  a and 

B L 0. Although the re  a r e  s eve ra l  d i f f e r e n t  s e t s  of phys ica l  circumstances 

t h a t  may be hypothesized t o  y i e l d  (6.15.1) (seeSect ion  6.12 above), we 

w i l l  consider (6.15.1) t o  model "aimed-fire" combat between two homogeneous 

fo rces  with supporting f i r e s  not  sub jec t  t o  a t t r i t i o n  and continuous 

replacementslwithdrawals. In  t h i s  case  we should consider  r and s t a  

be replacement r a t e s ,  wi th  a negat ive value denoting a n e t  r a t e  of 

withdr .csal of forces .  Accordingly, we w i l l  p l ace  no r e s t r i c t i o n s  on the  

replacement r a t e s  r and s, i . e .  r and s a r e  u n r e s t r i c t e d  i n  s ign.  

The model (6.15.1) is  of i n t e r e s t  because i t  provides  i n s i g h t s  i n t o  

t he  consequences of a d d i t i o n a l  t roops (continuously) committed t o  b a t t l e .  

W e  may consider a term l i k e ,  f o r  example, r t o  represen t  t h e  r a t e  a t  

which addLtiona1 X fo rces  a r e  committed t o  b a t t l e .  Another r e l a t e d  i n t e r -  

p r e t a t i on  is t h a t  r represen ts  t h e  n e t  rate a t  which t h e  X f o r c e  e n t e r s  

t h e  f i e l d s  of f i r e  of t he  Y force.  Such i n t e r p r e t a t i o n s  e s s e n t i a l l y  apply 



t o  smal l -uni t  combat i n  f i r e  f i g h t s .  We may a l s o  (seeSec t ion  6.12 above) , 

however, cons ider  (6.15.1) t o  model combat w i t h  o p e r a t i o n a l  l o s s e s  and 
-

cont inuous  replacements.  I n  t h i s  c a s e  we may cons ider  (6.15.1) t o  app ly  

t o  l a r g e - s c a l e  combat over a s u s t a i n e d  per iod  o f  t i m e ,  and t h e n  r and s 

r e p r e s e n t  t h e  r a t e s  a t  which a d d i t i o n a l  r e s o u r c e s  a r e  committed t o  t h e  

t h e a t e r  of o p e r a t i o n s  (E MORSE and KIMBALL [31, pp. 71-73]). I n  t h i s  

l i g h t ,  a n a l y s i s  of t h i s  combat model w i l l  provide  important  i n s i g h t s  i n t o  

t h e  n a t u r e  of t r a d e o f f s  among (1) d i r e c t  combat c a p a b i l i t y ,  (2) "build-up 

c a p a b i l i t y ,  and (3) o p e r a t i o n a l  l o s s e s .  I n  terms of t h e  NATO s c e n a r i o ,  

t h e  modal (6.15.1) provides  rough i n s i g h t s  i n t o  t h e  s t r u c t u r e  o f  t r a d e o f f s  

among t h e  q u a l i t y  of weapon systems, t h e  q u a n t i t y  of weapon systems, and 

t h e  "build-up" r a t e s  at which new systems a r e  in t roduced  i n t o  t h e  t h e a t e r  

of opera t  eons. 

Unlike t h e  previous  v a r i a b l e - c o e f f i c i e n t  v e r s i o n s  considered above, 

t h e  cons tan t -coef f i c ien t  model (6.15.1) y i e l d s  an a n a l y t i c a l  s o l u t i o n  t h a t  

i s  simple enough t o  provide some important  i n s i g h t s  i n t o  t h e  dynami.cs of 

combat through d i r e c t  a n a l y s i s .  When ab # aB, the X & Y f o r c e  

l e v e l s  x ( t )  and y ( t )  f o r  t h e  mod& (6 .15.1) a r e  given by 
20 

and 

where 



-- 

B - ae = L L F , d = - , and o - a +  6 

Let us a l s o  note the following ident i ty  

where R = a/b and S = ( 6 - a ) / G  (see  Section 6 . 1 3  f c r  a discussion of 

the mil i tary interpretations of these parameters R and S ) .  

When- ab = aB, the X & Y force l e v e l s  x ( t )  and y ( t )  for 

the model (6.15.1) are given by 

x ( t )  = xO e - (a+B)t + 

( a ;  ;; s ) t  

and 



I n  t h i s  l a t t e r  case ,  i.e. when ab = aB, t h e  c o n s t a n t - c o e f f i c i e n t  comba 

model (6.15.1) possesses  t h e  state equa t ion  

which y i e l d s  that t h e  overall casualty-exchange r a t i o  i s  c o n s t a n t ,  i . e .  

where t h e  X and Y c a s u a l t i e s  a r e  g iven by 

x = x O + r t - x ,  and c Yc = y o + s t - y .  ( 6 ,  

Let  us obse rve  t h a t  i n  a l l  c a s e s  the i n s t a n t a n e o u s  casualty-exchange rat 

dx/dy f s  giver. by 

which f o r  ab  a6 becomes 

I n  p a r t i c u l a r ,  f o r  b r  = 6s and ab a a6 we have t h e  l inear law 

b(x0 - X) - B ( y 0  - Y) 



Determination of t h e  q u a l i t a t i v e  behavior ,  e.g.  battle-outcome-

f o r  t h e  l i n e a r  combat model with  replacements  p r e d i c t i o n  c o n d i t i o , ~ ~ ,  

(6.15.1) is  much more d i f f i c u l t  t h a n  we have h e r e t o f o r e  encountered because 

t h e  f o r c e  l e v e l s  x ( t )  and y ( t )  no l o n g e r  possess  a very  important nathe- 

m a t i c a l  p r o p e r t y  t h a t  f a c i l i t a t e d  a n a l y s i s  of combat modelled w i t h  

LANCHESTER's equa t ion8  f o r  modern war fa re  (6.5.1): namely, a l l  s o l u t i o n s  

t o  (6.15.1) are no l o n g e r  n o n o s c i l l a t o r y  i n  t h e  s t r i c t  s e n s e  t h a t  x ( t )  

anti y ( t )  can have more t h a n  oae ze ro .  We w i l l  g i v e  an example cf r ~ c h  

s o l u t i o n  behavior  below, However, a n a l y s i s  of t h e  q u a l i t a t i v e  b e h a v i x  o f  t h e  

model (6.15.1) i c  r e l a t i v e l y  s t r a i g h t f o r w a r d  when ab 3 aB , i . e .  t h e  

i n t e n s i t y  of combat between t h e  primary systems exceeds t h e  " i n t e n s i t y "  

of t h e  s u p p o r t i n g  f i r e s ,  and we w i l l  aow develop fo rce -ann ih i l a t ion-pred ic t ion  

c o n d i t i o n s  f o r  t h i s  case .  Let us f i r s t  observe t h a t  8 - o > 0 i f  and 

on ly  i f  nb ) a$. Hence, i n  t h i s  c a s e  t h e  exponen t ia l  e (O-u)t i n  (6.15.2) 

i s  a s t r i c t l y  i n c r e a s i n g  f u n c t i o n  t h a t  grows A t h o u t  bound. Furthermore,  

t h e  s i g n s  of xjt) and y ( t )  f o r  l a r g e  t a r e  o p p o s i t e  and determined 

by t h e  s i c  of A. For A = 0, i . e .  (x0 - 5) = (yo-0)(8+6)/b, (6.15.2) 

reduces  t o  

and 

We observe t h a t  8 + 6 > 0.  It fo l lows  t h a t  f o r  ab  > a0, an3 E and 

n L o  




("
w i l l  be a n n i h i l a t e d  

i n  f i n i t e  time i f  0 + 6  
(yo - n ) r  (6.15. 

and on ly  i f  

which may a l s o  be w r i t t e n  i n  t h e  e q u i v a l e n t  form 

The Y f o r c e  w i l l  be a n n i h i l a t e d  (and on ly  then)  i n  f i n i t e  t ime whe 

t h e  above i n e q u a l i t y  (6.15.18) is reversed .  Mareover, from (6.15.2) w e  s e e  

t h a t  y ( t )  > 0 f o r  a l l  e -> 0 when (6.15.18) h o l d s  wi th  5 and q > 0.-
The requirement t h a t  5 and rl -> 0 i n  t h e  f o r c e - a n n i h i l a t i o n - p r e d i c t i o n  

cond i t ion  (6.15.18) is  a b s o l u t e l y  e s s e n t i a l  as t h e  example d e p i c t e d  i n  

Table 6  . X I 1 1  shows. In  o t h e r  words, (6.15.18) [ e q u i v a l e n t l y ,  (6.15.17) 1 

is s a t i s f i e d  f o r  t h e  b a t t l e  d e p i c t e d  i n  Table  6.XII1,  but t h e  Y f o r c e  

is a c t u a l l y  a n n i h i l a t e d  before  t h e  X f o r c e  is. The reason  why (6.15.18) 

f a i l s  t o  c o r r e c t l y  p r e d i c t  f o r c e  a n n i h i l a t i o n  i s  t h a t  J < 0 This  example 

should a l e r t  the  reader  t o  t h e  f a c t  t h a t  de te rmina t ion  of t h e  q u a l i t a t i v e  

behavior ,  e.g. Eorca-annihi la t ion p r e d i c t i o n ,  f o r  t h e  c o n s t a n t - c o e f f i c i e n t  

model with replacements/withdrawals (6.15.1) is  much t r i c k i e r  than t h a t  

f o r  t h e  v a r i a h l e - c o e f f i c i e n t  model (6.5.1) w i t h  no placements/withdrawals.  

Let us f i n a l l y  ske tch  t h e  development of t h e  above e x p r e s s i o n s  f o r  

t h e  f o r c e  l e v e l s  x ( t )  and y ( t ) .  When ab f a$, we may w r i t e  (6.15.1) as 

dx 
- Y  -a(y - n) - B ( x - €1 and * =  - b ( x - €1 - a(y - s )  , (6.15.1d t  d t  

whence t h e  s u b s t i t u t i o n  X = x - € and Y = y - s t ransforms (6.15.19) 

i n t o  
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TABLE 6 .XIII .  Example Ttrnt Shows That One Muat have Both 6 and rl 2 0 

i n  Order f o r  tho  Inequal i ty  (6 .15.18)  t o  Correctly Predict  

a Y Victory i n  a Fight-to-the Finish.  

NOTE: In t h i s  b a t t l e  w e  have taken ( i n  compatible u n i t s )  a = b - 2 ,  

a = 0 = 1 ,  r 0 ,  and a = 150. I t  followa that (6 .15.18)  Is  

s a t i s f i e d  but with 6 = 100 and 0 - -50. 



dX dY
-= -aY - BX and - -bX - aY ,
d t  d t  

for  which we have given a solution in Section 6 .13  above. 'Vhen ab  aB, 

we may write (6 .15.1)  a s  

-d x =  r - B ( X + ' ~ )
d t  b and s - b(x + $ y) , 

whence fol low the above re su l t s .  



6.16. -Variable-Coef f  i c i e n t  Equat ions  f o r  FT A t t r i t i o n  Process  

A s  emphasized above, S. BONDER [5;10]has  s t r e s s e d  t h e  importance 

f o r  weapon-system e v a l u a t i o n s  of us ing time-dependent a t t r i t i o n - r a t e  

c o e f f i c i e n t s  i n  LANCHESTER-type combat models t o  r e p r e s e n t  temporal  v a r i a  

i n  f i repower  on t h e  b a t t l e f i e l d  (e.g. see t h e  b a t t l e  t r a j e c t o r i e s  g iven i 

Sec t  i o n  6.2 above) . We have considered v a r i o u s  a s p e c t s  of such v a r i a b l e -  

c o e f f i c i e n t  g e n e r a l i z a t i o n s  of LANCHESTER's equa t ions  f o r  modern war fa re  

i n  s e v e r a l  of t h e  above s e c t i o n s .  Lee u s  now, however, cons ider  t h e  f o l l  

i n g  LANCHESTER-type e q u a t i o n s  f o r  a F T ~ F T  a t t r i t i o n  p rocess  wi th  time- 

dependent a t t r i t i o n - r a t e  c o e f f i c i e n t s  

wi th  x(0) = xo , 

These equa t ions  may be  hypothesized t o  model combat under e i t h e r  of t h e  

fol lowing two sets of c i rcumstances  (cf.S e c t i o n s  2 .4  and 2.11 above):  

e i t h e r  (51) b o t h  s i d a s  use "area" f i r e  and a constant-area  

def ense  [12 ; 6 11, 

(S2) both  s i d e s  use  "aimed" f i r e  wi th  t h e  r a t e  of t a r g e t  

a c q u i s i t i o n  being i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  

number of enemy t a r g e t s  and a l s o  being t h e  c o n t r o l l i n  

f a c r o r  i n  the a t t r i t i o n  p rocess  [12]. 



The modell ing of t h e  a t t r i t i o n - r a t e  c o e f f i c i e n t s  a ( t )  and b ( t )  is 

d i scussed  i n  Sec t ions  5.4 and 5 .7  above. Mathematically,  w e  assume t h a t  

a t t r i t i o n - r a t e  c o e f f i c i e n t s  a ( t )  and b ( t )  a r e  p o s i t i v e  and piecewise 

d i f f e r e n t i a b l e .  We f u r t h e r  assume t h a t  both  a ( t )  and b ( t )  L(0,T) 

any f i n i t e  T 0 and s i m i l a r l y  f o r  d / d t ( b ( t ) / a ( t ) ) .  

The development of a n a l y t i c a l  r e s u l t s  f o r  t h e  X and Y f o r c e  1 

x ( t )  and y ( t )  is  ,very much more d i f f i c u l t  f o r  time-dependent a t t r i t i o  

r a t e  c o e f f i c i e n t s  t h a n  it w a s  f o r  cons tan t  c o e f f i c i e n t s  (E Sec t ion  2.4 

S ince  no r e l a t i o n  l i k e  LANCHESTERfs l i n e a r  l a w  (2.4.3) g e n e r a l l y  ho lds  f 

t h e  v a r i a b l e - c o e f f i c i e n t  combat model (6.16.1),  we a r e  l e d  t o  a non l inea  

second-order d i f f e r e n t i a l  equa t ion  i n  o r d e r  t o  a n a l y t i c a l l y  determine,  f 

example, x ( t ) .  Accordingly,  w e  may use  d i f f e r e n t i a t i o n  and a l g e b r a i c  

e l i m i n a t i o n  t o  o b t a i n  from (6.16.1) t h e  X f o r c e - l e v e l  equa t ion  

wi th  i n i t i a l  c o n d i t i o n s  

dx
d tand - (0)  = -aOxOyO , 

where a. denotes  a ( 0 )  and s i m i l a r l y  f c r  bo. Unfor tunate ly ,  t h i s  

second-order n o n l i n e a r  d i f f e r e n t i a l  equat ion is a p p a r e a t l y  no t  equivalent 

t o  any s t a n d a r d  equa t ion  s o l v a b l e  i n  terms of "elementary" f u n c t i o n s ,  

a.g. eee INCE [23] o r  DAVIS [16].  However, we will g i v e  some s imple  

approximations t o  t h e  s o l u t i o n  of t h i s  non l inear  d i f f e r e n t i a l  equat ion.  



TAYLOR [46]  has  developed the fo l lowing  two s imple  approximat ions  

t o  t h e  s o l u t i o n  of (6.16 2),denoted as k i ( t )  f o r  i - 1 and 2, namely 

where 

What is  the e r r o r  made i n  us ing t h e  above approximations? How "good" a re  

they? To answer t h e s e  important q u e s t i o n s ,  TAYLOR [46] h a s  developed a 

bound f o r  t h e  e r r o r  made i n  us ing  e i t h e r  of t h e  two approximat ions  Sl( t )  

and t . T h i s  bound is easy  t o  e v a l u a t e  and does n o t  r e q u i r e  knowledge 
L 

of  t h e  exac t  s o l u t i o n  x ( t ) .  H i s  r e s u l t  is  as fol lows.  

THEOREM 6.16.1 (TAYLOR [ 46 1) : A bound on t h e  e r r o r  made 

t h e  approximation (6.16.3) Gi(t) ( f o r  i - 1 , 2 )  t o  t h e  exac t  

s o l u t i o n  x ( t )  o f  (6.16.1) is given by 

x t - t x t - t f o r  i - 1,2 .  

where 



f o r  j = 1 , 2 .  

I n  Theorem 6.16.1 V denotes  t h e  v a r i a t i o n a l  o p e r a t o r  de f ined  and 

d i scussed  i n  OLVER [34, pp. 27-29], i.e. 

When b ( t ) / a ( t )  is monotonic, however, t h i s  bound s i m p l i f i e s  and becones 

t i g h t e r .  Thus, we have 

THEOREM 6.16.2 (TAYLOR [46]):  I f  d / d t E b ( t ) / a ( t ) )  2 0 f o r  

a l l  t f [O,T], then a  bound on t h e  e r r o r  made i n  t h e  a ? p r o r i w . t i o n  

(6.16.3) t ( f o r  i = 1,2)  t o  t h e  exac t  s o l u t i o n  of (6.16.1) 

i s  given by 

t - t - 1 t - t Q f o r  i - 1.2. 

The above a r e  t h e  on ly  a n a l y t i c a l  results known t o  t h e  a u t h o r  f o r  t h e  

n o n l i n e a r  combat model wi th  temporal  v a r i a t i o n s  i n  f i r e  e f f e c t i v e n e s s  (6.16. 

Lot us  f i n a l l y  observe t h a t  a l l  t h e  ahove r e s u l t s  apply  t o  a more 

genera l  n o n l i n e a r  combat model. When each s i d e  has  suppor t ing  weapons n o t  

s u b j e c t  t o  a t t r i t i o n  (cf. Sec t ion  6.13 above), our  model becomes -




with x(0)  - xo , 

where a ( t )  and @ ( t )  are nonnegative and represent the e f fect iveness  of 

supporting f i r e s .  However, the substitution (6 .12.2) transforms (6.16.6)  

into  

with p(O) = xo , 

with q(O) = yo , 

T h m ,  a l l  tk.e above tasrt.?t.s for the model (6.16 . I )  may be applied t o  the mol 

general mode l  of combat x i t h  supporting f i r e s  not subject to  a t t r i t i o n  (6.16 



- - 

"6.17. A Resu l t  f o r  t h e  General  Model wi th  Temporal V a r i a t i o n s  i n  

F i r e  E f f e c t i v e n e s s  

Two q u a n t i t i e s  of fundamental i n t e r e s t  t o  t h e  m i l i t a r y  OR worker 

a r e  (1) t h e  f o r c e  r a t i o ,  and ( 2 )  t h e  casualty-exchange r a t i o .  I n  t h i s  

s e c t i o n  we w i l l  show t h a t  f o r  t h e  genera l  c a s e  of combat between two horn 

f o r c e s ,  t h e  d i f f e r e n c e  between t h e s e  two fundamental q u a n t i t i e s  p rov ides  

simple (but  y e t  ve ry  b a s i c )  " local"  cond i t ion  of f o r c e  s u p e r i o r i . t y  t h a t  

t imes  a l lows  one t o  determine t h a t  t h e  f o r c e  r a t i o  i s  a monotonic f u n c t i  

time. Such a r e s u l t  i s  n o t  on ly  of i n t r i n s i c  i n t e r e s t  but  a l s o  importan 

f o r  unders tanding t h e  dynamics of FEBA movement (Earward -Edge of t h e  g a t  

Area, which is t h e  c o n t a c t  zone between opposing f o r c e s )  when combined w"-
a rate-of-advance equa t ion  f o r  FEBA motion. I n  l a r g e - s c a l e  combat model; 

f o r  a given engagement, t h e  motion of t h e  FEBA is u s u a l l y  t aken  t o  depenc 

monotonically on t h e  f o r c e  r a t i o  s o  t h a t  monotonic behavior  of t h e  f o r c e  

r a t i o  over  t ime can be t r a n s l a t e d  i n t o  q u a l i t a t i v e  s t a tements  about cumu: 

FEBA movement (see S e c t i o n s  7.13 and 7.14 f o r  f u r t h e r  d e t a i l s ) .  Thus, t l  

r e s u l t s  of t h i s  s e c t i o n  may be used t o  develop fundamental q u a l i t a t i v e  3.1 

s i g h t s  i n t o  t h e  dynamics of combat. 

As we saw i n  Sec t ion  6 . 1  above, we may g e n e r a l l y  model combat bet 

two homogeneous f o r c e s  wi th  t h e  fol lowing d e t e r m i n i s t i c  LAPJCHESTER-type 

equa t ions  f o r  x and y 2 0 

with  x(0)  = xo , 

with  y(O) - yo , 

-

*Starred e e c t i o n s  are n o t  r e q u i r e d  f o r  t h e  unders tanding of t h e  s e q u e l  an 

rhould  be omit ted a t  f i r s t  reading.  They u s u a l l y  r e q u i r e  more mathe- 

m a t i c a l  mophis t i ca t ion  t o  be undaretood. 
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where x ( t )  and y ( t )  denote the X and Y f o r c e  l e v e l s  a t  time t ,  and 

G and H denote force-change r a t e s  (with a negat ive force-change r a t e  

s ign i fy ing  a ne t  i n f l u x  of replacements). When the re  are no replacements 

and withdrawals, G and H a r e  simply casua l ty  r a t e s .  To in su re  t h e  

ex is tence  of p a r t i a l  de r iva t ives  needed i n  subsequent ana lys i s ,  we assume 

t h a t  G and H a r e  d i f f e r e n t i a b l e .  

It is of i n t e r e s t  t o  be ab le  t o  determine i n  whose favor  t h e  course 

of b a t t l e  i s  progressing without solving the  equat ions (6.17.1) i n  d e t a i l .  

I f  we consider a fixed-force-ratio-breakpoint b a t t l e  ( a  s p e c i a l  cage s f  

which is a f i gh t  t o  t he  f i n i s h  i n  which one s i d e  o r  t h e  o the r  is annih i la ted)  

then the  r a t e  of change of t h e  force  r a t i o  is an appropr ia te  measure of 

t h e  d i r e c t i o n  i n  which the  course of b a t t l e  is  moving, s ince  we can then 

i d e n t i f y  towards which combatant's force- ra t io  breakpoint the  b a t t l e  is 

being "steered." Then according t o  t h i s  c r i t e r i o n ,  t he re  i s  a simple c r i t e r i  

(with a r i c h  m i l i t a r y  i n t e r p r e t a t i o n )  f o r  a f o r c e  t o  be "winning": namely, 

a force  is  "winning" when t h e  fo rce  r a t i o  exceeds the  casualty-exchange 

ra t io .2 '  This "local" condit ion of fo rce  supe r io r i t y  app l i e s  t o  all 

LANCHESTER-type models with two force- level  v a r i a b l e s  and y i e l d s  a "globa.1" 

condit ion of fo rce  supe r io r i t y  ( i . e .  t h e  fo rce  r a t i o  monotonically changes 

t o  the  advantage of one s ide )  when c e r t a i n  t rends  over time hold. 

Let us now develop our l o c a l  condi t ion of f o r c e  supe r io r i t y .  

Accordingly, we introdbce the  fo rce  r a t i o  u - x/y. A s  pointed out by 

TAYLOZ and PARRY [ 5 9 ] ,  f o r  a fixed-force-ratio-breakpoint b a t t l e  i t  seems 

appropriate  t o  say t h a t  "the course of b a t t l e  is  moving towards an X 

vic toryv  when du/dt > 0 (o r ,  simply, t h a t  "X i s  winning"). Our " local"  

condit ion of f o r c e  s a p e r i o r i t y  i s  developed by determining the  s ign  of 



d u l d t  a t  a p o i n t  i n  time. We w i l l  do t h i s  wi thout  s o l v i n g  t h e  e q u a t i o n s  

(6.17.1) i n  d e t a i l .  Considering t h e  f o r c e  r a t i o  u a x/y ,  we f i n d  a f t e r  

some s t r a i g h t f o r w a r d  manipula t ions  t h a t  

Th is  r e s u l t  (6.17.2) i s  t h e  key r e s u l t  fram which a l l  subsequent developmer 

i n  t h i s  s e c t i o n  fol low.  We assume f o r  s i m p l i c i t y  t h a t  w e  always have dy/c 

w i t h  o t h e r  c a s e s  being handled i n  a a t ra igh t foward  manner. When dy/dt  < ( 

t h e n  d u l d t  and (u - dx/dy) have t h e  same s ign .  Thus, f o r  d y l d t  < 0 

w e  s e e  from (6.17.2) t h a t  a " l o c a l f f  cond i t ion  of X-force s u p e r i o r i t y  ( i . e .  

is  "winning" a f ixed-force-ra t io-breakpoint  b a t t l e )  i s  

The i n e q u a l i t y  (6.17.3) has  a ve ry  important m i l i t a r y  i n t e r p r e t a t i o  

I n  genera l ,  t h e  q u a n t i t y  dx/dy is  t h e  ins tan taneous  ( o r  d i f f e r e n t i a l )  

force-change r a t i o ,  which f o r  cases  of no replacements and wi thdrawals  beco 

t h e  ins tan taneous  (o r  d i f f e r e n t i a l )  casualty-exchange r a t i o .  Consequently, 

i n  such cases ,  (6.17.3) s a y s  t h a t  X is "winning" when t h e  f o r c e  r a t i o  

exceeds t h e  ins tan taneous  casualty-exchange r a t i o .  I n  o t h e r  words, t h e  

r e l a t i v e  s i z e  o f  t h e  f o r c e  r a t i o  and t h e  casualty-exchange r a t i o  determine 

t h e  d i r e c t i o n  of t h e  course  of b a t t l e .  Such a r u l e  of thumb may be very  u s  

f u l  i n  such an i n t e r p r e t a t i v e  sense  when t h e  exac t  dynamics of combat a r e  

n o t  known, i.e. one can s t i l l  determine i n  whose favor  t h e  d i r e c t i o n  of 

b a t t l e  is moving. 



It is s f  p a r t i c u l a r  i n t e r e s t  t o  be able t o  p r e d i c t  when (6.17.3) 

w i l l  hold throughout a b a t t l e  ( i . e .  t o  determine a "global"  c o n d i t i o n  of 

f o r c e  s u p e r i o r i t y ) .  Although we have n o t  succeeded i n  developing such 

c o n d i t i o n s  i n  g e n e r a l ,  we w i l l  now g i v e  r e s u l t s  f o r  a s p e c i a l  c a s e  of 

f a i r l y  wide a p p l i c a b i l i t y .  Thus, f o r  many LANCHESTER-type combat models 

o f  i n t e r e s t ,  t h e  i n s t a n t a n e o u s  Eorce-change r a t i o  dx/dy depends on on ly  

t and t h e  f o r c e  r a t i o  x/y,  i . e .  dx/dy is  a homogeneous f u n c t i o n  of 

degree  ze ro  i n  t h e  f o r c e - l e v e l  v a r i a b l e s  x and y (seeCOURANT [15,  

pp. 108-1101). When t h i s  i s  t r u e ,  w e  w i l l  s ay  t h a t  Condi t ion (HO) holds  

and w i l l  a e n o t e  dx/dy as o = p ( t  ,x /y)  , i. e. 

I n  t h i s  case ,  we may w r i t e  

where 

We w i l l  c a l l  E( t  , u )  t h e  excess  func t ion ,  s i n c e  i t  r e p r e s e n t s  by 

how much thk  f o r c e  r a t i o  u x/y  exceeds t h e  force-change r a t i o  dx/dy. 

Motivated by c o n s i d e r a t i o n  o f  a number o f  s p e c i f i c  LANCHESTER-type models, 

w e  assume t h a t  E ( t , u )  = 0 h a s  a unique p o s i t i v e  r o o t ,  which we w i l l  

denote  a s  u+, f o r  each f i n i t e  va lue  o f  t and t h a t  E is  p o s i t i v e  

f o r  u > u+ bu t  n e g a t i v e  f a r  u < u+. I n  o r d e r  t o  a s s u r e  t h a t  u+t't) 
-



"behaves proper ly"  over  t i m e ,  we assume t h a t  aE/au is  n o n p o s i t i v e  f o r  

u = u+' More p r e c i s e l y ,  we assume 

where u+ deno tes  t h e  unique p o s i t i v e  r o o t  of  E( t ,u+)  0 f o r  any f i x e  

v a l u e  of  t. 

L e t  u s  now cons ide r  combat modelled by LANCHESTER-type e q u a t i o n s  

which Condi t ion (HO) holds .  Then X is  "winning" a f ixed- fo rce - ra t io -b r  

po in t  b a t t l e  when (6.17.3) holds .  Th i s  i s  a " loca l "  c a n d i t i o n  o f  f o r c e  

s u p e r i o r i t y .  A s  d t scussed  above, one can s p e c i f y  c e r t a i n  t r e n d s  o v e r  t i m  

t o  i n  some s e n s e  s t r e n g t h e n  (6.17.3) i n t o  a "global"  c o n d i t i o n  of f o r c e  

s u p e r i o r i t y  (cf.developments i n  Sec t ion  6.13 above).  I n  p a r t i c u l a r ,  whe 

u+( t )  is non inc reas ing  over  t i m e ,  then (6.17.3) h o l d i c g  a t  o n l y  t = 0 

guaran tees  t h a t  d u / d t ( t )  i s  alweys p o s i t i v e , 2 2  i . e .  t h e  f o r c e  r a t i o  

u = x/y con t inuous ly  changes t o  t h e  favor  of  X. 

THEOREM 6.17.1 (TAYLOR [4419:  Assume t h a t  Condi t ion (HO) and 

Assumption (Al) hold  and t h a t  u+( t )  i s  a non inc reas ing  

f u n c t i o n  o f  time. It fol low8 t h a t  

impl ies  t h a t  u ( t )  x ( t ) / y ( t )  i s  a s t r i c t l y  i n c r e a s i n g  f u n c t i o n  

of t ime t .  



PROOF. From (6.17.5) we see t h a t  d u l d t  and E have t h e  same s i g n  when 

d y l d t  < 0 .  We assume t h a t  t h i s  l a t t e r  c o n d i t i o n  ho lds .  Hence (6.17.7) 

and Assumprion (Al) imply t h a t  u+(O) < uo. The assumption t h a t  u+( t )  

is nonincreas ing  then  y i e l d s  t h a t  u + ( t )  ( u+(O) < no f o r  a l l  t 2 0 .  

It fo l lows  t h a t  u+(t)  i s  a s t r i c t l y  i n c r e a s i n g  f u n c t i o n  o f  time, s i n c e  

f o r  t n e a r  z e r o  we have u+(t )  ( 11+(0) < uo -< u ( t )  and consequent ly  

Assumption ( A l )  i m p l i e s  t h a t  E ( t , u ( t ) )  > 0 f o r  a l l  t -> 0 .  Q.E.D. 

We now e s t a b l i s h  a necessa ry  and s u f f i c i e n t  c o n d i t i o n  f o r  u + ( t )  t o  

be nonincreaeing.  

THEOREM 6.17.2 (TAYLOR [44]) :  Assume t h a t  Condit ion (HI)holds .  

Then u+(t is a nondncreasing f u n c t i o n  o f  t ime i f  and on ly  i f  

ap/at(t ,u,)  LO f o r  a l l  t LO, i . e . ,  Assumption ( ~ 2 )holds .  

PROOF. D i f f e r e n t i a t i n g  t h e  i d e n t i t y  E( t ,u+)  = 0 - u+ - p ( t , u + ) ,  we o b t a i n  

whence fol lowe t h e  theorem by ( ~ 2 ) .  Q.E.D. 

We w i l l  now b r i e f l y  cons ider  s e v e r a l  c o n c r e t e  examples i n  o r d e r  t o  

i l l u s t r a t e  the above g e n e r a l  theory ,  



Example 6.17.2. For LANCHESTER's equa t ions  o f  modern war fa re  (6.5.1),  

we have dx/dy ( l / u )  a ( t ) / b ( t )  = ( l / u )  R ( t )  = p ( t , u )  so  t h a t  Condit ion (; 

i s  s a t i s f i e d .  We a l s o  then have t h a t  E ( t , u )  - u - ( l / u )  R( t )  ao t h a t  

Assumption (All is s a t i s f i e d  v i t h  u+( t )  = m. Computing 3 p / p t  = ( l l u )  

w e  s e e  from Theorem 6.17.2 t h a t  u+( t )  is non increas ing  i f  and on ly  i f  

H(t)  is. We l e a v e  it as an  e x e r c i s e  f o r  t h e  r e a d e r  t o  show t h a t  (6.17.8) 

y i e l d s  t h e  same resul t :  as d i r e c t  computation of du-+/dt. Theorem 6.17.1 thc 

y i e l d s  t h a t  t h e  f o r c e  r a t i o  u = x/y is a s t r i c t l y  i n c r e a s i n g  f u n c t i o n  of 

time when uO > $ and R(t )  is nonincreas lng.  

Example 6.17.2. For t h e  equa t ions  of HELMEOLD-type combat w i t h  suppor t ing  

f i r e s  (6.14.1) wi th  W C (O,11. we have dx/dy = ~ ' - ~ { a ( t ) + ~ ( t ) u ~ ~ / f a ( t ) + t  

= p ( t , u )  so t h a t  Condit ion (I#)) i e  s a t i s f i e d .  We a l s o  t h e n  have t h a t  

E( t ,u )  = { ~ l - ~ / ( a ( t )+ b ( t ) uW ) I  F( t .u )  where F(t ,u)  = b ( t ) u Z W+ 

{ a ( t )  - ~ ( t ) )u 
W - a ( t )  s o  t h a t  Assumptiorl (Al) is  s a t i s f i e d  w i t h  

where t h e  normalized n e t  e f f e c t i v e n e s s  of suppor t ing  f i r e s  S ( t )  i s  given 

by (6.13.11). It may be ahown (& Theorem 6.13.2 above) by d i r e c t  

computation u s i n g  (6.17.9) t h a t  R( t )  and S ( t )  non increas ing  i m p l i e s  t h a t  

u+(r) is nonincreas ing.  Applying Theorem 6.17.1, we f i n d  t h a t  t h e  f o r c e  

r a t i o  u - x/y i s  a e t r i c t l y  i n c r e a s i n g  f u n c t i o n  o f  t ime when 

> /% {S0/2 + } end R ( t )  and S ( t )  a r e  non increas in  ( ~ ~ / y ~ ) ~  



A more thorough a n a l y s i s  of t h e  f o r c e - r a t i o  equa t ion ,  however, is  r e q u i r e d  

t o  develop a batt le-outcome-prediction c o n d i t i o n  analogous t o  (6.13.16) 

(cf. t h e  proof o f  Theorem 6.13.3).  

Example 6.17.3. Consider combat modelled wi th  

where a ( t ) ,  b ( t ) ,  and g ( t , x , y )  > 0. It fo l lows  t h a t  ~ ( t , u )= ~ ( t )s o  

t h a t  our  r e s u l t s  y i e l d  t h e  " ins tantaneous"  l l n e a r  law b ( t ) x  < a ( t ) y  f o r  

Y t o  be winning a f ixed-force-ra t io-breakpoint  b a t t l e .  When g ( t , x , y )  = q 

[ i . e .  combat i s  modelled wi th  ( 6 . 1 6 . l ) ] ,  f u r t h e r  a n a l y s i s  of (6.17.5) y i e l d s  

t h a t  

where yf deno tes  Y ' s  ( f i n a l )  f o r c e  l e v e l  when X is a n n i h i l a t e d  and 

we have assumed t h a t  uo < Ro and R( t )  i s  nondecreasing.  I f  we assume 

t h a t  b ( t )  f L(0, + w) ,  then (6.17.10) on ly  guaran tees  t h a t  X w i l l  l o s e  

any fixed-force-ratio-breakpoint .  b a t t l e  wi th  uX > 0 i n  f i n i t e  t i m e .BP 


It does  n o t  guaran tee  t h a t  X w i l l  be  a n n i h i l a t e d  i n  f i n i t e  t i m e  (and, 

indeed,  X w i l l  no t  be) .  Furthermore, t h i s  a n n i h i l a t i o n - t i m e  bound ( i . e .  

i n f i n i t e  t i m e  being r e q u i r e d  t o  a n n i h i l a t e  t h e  X f o r c e )  cannot be improved 

upon. 



Every m i l i t a r y  man i n t u i t i v e l y  knows t h a t  the fo rce  r a t i o  and t h e  

( instantaneous)  casualty-exchange r a t i o  in f luence  t h e  out coma of b a t t l e .  

In  t h i s  s ec t i on  we have shown t h a t  t he se  two r a t i o s  may be q u a n t i t a t i v e l y  

r e l a t ed  t o  develop ba t t le - t rend  p red i c t i ons ,  e.g. t h e  force  r a t i o  w i l l  

alwaye change t o  the  advantage of one of  t h e  combatants, without having t o  

so lve  t he  LANCHESTER-type equat ions i n  d e t a i l .  I n  p a r t i c u l a r ,  we showed 

tha t  a general  "local" condi t ion of f o r c e  super:Lority which a p p l i e s  t o  a l l  -
de te rmin i s t i c  LANCHESTER-type models with two force- leve l  v a r i a b l e s  may be baa 

un comparing t h e  fo rce  r a t i o  with t h e  instantaneous casualty-exchange r a t i o .  

When appropr ia te  temporal t rends  a r e  s a t i s f i e d ,  "global" condi t ions  of fo rce  

s u p e r i o r i t y  may be developed from these  "local" ones. 



FOOTNOTES for Chapter 6 


1. By the classic LANCHESTER theory of combat (1.e. its classic developel 


we mean developments In  the differential-equation modelling of combat 

before the publication of D(3LANSKY1s [ 1 7 ]  1964 survey article. Con-

etant attrition-rate coefficients were aesumed for reasons of simplici 


and lack of methodology and data for their prediction [17] .  

S. BONDER (see BONDER and FARREU [lo, pp. 30-311) has stressed the 

importance of analytical solutions to such models for developing in-


sights into the dynainics sf combat by portraying the relation between 


various factors in the combat attrition process and the surviving num-


bers of forces and for facilitating sensitivity and other parametric 


analysis (5BONDER [9] ) . Furthermore, f inite-dif ference methods 

for developing numerical approximate solutions to such equations are 


discussed in Chapter 7 below. 


3. Other significant work appears in BARFOOT [ 2 ] ,  BONDER and FAR#ELL [ l o ]  

and KIMBUTON [25 ] .  

4. Here we would like to mention the work of RUSTAGI and SRIVASTAVA 


[39] and RUSTAGI and LAITIMEN [38] on the estimation of the 


Markov-dependent-fire parameters in BONDER'S [6;8] expression for the 

LANCHESTER attrition-rate coefficeints (E also Footnote 1 for 

Chapter 5). 




5. To be p r e c i s e ,  we on ly  c o n j e c t u r e  t h a t  t h i s  s t a tement  i e  t r u e .  ~t 

is ,  of course ,  a very  d i f f i c u l t  t a s k  (and one w e l l  beyond t h e  

scope of t h i s  book) t o  prove t h a t  t h e  s o l u t i o n  t o  a d i f f e r e n t i a l  

equa t ion  cannot be expressed i n  terms o f  "elementary" f u n c t i o n s  

(e.g. see RITT [ 3 7 ]  o r  RISCH [36]). Based on our  work i n  t h i s  

f i e l d ,  however, we f e e l  t h a t  t h e  s ta tement  i s  probably t r u e  f o r  

combat modelled w i t h  many ( i f  n o t  most) time-dependent a t t r i t i o n -

rate c o e f f i c i e n t s  of t a c t i c a l  i n t e r e s t .  

6 .  -See Footnote  1 3  of Chapter 3. 

7. See Footnote 14 of Chapter 3. 

8. I n  o t h e r  words, both  x ( t )  and y ( t )  > O f o r  a l l  f . i n i t e  t 2 0. 

9. It seems a p p r o p r i a t e  t o  d e l i n e a t e  a s e t  of p h y s i c a l  c i rcumstances  

t h a t  may be hypothesized t o  y i e l d  a b a t t l e  wi th  a t t r i t i o n - r a t e  

c o e f f i c i e n t s  such t h a t  h ( t )  € L(O,+..). For example, cons ider  a 

f i r e  f i g h t  i n  which t h e  combatants t ake  cover and cont inue t o  reduce 

t h e i r  v u l n e r a b i l i t y  s o  t h a t  enemy f i r e  e f f e c t i v e n e s s  decays 

e rponen t iak ly  over  t i n u ,  i.e. a ( t )  - kaeYt and b(r)  - %LYt 

with y 2 0. I n  t h i s  case, M - Ally, and M is  f i n i t e  when 

h ( t )  L(O,+..). 

10. This  p o i n t  w a s  no t  no ted  by TAYLOR and PARRY [ 5 9 ] .  



See TAYLOR [SO] f o r  an example t h a t  shows t h a t  such a b a t t l eI!.. -
need n o t  ever  end when b ( t )  6 L(O,+), i . e .  l i m i t e d  cumu1.atiu.e 

f i repower  is a v a i l a b l e  t o  t h e  X f o r c e .  

12. The naming of our  LCS f u n c t i o n s  is based on t h e  f a c t s  t h a t  

a f u n c t i o n  similar t o  Fa(() was in t roduced  by LUDWIG SCHLDLI 

(1814-1895) i n  1867 (see[401) and t h a t  m o t h e r  r e l a t e d  one 

appears  i n  a  posthumous fragment o f  t h e  g r e a t  Engl i sh  geometer 

WILLIAM KINGDON CLIFFORD (1845-1879) ( s e e  114, pp. 343-3481) .-
Although t h e  GLF given by (6.9.3) may be expressed i n  terms of 

modified BESSEL f u n c t i o n s  of t h e  f i r s t  k ind o f  f r a c t i o n a l  o r d e r  

( i . e .  I f o r  0 < a  < 1 )  [ s e e  (6.6.1) through (6.6.14) above],-
a 


w e  have in t roduced t h e  LCS f u n c t i o n s  because t o o  few of such 

BESSEL func t  fons I,x a r e  t a b u l a t e d  ( i . e .  t a b u l a t i o n s  a p p a r e n t l y  

on ly  e x i s t  f o r  a = -3 1/4 ,  -+ 1 / 3 ,  -+ 112, -+ 213, 2 3/4,  and t h e s e  

do not correspond t o  c a s e s  of i n t e r e s t ) .  Observing t h a t  we may 

w r i t e  

t h e  r e a d e r  may f i n d  i t  i n s t r u c t i v e  t a  show t h a t  t h e  r e s u l t s  given 

i n  Example 6.5.2 are equ iva len t  t o  (6.6.11) and (6.6.12) and 

a l s o  t o  (6.9.3) above. 

13. Equation (6.9.6) fo l lows  d i r e c t l y  from s u b s t i t u t i n g  (6.9.3) 

i n t o  (6.5.6). 



14. The tabulations provided in Appendix D are taken from the longer 

(i.e. [55]) of the two reports by TAYLOR and BROWN [55; 561 (also 


available from the National Technical Information Service) which 


contain five-decimal-place tables of the hyperbolic-like LCS func-


tions tions Fa(E), (E), and Ta(E) for values of the argu- 


ment E = O.OO(0.01) 2.00(0.0) 10.0 and various values of the order 

a. The short table [56] contains tabulations far a = 112, 1/3, 213, 

114, 314, 115, 215, 315, 415, 317, and 417 corresponding to 


P, v = 0,1,2,3 for the attrition-rate coefficients (6.9.2); while 

the longer table [55] contains tabulations for a - 112, 113, 2/31 

5/11, 6/11, 8/11, 5/13, 8/13, 5/17, 12/17, 5/21, and 16/21 corre- 


sponding to V,  v = 0, l/4, 112, 1, 1 112, 2, 3. As we have seen 

above in Section 6.2 [see
- (6.2.1), (6.2.5), (6.2.6), and Figure 6.21, 

such values for P and v allow one to analyze, for example, a wide 

variety of range capabilities for weapon systems in BONDER" constant-


speed-attack model (6.2.1). 


15. Theee force-annihilation-prediction results may be obtained by 

* 

subetituting the GLF (6.9.3) and the result (6.6.17) for Q of 


Section 6.6 into Theorem 6.7.1. 


16. More generally, we could have considered D 2 6 but dPd not do 

ao because (6.9.14) reduce8 to (6.9.2) when D - 0. 



The naming of t he  LIOWILLE-GREEN-LANCHESTER (LGL) approximation 

was a r r i ved  a t  i n  the fullowing manner. The LIOUVILLE-GREEN- 

(LG) approximation [ 3 4 ]  ( a l so  c a l l e d  the  WKB approximation [33 ,  

pp. 790-791; 341, t he  JWKB approximation /28; 341, o r  even the  

WKBJ approximation [30]) t o  the so lu t ion  of a second-order l i n e a r  

d i f f e r e n t i a l  equation is  a very u se fu l  approximation tha t  is  frequl 

made i n  appl ied  mathematics. Since we have appl ied  t h e  theory of 

t h e  LC approximation t o  LANCEESTER-type equat ions of modern war fa r~  

w e  have c a l l e d  the  r e s u l t  t he  LGL approximation. 

18. The _LG approximation (see -OLVER [ 3 4 ,  Chapter 61) is  a widely used 

approximation t o  t he  s o l u t i o n  of a second-order l i n e a r  ord inary  

d i f f e r e n t i a l  equation. See t h e  previous foo tnote  f o r  f u r t h e r  

d e t a i l s .  

19. Actual ly ,  a d d i t i c n a l  hypotheses a r e  required.  For s i m p l i c i t y  we 

have omitted them here ( 2 ~TAYLOR [45] o r  Sect ion 8.10 below). 

20. An equivalent  r e s u l t  is given by MORSE and KIMBALL [31, p. 723. 

However, t h e i r  r e s u l t  is  i n  a considerably l e s s  convenient form fox 

determining the  q u a l i t a t i v e  behavior of t h e  model (6.15.11. For 

example, t h e  behavior shown i n  Table 6.XIII was not  de tec ted  by 

MORSE and KIMBALL, and consequently i nco r r ec t  battle-outcome- 

p red i c t i on  condi t ions a r e  implied i n  [31, p. 721. 

21. This i n t e r p r e t a t i o n  only holds  f o r  cases  of no replacements and 

withdrawals o r ,  more genera l ly ,  when t h e  r a t e s  of replacement 

and withdrawal a r e  equal.  
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I n  TAYLOR [ 4 4 ]  we e r roneoue ly  s t a t e d  t h a t  (under t h e  s t a t e d  assump- 

t i o n s )  (6.17.7) was a condi t ion  s u f f i c i e n t  t o  p r e d i c t  an  X v i c t o r ]  

i n  a fixed-force-ratio-breakpoint b a t t l e ,  Subsequently,  we discavel  

t h e  counterexample mentioned i n  Footnote 10 above ( i . e .  see TAYLOR 
[ 5 0 ] )  t h a t  shows t h a t  such a b a t t l e  need never  end when 

b ( t )  € L(O,+=), i . e .  l i m i t e d  cumuLative f i repower  is  a v a i l a b l e  to  

t h e  X fo rce .  Consequently, f o r  example, Theorems 6.6.2 and 

6.13.3 each c o n t a i n  t h e  assumption t h a t  b ( t )  f L(O,+) ,  and 

Theorem 6.17.1. 
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APPENDIX D: TABLES OF LCS FITNCTIONS FOR ANALYZING 


HOMOGENEOUS-FORCE BATTLES 


2. Introduction. 


This appendix contains the most exteneive set of tables of the 


(LCS) functions (see 
LANCHESTER-CLIFFORD-S~I -Sect ion 6.9) which 

are currently available for analyzing homogeneoue-force "aimed-fire" 


cambat umdelled by power attrition-rate coefficients with "no offeet" 

or by certain other attrition-r?ta coefficients that yield force-level 


equations equivalent to (6.9.7). Some military nituations modelled vith 


these coefficients have been discusned above in Svc tion 6.2 , e.g. "aimed-

fire" forcbon-force combat between two oppeing weapon-nystem types 


with the same paxhmm effective range, These tabulations of LCS functions 

allow one to analyze such coinbat modelled by the power attritiohrate 


coefficients (D.1) with soawwhat the 6ame facility as one can for the 


constant-coefficient cane, and thue they can aid in parametric analyses 


(E Section 6.9 for further detail.). 

Tabulations of the hyperbolic-like LCS functions Pa(S) , 

Hld(E) , a d  Ta(S) are given in thin appendix fcr various values of 

the argument 5 and for a - 112, 113, 213, 114, 314, l/S, 2/S, 315, 

415, 2/7, 3/7, 417, 5 1 7 ,  419, 519, 3/11, 5/11, 6/11, 8/11, 5/13, 8/13, 

5/17. 12/17, 5/21, and 16/21. As we have reen in Section 6.9 above, 



the LCS functions Pa([) and Ha(E) m y  be represented for 


a + O;L, - 2 ,  ... re the infinite aerie. 

and 


while Ta (C) is dcf i n d  by 

The LC§ function Pa(€) correspondm to the hyperbolic cosine, H I * ( € )  

to the hyperbolic sine,while T (E) corresponds to the hyperbolic

a 


tanaent. A key result that is used to develop force-annihilatian- 


prediction conditionr is that (TAYLOR and BROW [ S  I ; also Section 

6.9 above) 


2. Use of LCS Functions for Analyting Homogeneous-Force Combat. 

The W C H E ? T E R - C L I F P O ~ S C ~ I(LC?1 funct ions Fa ( 6 )  and 

H a ( C )  are very useful for analyzing "aimed-fire" combat modelled by 



the power attrition-rate coefficients with "no offset" (D .3 . ) .  In other 

words, the LCS functions arise in eolving the differential-equation 


force-on-force combat model (6.5.1) with attrition-rate coefficients 


D l )  In order that both a(t) and b(t) € L ( t O , T ) ,  we must have u 

and v > -1, and we will assuw that this latter condition is satisfied. 

For such combat, these LCS functions may be used to 


(TI) compute the force levels as functions of t h e ,  

(T2) predict force annihihatioa, 


and (T3) compute the time of force annihilation. 


Although we have given results for nccompliehing these tasks in Section 

6.9, for the reader's convenience we d l 1  review the salient points and 


collect the ouin results here. 

According to (6.5.6) and (6.9.3) ,the X force level x(t) 

m v  be written as 

from the condition that both gr and v > -1, it followo that b o ~ h  p 



q € 0 , From (D.5) and (D.6) (see -TAYLOR [3] for details) we may 

conclude the following force-annihilation-prediction result. [Alterna-


tively, we may substitute (6.9.3) and (6.9.8) into Theorem 6.6.1 to 


obtain Theorem D.1.1 


THEOREM D.l (TAYLOR and BROWN 151): Consider combat between 

two homogeneous forces modelled by the F IF LANCEfESTER-type 


equations (6.5.1) with power attrition-rate coefficients (D.l). 


Assume that both u and v > -1. Then the X force will be 

annihilated in finite time if and only if 


When ro = 0 (1.e. C =  0), the X force will be annihilated 

in f i n i t e  tfme if and only if 

(D.8a) 


When (D.8) 18 saciafied, the time t o  annihilate the X force, t:, is 

x
determinedly x(ta) = 0. It follows that 



(D.9) 


or, more explicitly, 


(D.10 


-1
where r and 'Ti' denote inverse functions. Numerical examples 
4 


using the above analytical results have been given in Section 6.9 above, 


and these examples show the use of the LCS functions for analyzing 


homogeneous-force combat. 


3. Tables of LCS Functions.
-
This appendix contain8 the m e t  extensive set of tables of the 

LANCBESTER-CLIFPORD.SC)IL~~F~I
functions currently available. The A ~ I ~ X  

contains tables of five-decimal-place values of the hyperbolic-like LCS 

functions Fa(x) , %-(x) , and T (x) for various values of the argu- 
a 

m ~ n t  x ,  namely x = 0.00 (0.01) 2.00 (0.1) 10.0, and a = 112, 113, 

213, 115, 314, 115, 215, 3/5, 415, 217, 317, 417, 517, 419, S/9, 3/11, 5/13 


6/11 ,8/11, 5/13, 8/13, 5/17, 12/17, 5/21, and 16121. Those values of the 

i 



and allow one to analyze, for example, a fairly wide variety of range 


capabilities for weapon system in the constant-speed-attack model of 


Section 6.2. These tables have been calculated by the recursive methc 


given in TAYLOR and BROWN [4, Section 81. 

A representative tabulation of the hyperbolic-like LCS funct; 


Fa(x) P (x), and Ta (x) is given in, for example, Tables D.VIIfi 

and D.VZIIB of the Annex for a = 3/5. The values of the argument x 

are the same as those used for the tabulation of the hyperbolic funct: 


by ABRAMOWITZ a d  STEGUN [PI. These particular tables for a = 3/5 6 

appear in Section 6.9 and have been used to compute the numerical exan 


given there. The reader should note in Teble D.VII1B that from (D.5) 


limiting value of T (x) as x -c +O (here a = 315) is quickly reachc 
a 


with three-decimel-place agreement by x = 4.5. Also, the reader shot 

recall from Section 6.9 ( r .g. Table 6-11) that F I l 2 ( E )  C O S ~8 .  

(6) = ainh F, and TlI2(() - tanh 5 ,  and consequently Tables D . 1  

and D.18 for a = 1/2 are simply tabulations of the hyperbolic functi 

4. Outline of Computational Procedure. 


The above-mentioned tabluations of these LCS functions make t 


analyeie of several important claesee of LANCEIESTER-type battles (see 
Section 6.2) a comparatively easy matter. A couple of numerical examp 


have been given in Section 6.9 to show how these LCS functions may be 


used to analyze homgeneoue-force "aimed-fire" combat modelled by the 


power attrition-rate coefficiente with "no offset" 1 For such an 


sis of homogeneoum-force combat, the author suggests the following 




computational procedure (based on the  r e s u l t e  given above i n  Section 

D.2) : 

(TASK 1) determine from (D.8) whether the  X fo rce  can be 

ann ih i l a t ed ,  

(TASK 2) i f  ann ih i l a t i on  is poss ib le ,  determine the  time of 

the  X fo rce ' s  ann ih i l a t i on  a s  follows: 

(SUBTASK 2a) compute T (TX) by (D.9) 

a[here rX-4 a 

( 8 )  1 ,  

X
(SUBTASK 2b) using in t e rpo la t ion ,  determine r a 

from the  appropr ia te  t abu la t ion  of T 
4' 

(SUBTASK 2c) using (D.7 ) ,  compute t = r -1 X(ta)-. 

Frm t h e  above, it should be noted t h a t  these  two determinat ions involve 

only the i n i t i a l  fo rce  r a t i o  uo - $/yo (and not  the ind iv idua l  i n i t i a l  

force  levels themselves). For the  numerical examples given i n  Sect ion 

6.9, when the  X force  is  not annih i la ted  with a given time t-,, the  

fi-1 X fo rce  l e v e l  has been ca lcu la ted  by (D.6) with the  help of our 

tabulat ione.  



5. Final Re.marks. 


In Section 6.9 above, we have shown how the LCS functions 


allow one to conveniently obtain much valuable information about the 


"aimed-fire" force-on-force attrition model (6.5.1) with power attri- 


tion-rate coefficients (D.l) without having to explicitly compete the 


entire force-level trajectories. Previously one was limited to only 


being able to compute force-level trajectories (see TAYLOR [2] and 

TAYLOR and BROWN [4]). With the availability of these tabulations of 


LCS functions (E the Amex to this appendix), one can now tell which 

side is going to be annihilated and when this event will occur without 


explicitly computing the trajectories. Not only did we answer questions 


about the qualitative behavior of the force-on-force combat model (e.g. 


force annihilation) for specific values of, for example, initial force 


levels but also for the entire palssible range of values for the initial 


force ratio (i.e. parametric analysis of model behavior). 


The reaults of this appendix may be used for other parametric 


analyses, e.8. parametric dependence of battle outcome on weapon-system 

capabilities. Thus, the contents of this appendix (seealso Section 6.9 

above) allow one to develop important insights into the dynamics of comb, 


between two homogeneous forces with temporal variations in fire effectiv~ 


nees. With the availability of these tabulations of the LCS functione, 


one can now analyze combat modelled by the power attrition-rate coeffi- 


cient. (D.l) with smewhat the same faciltty as he can for the constant- 


coefficient case of F I F  LANCtlESTER-type equations and thus aid in para. 

metric analyaes of ruch homogeneous-force battles. For a further discuer 


of the eiguificance of such rsaulte for military operations research, thc 


reader is directed to TAYLOR and BROW [ 5 ] .  
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ANNEX to  Appendix D: 

Tabulations of the LCS Functions F a ( x ) ,  (x), and Ta(x) for 

a = 1 / 2 ,  1 / 3 ,  2 /3 ,  114. 3 /4 ,  1 / 5 ,  2 /5 ,  3 / 5 ,  4/5, 2 /7 ,  3 1 7 ,  4 / 7 ,  517,  

419, 5/9 ,  3/11,  5 /11 ,  6111, 8 /11,  5 /13,  8 /13 ,  5 /17,  12 /17 ,  5 /21 ,  

and 16/21.  
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Chapter 7. MODELLING TACTICAL EIJEAGEXENTS 

7.1. Introduction 


The fundamental role of ground-combat troops (in the U.S. Army's 

own words, e.g. see [164, p. iv]) is to "shoot, move, and commuuicare." 

Consequently models of tactical engagements must in some manner represent 


the attendant procast~es of attrition, movement, and c3 ( i . e .  command, 

control, sad communications). In this chapter we will Eucus on the 


modelling of force-on-force attrition in tactical engagements, although 


some consideration does have to be given to the other two processes of 


3movement and C , especially as they influence the attrition process. The 

two attrition-modelling approaches that are principally used in the United 


States for assesainq casualties iu simulated combat engagements and that 


we will examine in detail are as follows: 


(Al) detailed LANCHESTER-type mode1.s of attrition in tactical 


engagements, 


(A2) aggregated-force casualty-assessment models based on the 

use of index numbers to quantify mil.i.tary capabilities. 


We will try to be fairly comprehensive in our examination of these two 


approaches for aseesuing casualties in tactical engagements, and when 


details must be omitted, references to further details in the literature 


will be given. Moreover, there is a third approach that also merits 


mention: 



(G3) Coordinated use of a detailed combat model with a less 


detailed casualty-assessment model. 


Although it hao been rather widely used for defense-planning purposes 


in hoth England and West Germany, this third approach (i.e. the 


hierarchical-modelling approach) has not been as widely used in the 


United States as the first txo. Consequently, we will only briefly 


discuss the hierarchical-modelling approach and not examine it in nearly 


as much detail as the other two. 


Combat (especially that between company-sized units and larger) is 


a fantastically complex random process. Nevertheless, deterministic 


models of combat attrition are commonly used in studies for computations 


reasons, since many people believe that they give essentially the same 


results for the average course of combat as do corresponding stochastic 


models1 and these stochastic attrition models are considerably less con- 


venient to handle (& Chapter 4 for further details). Hence, in the 

chapter at hand we will consider only deterministic models of force-on- 


force attrition for assessing casualties in tactical engagements. Even 


scs, the inherent complexity of the combat process leads to great complex 

in operational models of combat attrition. However, for purposes of 


understanding the modelling approaches and concepts that may be used to 


build auch operational model.^, it is convenient to abstract much simpler 


2
auxiliary models and to study them . Thus, we will examine some 

simplified versions of tactical-engagement models, with the understandin 


that a more complicated model would be desirable for investigation of 


actual planning or operational probleme. 




As we indicated in Chapter 1, two divergent (but yet compl.ementary) 

treads in the use of combat models are the following 3 : 

(Tlj their oimplificatioa i.n order to more easily obtain insights 

inro the dynamics of combat, 


(T2) their enrichment in details in order to better duplicate real- 


world combat activities. 


In previous chapters we have concentrated primarily on obtaining insights 


into the dynamics of combat from relatively simple models rather than 


enriching such models in details. Thus, we have emphasized studying rela- 


tively simple combat models in order to better understand their basic 


nature and to hopefully perceive some significant interrelationships that 


are difficult to discern in more complicated models. However, such simple 


models may also be the point of departure for building complex operational 


models. 


In other words, one approach for understanding the reasons why a 


large-scale complex operational model produces certain output results for 


particular numerical input data is to abstract a simpler model (e.g. one 


with fewer variables or simpler functional relations between them) from 


the complex one. This simple auxiliary model is then used to investigate 


the system dynamics of the more complex model by considering alternative 


aesumptions and data estimates. The simplified auxiliary model should 


be intuitively plausible and transparent but yet it ehould capture the 


basic essence of the complex operational model. This idea of using relati 


simple auxiliary models in conjunction with a complex operational model is 


4of course, not new , but the author knows of no clear articulation of this 
approach for understanding large-scale combat models. Thus, the simple 


models that we will consider in this chapter should not be taken literally 


but should be considered as a point of departure in the building of more 
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complex models enriched and e labora ted  upon i n  numerous d e t a i l s .  In  orde 
;b. 

t h a t  our simple models not be token l i t e r a l l y  by t h e  inexperienced model1 

.q 
we w i l l  e x p l i c i t l y  d i s cus s  a few genera l  ideas  about modelling, t he  proce 

of 6u i ld ing  a model. Our remokrs should provide some i n s i g h t  i n t o  how 

~pmplex  models l i k e ,  f o r  example, ATLAS, BONDER/IUA, and VECTOR-2 have 

evolved 5 .  

- Many people (e.g. s e e  MORRIS r l l & ] o r  BONDER [12])  have come t o  r e a l  

t h a t  models and modelling a r e  two completely d i f f e r e n t  sub jec ts .  Thus, 

an ind iv idua l  can be q u i t e  knowledgeable about models ( i . e .  he may under- 

s tand  t h e  assumptions on which they are based and a l s o  t h e i r  c h a r a c t e r i s t  

and p r o p e r t i e s ) ,  but he may s t i l l  be q u i t e  incapable  of bu i ld ing  h i s  own 

model t o  f i t  given requirements o f ,  f o r  example, m i l i t a r y  ana lys i s .  I t  

is  not  an easy t a sk  t o  adapt  ( i . e .  t o  "bend and twist")  a model t o  f i t  

s p e c i f i c  scenar io  and a n a l y s i s  raqui.rements. Modelling ( i . e .  model bu i ld  

ing)  is an a r t ,  which is probably beat learned by a c t i v e  experiences  (E 

BONDER [ 121 and MOMIS [114] f o r  f u r t h e r  discussxons) .  Thus, t h e  simple 
.t 

models presented i n  t h e  r e s t  of t h i s  chapter  should not  be considered a s.' 
f i n a l  products but r a t h e r  should be considered a s  po in t s  of de,parture i n  

t h e  bu i ld ing  of ope ra t i ona l  models. 

W. T. MORRIS [114]has  hypothesized t h a t  t h e  proceos of model S u i l d i  

may be considered t o  c o n s i s t  of t h e  fol lowing t h r e e  aspec ts :  

(Al) t h e  process of enr ich ing  o r  e l abo ra t i ng  upon a bas i c  l o g i c a l  

s t r u c t u r e ,  

(A2) t h e  use of analogy o r  a saoc i a t i on  wi th  previously developed 

l o g i c a l  s t u r c t u r e s  t o  determine the  s t a r t i n g  po in t  f o r  t h i s  

enrichment process ,  

and (A3) t h e  i n t e r a c t i v e  (1.e. "looping") na tu re  of t h e  model-building 

process.  
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The enrichment process itself may be considered to consist of the followin 


elements: (1) making constants into variables, (2 )  adding more variables, 

(3) using more complicated (i. e. nonlinear) funcf ional relations between 


variables, (4) using weaker assumptions and restrictions and ( 5 )  not sup- 

pressing randomness. These general ideas about modelling should be kept 


in mind as we subsequently review models of combat attrition. Combat-


modelling theories only provide the "skeleton," and the military operation 


research (OR) worker must add the "meat" to the body of the attrition mode 


Let us finally make a few observations about the impact of the moder~ 


digital computers on modelling. The computer has essentially freed the 


military OR analyst from having to worry about mathematical tractability 


and allows him to focus on model formulation (i.e. model building). For 


example, with respect to attrition modelling, the military analyst's effori 


should be foctsed on analyzing the combat process and formulating the 


appropriate casualty-assessment equations, since numerical results can 


always be generatcd with the help of a digital computer using standard 


numerical integration techniques. However, before the age of digital com- 


puters one had to worry about building "useful" models that could be 


conveniently "solved." Of course, the mathematical aspects of models are 


still important, since many times in the process of model building it is 


useful (even essential) to understand the mathematical properties of the 


logical structures being enriched in details. 




7.2. A d d i t i o n a l-Opera t iona l  F a c t o r s  t o  be Considered i n  LANCHESTER-type 

Models. 

I n  a d a p t i n g  LANCHESTER-type models t o  r e p r e s e n t  the dynamics of 

combat i n  a c t u a l  t a c t i c a l  engagements, one should cons ide r  a number of  

a d d i t i o n a l  o p e r a t i o n a l  f a c t o r s  t h a t  were omi t t ed  by t h e  r e l a t i v e l y  s imple  

models cons ide red  p r e v i o u s l y  i n  t h i s  book. I n  p a r t i c u l a r  LANCHESTER1s 

c l a s s i c  combat f o r m u l a t i o n s  e s s e n t i a l l y  cons ide red  on ly  t h e  f i r e  e f f e c t i v e  

n e s s  (assumed c o n s t a n t )  and t h e  numbers of opposing combatants.  We can 

e n r i c h  such s imple  a t t r i t i o n  models by c o n s i d e r i n g  a d d i t i o n a l  o p e r a t i o n a l  

f a c t o r s  such as t h o s e  shown i n  Table  7 . 1  i n  o r d e r  t o  r e f l e c t  more of t h e  

i n h e r e n t  complexity of combat (seea l s o  S e c t i o n s  2.6 and 2 . 7  above).  

The LANCHESTER-type models t h a t  w e  c o n s i d e r  h e r e  and i n  S e c t i o n s  

7.4 and 7.8 a r e  a l l  d e t e r m i n i s t i c  i n  t h e  s e n s e  t h a t  each of them w i l l  

always y i e l d  t h e  same ou tpu t  f o r  a g iven  set o f  i n p u t  d a t a .  Even though 

combat between two m i l i t a r y  f o r c e s  is a complex random p r o c e s s ,  such 

d e t e r m i n i s t i c  combat models a r e  c o m o n l y  used f o r  computat ional  r easons  

i n  defense-planning s t u d i e s ,  f o r  example, t o  a s s e s s  t h e  r e l a t i v e  impor- 

t a n c e  of  v a r i o u s  weapon-systm and f o r c e - l e v e l  pa ramete r s ,  s i n c e  

many people  b e l i e v e  t h a t  they g i v e  e s s e n t i a l l y  t h e  same r e s u l t s  f o r  

t h e  mean course  of combat a s  do corresponding s t o c h a s t i c  a t t r i t i o n  

6models . 
Let  u s  now b r i e f l y  d i s c u s s  t h e  o p e r a t i o n a l  f a c t o r s  shown i n  Tzb le  

7.1. Some o f  them have been cons ide red  i n  p rev ious  p o r t i o n s  of  t h i s  

book, and many w i l l  be f u r t h e r  d i s c u s s e d  i n  t h i s  c h a p t e r .  To begin  w i t h ,  

we have a l r e a d y  d i s c u s s e d  (seeSoctiol: 5.5 above) how f o r  ''aimedD' f i r e  

t h e  corresponding LANCHESTER a t t r i t i o n - r a t e  c o e f f i c i e n t s  depend d i r e c t l y  



TABLE 7.1. Additional Operational Factors to be 

Considered in LANCHESTER-Type Mudels. 


(1) Range-dependent weapon-bystem capabilities 


(2) Other temporal variations in fire effectiveness 

(3) Unit breakpoints 


( 4 )  Unit deterioration due to attrition 

(5) Target-acquisition considerations 


(6) Diversity of weapon-system types 


(7) Command, contru*, .and communications 


(8) Effects of terrain 


(9) Suppressive effects of weapon systems 


(10) Effects of logistics constraints 




on f a c t o r s  auch as firin:4 r a i e ,  r a t e  of t a r g e t  a c q ~ l s i t i o n ,  h i t  prob-

abilities, e t c .  and i n d i r e c t l y  on f a c t o r s  such as range betweep. f i r e r  

knd t a r g e t ,  t a c t i c a l  postures  of f i r e r s  and t a r g e t a ,  re?.acive ination 05 

f i r e r s  and t a r g e t s ,  e t c .  Many people (e .8 .  BONDER and F A X I L L  [IS]) f e e l  

t h a t  f o r  many t a c t i c a l  s i t u a t i o n s  the pr inc ipa l  f a c t o r  i q  he r m g e  bstween 

f i r e r  and t a r g e t ,  and we have examined Lhe consequences of S L C ~r h n g ~ ~  

dependexe f o r  a t t r i t i a n - r a t e  c o e f f i c i e n t s  i n  BONDER'S consrant-speed-

a t t a c k  model (seeSection 6.2 above). In  o ther  cases ,  however, one may 

want t o  have t h e  attrition- ate c o e f f i c i e n t s  a ls t ,  depend on o the r  opera- 

t i o n a l  f a c t o r s  (e.g. f i r i n g  r a t e ,  t a r g e t  posture,  e t c . )  t h a t  may change 

over time. 
We have already considered modelling b a t t l e  terminat ion through 

un i t  breakpoints and un i t  d e t e r i o r a t i o n  due t o  a t t r i t i o n  i n  Chapter 3 

(in p a r t i c u l a r ,  pee Section 3.10; see a l s o  Sect lon 2 .8 ) .  Addit ional ly,  

f o r  combat between two homogeneous forces  t a r g e t  acqu i s i t i on  i s  e x p l i c i t l y  

considered through ta, which appears i n  (5.4.1) through (5.4.2),  i n  

BONDER'S expression f o r  t he  LANCHESTER a t t r i t i o n - r a t e  coe f f i c i en t  i n  

t h e  case  of MARKOV-dependent f i r e .  In Section 5.10 we examined an 

important l imi t ing  case f o r  such a coe f f i c i en t  when the  cons t ra in ing  

f a c t o r  f o r  k i l l i n g  t a r g e t s  is acqui r ing  them ( a f t e r  ideas  of H. BRACKNEY 

[201). We found t h a t  under such condit ions the  r a t e  of "aimedw-fire 

a t t r i t i o n  took the  form 



where B is i~ conatant of proportionality related to the reciprocal of 

the time required to acquire a target by visually searching n region (see 
Section 5.10 for further details). Moreover, Vector Research, Inc. (E 

[ U q p p .  193-1081 o? [ l l 7 , p p .  43-45]) has developed a more refined (i.e. 

enriched in operation61 details) model for the target-acquj~ition process 


ir engsgeaenta Setween heterogeneous forces and its consequent impact an 


the attrition process. Since we have not discussed heterogeneous forces 


yet, let us do so (and d s o  command, control, and communications) before 


returning to a brief general dtscussion of target-acquisition eftect~ 


(including terrain effects and target selection). 


Actual combat (especially large-scale operations) consJsts of many 


different weapon-systerr, types Ce.g. infantry, tanks, artillery, mortars, 

etc . )  operating together as "combined--arms teams," and such diversity of 

weapon-aystem types, may be modeLled by explicitly considering the attrition 

of each different tvpe. In other words, attention is given to differences 


in weapon-system cap~bil.ity, and each side's forces axe disaggregoted by 


expl.bcitly considering many different weapon-system types that can be 

individually attritcd. We will consider in greater detail ths modelling 


of attrition in combat between such heterogeneous forces in Section 7.7 


below. Essentially one keeps track of the lcases from all opposing weapon- 


sytem types for each target type. Tne extension of the attrition-modelling 


ideas of, for example, Chapter 2 is straightforward and is primarily a prob- 


lem of bookkeeping and notation in the simplest case. 


3
One may consider. command, control, and cormrmnications_ (C ) as tnfluencin 

the efficiency of fire directed at enemy targets. Let ue briefly examine 




a s imple  model that v a s  doveJ.opeJ by T. S.  SCHREIBER [;27] and prov ides  som 

3 
i n s i g h t  i n t o  t h e  c o n c t r i b u t i ~ n  of C syetems t o  combat e f f e c t i v e n e s s  

SCMXEIBER cons idered  a hattl.:" between two homogsneouo korcss  i n  which each 

u n i t  reamins i n  i t s  o r i g i n a l  poeit!.on and f i r e s  on enemy u n i t s  unt!.l i t  

is des t royed  by enemy f i r e  er t h e  b a t t i e  ends. A t  t h e  beginning of b a t t l e ,  

each f o r c e  h a s  complete in format ion  about enemy u n i t  l o c a t i o n s .  SCHREIBER 

argued that a n  i n t e l l i g e n c e  system prov ides  i n f a r m a t i o r  on the e f f e c t s  o f  

f i r e  on enemy urzito and a l s o  t h e  s t a t u s  of  f r i e n d l y  units, and a command 

and c o n t r o l  system r e d i r e c t s  f i r e  (us ing  in format ion  from t h e  i n t e l l i g e n c e ,  

syscem) uniformly over  s u r v i v i n g  enemy un i t s8 .  H e  hypothesized the  2 t h e  

e f f e c t i v e n e s s  o f  t h e  I n t e l l i g e n c e  and cormnand and c o n t r o l  systems i n  t h i s  

type of b a t t l e  could  be represen ted  by t h e  f r a c t i o n  of t h e  enemy's des t rogec 

u n i t s  from which f i r e  has  been r e d i r e c t e d .  I f  t h i s  f r a c t i o n  is  one,  f i r e  

i s  being d i r e c t e d  a t  o n l y  " l ive"  enemy u n i t s  w i t h  no "wverki l l ;"  but  i f  

i t  is ze ro ,  f i r e  is  being d i r e c t e d  a t  t h e  o r i g i n a l  enemy p o s i t i o n s  w i t h  

a t t e n d a n t  " o v e r k i l l . "  Consequently, SCHREIBER p o s t u l a t e d  t h a t  t h e  f o l l o w i q  

LANCHESTER-type equa t ions  ( f o r  x and y > 0) would mcdel such a combat 

s i t u a t i o n .  

wi th  x(0) = xo , 



where x ( t )  and y ( t )  denote t h e  X and Y force l e v e l s ,  a donoten 

the u m a l  ~LANCIMSTERa t t r i t i o n - r a t e  c o e f f i c i e n t  f o r  "aimed" f i r e  [ l . e .  

i t  i d  given by (5.3.1) and (5.3.211, 5 denotes t h e  "command efficient: 

of the Y force ,  and b and e denote corresponding q u a n t i t i r e e  f o r  
X 

the  X force.  The abovc. equat ions (7.2.2) have the  same func t iona l  f o n  

a s  those f a r  BRACKPIEY's model with t a rge t -acquis i t ion  times i n v e r s e l y  prc 

por t iona l  t o  t a r g e t  dens i ty  (5.10.11) .Also, 0 2 ex, ey '1 i n  (7 .2 .2) .  

It is i n s t r u c t i v e  t o  examine t h e  extreme taces E t x  tb,e a5ove a t t r i -

t i o n  process a s  postulated by SCEDUXBER. The ma;rrim~m combat efficq-eccy 

f o r  the Y fo rce  occurs vhen t ~ ,- l.,and theu 
* 

which is  t h e  usual attrition r a t c  f o r  "abed" f i r e  when Lsrget-acquisit ic 

t f m e s  do not depend on the  number 9f enemy t a rge t s .  The maximum "overkf. 

by the Y force  ( i . e .  the  l e a s t  combat e f f i c i ?ncy )  occur:, when e = 0.Y 


and then 

which is the  oame func t ioaa l  form f o r  the  a t t r i t i o n  r a r r  f o r  "areat' f i r e  

aeeinar  a constant-denufey defense. HELMBOLD [ 7 R j  has s l e o  noted t h a t  

a t t r i t i o n  r a t e s  take t he  form (7-2.3) when f i r e  is  ,%oncentratedon the 

surviving t a r g e t s ,  and (7.2.4) when it is  djxected a t  t h e  o r i g i n a l  pos i t :  

with no r ed i s t r i bu t ion .  



SCHKRIBER [ l i l ]  $ssumed tne t  the .  "connuand ef  fi c i m c i e s t '  el: - eyand 

were constant in (3.2.2) and used this s imple  model t o  show t h a t  an i n c r e a .-,.- -----. 

io the e f f i c i e n c y  o f  intell+pn$e and cormclfind and cantrt~ lsystems c m  be --.-
e u i v a l c n t  co a s u b s t a n t i a l  i n c r e a s e  i n  numeri~l.st.rength (up t o  41.4 per-9 ---------
c e n t ) .  His a n a l ~ ~ ? . ~used t h e  foll.owing a n a l y t i c e l  r e s u l t s .  S ince  t h e  

tns tan taneous  casualty-exchange r a t i o  f o r  SCHRETBER's model (9.2.2) is givc 

by 

and t h e  " c ~ m n d  e f f i c i e n c i e s "  e x  and e a r e  assumed t o  be c o n s t a n t .Y 


one r e a d i l y  obtains the s t a t e  equa t fon  f o r  SCIXEIJ3ERfs model. 

which r e a d i l y  yie lds  (cf. S e c t i o n  3.5') t h e  fol.Lar4I.ng _coriditboti f o r  B draw 

i n  a f i g h t - t o - m e - f i n i .  ( "par i ty"  concli tian)-

Although a s t a t e  equa t ion  is t h u s  r e v d i l y  obtained, f o r  exanple ,  t h e  X 

farce-level equa t ion  js no t  equivdsut t o  any s tandard  d i f f e r e n t i a l - e t ; a & t i c  

form, and eonsequcu t l j  the X f o r c e  l c v r l  X(t )  Ls a p p ~ r e r t l y  n o t  ex-

p r e s s i b l e  i n  tenno of "a laaenrary"  func t ions .  Consider ing the left-harid 

s i d e  of the p a r i t y  c o n d i t i o n  (7.2.71,  we carp es is l ly  vhow t h a t  an  i n c r e a s e  

0

in..;he value of t h a  conrmand rfficiency from ex t o  ex increase8 t h e  
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combat power by the same amoun:: AS am i~lcrecisse,in numerical strength by a 

fraction f given by 

when follows SCHREIBZR'a conclusion about the ~radeoff of numerical strength 


3
and the efficiency of C systems. 


Let us finally note the following two significant shortcomings of 


SCHREIBER'R above trbdeoff analysis: ($9) in the case of while unlrs they 

would not: reuairv in their original poaieions, snd 492) "commnd efficiency" 

-muld decline during battle due to damage t o  the I.ntalLigetwe and cornand 

and coctrol syaecms. Nevertheless, SCH.REXBERqu simple model (7.2.2) with 

constant ''command efficiencies" eX and ey has provided oane important 

inelghrs into the influence of c3 systems on combat power. 

We now return to target-acquisition cansidezt,ions with a brief 


general discussion of target-acquisition modelling for combat between 


heterogemous forces. We continue our djscuosion of Vectoz Research's re-


fined model of the target-acquisition process and its influence on the 


attrition rate. Vector Recearch, Inc. (w[254,  pp. 183-1081 or [117, pp. 

4 3 4 5 1 )  considers that rhe two major factors detemining the value of an 

attrition-rate coef f isient are (1) tha acquisition and selection of  tar-

g,ets, an3 (2) +he conditional kill rate (i,e. the rate at which acquired 

tatgeta are de~troyed). Concerning target scquisiticn and election, the 


proportion of time that a FJeapun is actively engaging a3 enemy target de- 

petda on the interaction of throe proceoeee: 


(PI) the line-of-ei.;ht procesa (which determines when a g"it -en 

tsrget is visible or invisible to a potential firer), 



(P2) the target-acquisition process (which determines the time 

required for a firer to acquire a particular target), 

and (P3) the target selection process (which specifies a scheme by 

which a weapon crew chooses to engage a particular target 

from among those that have been acquired). 

In other words, the effects of terrain are considered by computing inter- 


visibility (i.e. existence of line of sight) for each target-firer pair 


basad on their map locations. Therefore the complex operational models 


developed by Vector Research must keep track of all firer and target po- 


sitions during the evolution of battle 9. The exact way in which the above 

three processes interact depends in an essential way on which of two kinds 


of acquisition and target-selection modes the weapon systems employ--serial 


or parallel acquisition (seeSection 5.16 for further details; -see also 

[39j, [154], or 11171). Suppressive affects of weapon systems may be 


aceomnodated in Vector Research's models (e.g. see [ 7 2 ] ) ,  but the phenome- 

noLogica1 basis of auch suppressive effects is poorly understood at this 


time (E the port of the Army Scientific Advisory Panel Ad Hoc Croup 

on Suppression" [45]). 


Although the process of suppression is poorly understood, most militar: 


are,lysts feel that the suppressive effects of weapon systems should be in-


cl~ded in any model of combat operations. In general, two ways to model 

au~prcssivc effeccs within the context of detailed LANCHESTER-type formu- 


lations ara (5TAYLaR [141,pp. A-56 - A-601 or BARR [ 8 ] for further de- 

tails): 

(a) modify W C H E S T K R  attrition-rate coefficients to reflect 

degraded fire cffectivenees of the firing units due to firers 


baing suppreseedlO, 




(b) consider combatants of a given class to be in different states 


(in the simplest model there are two states: unsuppressed and 


suppressed) with different fire effectiveness and vulnerability 


to enemy fire in each state; this approach requires 8ome model 


of state transitions. 


The reader can see from the above that there is no problem in modelling 


suppressive effects. However, there unfortunately is no supportable data 


on troop behavior when under fire to use in such models. Thus, the major 


problems are to scientifically determine functional relations and to 


estimate the parameters in any hypothesized model of suppressive effects. 


Although the U.S. Army Combat Developments Experimentation Command (CDEC) 


has conducted many suppression experiments an3 the U.S. Army has reviewed 


the entire topic of fire suppression (see[45]), the representation of 

suppreusive effects in casualty-assessment models (in particular, LANCHESTER- 


type models) remains a rnajar problem area. 


The effects of logistics constraints may be modelled in various ways. 


The main approach is to represent the consumption and distribution of 


various types of supplies (e. g. ammunit ion, fuel, etc. ) . When supplies 

of a particular type are depleted to some given critical level, the combat 


effectiveness of a unit is appropriately modified (see 
- [117],BONDER and 

FARRELL [15], KERLIN and COLE 1981, and CHASE [28] for further details). 




7 . 3 .  Modelling Small-Scale Engagements versus ~odelling Large-Scale Ones. 

There is a fundamental difference between modelling (with differentir 


equations) mall-scale engagements and modelling large-scale ones: for 


small-scale operations it may be possible to reasonably represent force 


interactions and attendant attrition rates with a few differential equatioi 


but for large-scale operations of conventional armed forces the same approt 


might well involve hundreds (and possibly even thousanda) of differential 


equations tied together through battlefield operations. In other words, 


large-scale warfare involves a seemiugly overwhelming amount of detail 


because of the very scale of operations. Small-scale operations are usual! 


considered as fire fights between at most a few different weapon-system 


typas on each side, but in large-scale warfare one must consider many dif- 


ferent weapon-system types (both combat and combat-support systems) operatj 


as combined-arms teams in sustained operations that involve not only fire 


fights but a130 maneuver, reconnaissance, logistics, committing of reserves 


alloc~tion of tactical aircraft to missions, etc. Thus, in Large-scale 


warfare there are not only many more military units and types of systems, 


but these systems and units engage in a much wider variety of activities 


than do the few types in small-scale engagements. 


Moreover, the scale of combat operations actually dictates what is 


a feasible approach for model.ling a particular type of engagement (E 

Figure 7.1). As we saw in Chapter 1, there are three main approaches used 


for assessing outcomes (in particular, casualties) of simulated tactical 


engagemente: 


(Al) firepower-score approach 11, 

(A2) Monte-Carlo-simulat ion approach, 


(A3) LANCHESTER-type-mode1 approach. 



Figure 7 , l .  Feasible modelling approach related t o  scale of 

combat operations. 



Each of these approaches involves a different level and amount of detail, 


and each provides a different degree of resolution to battlefield operatio] 


The higher the degree of resolution, the higher (of course) is the amount 


of details that the model considers. Furthermore, the total amount 6 5  

details that is feasible to handle depends on currect computer technology. 


As we saw in Chapter 1 (recall Table 1.111 relating combat-assessment 


approach to the scale of combat operations), Monte Carlo simulations have 


been used to assess casualties in small-unir combat (i.e. combat between 


battalion-siz.l units and smaller), while the firepower-score approach 

applies primarily to large-scale (i.e. corps-level and cheater-level) com- 


bat. However, LANCHESTER-type models12 have been developed in the United 


States for the full spectrum of combat operations, from small-unit combat 


to large-scale operations. Thus, if one wants to assess casualties for 


simulated tactical engagements between battalion-sized units or larger, 


there are essentially orily two types of models that have been widely used 


in theunited States for assessing casualties in such tactical engagements: 


(Tl) detailed ZANCHESTi3R-type models, 


and (T2) aggregrated-force modele based on quantifying military 


capabilities with index numbers ( i . e .  firepower-score models). 

Although one could also consider a third approach of employtag a hierarchy 


of models, such an approach has not been widely used in the Urlited States, 


and we will coneequently not consider in detail in this monograph (see 

Section 7.20, however, for a brief conceptual discuesion). 




For very simple small-scale engagements it has always been possible 


to model in detail attrition in fire fights (provided that forces and opera. 


tions are not too complicated). Here, we mean not jgst to formulate a com- 


bat model but to develop an operational model from which numerical results 


may be obtained. However, for large-scale warfare it has been possible onl: 


relatively recently to model attrition in detail (i.e. ta attrite each dif- 


ferent type of weapon system individually). The modern large-scale digital 


computer has provided the computational capability for detailed modelling of 


large-scale military operations. In fact, without the modern digital 


computer operational models of virtually any degree of complexity would be 


impossib1.e. In particular, the advent of the modern high-speed large- 


scale digital computer has made feasible not only high-resolution Monte 


Csrlo combat simulations such as DYNTACS and CARMONETTE, automated "quick 


games" such as ATLAS, and other theater-level firepower-score-based combat 


models such as CEM and TBM-G8, but it has also made possible differential 

combst models such as BOMDEB/IUA and its many derivative&. Furthermore, 


the relation between feasible modelling approach and the scale of combat 


operations (as portrayed in Figure 7.1) depends in an essential way on the 


state of the art of computer technology. 


All the above complex operational models that are conceptually based 


on LANCHESTER-type equations (e .g. BONDER/ IUA, DIVOPS , or VECTOR-2) , however 

model combat attrition in detail and explicitly consider the many diEferent 


weapon-system types that can be individually attrited. Theae weapon-system 


types inciude different typos of weapon systems in maneuver units and dif- 


ferent typee of P4sad-wing aircraft, as well as separately represented field 


artillery, air defense artillery, and helicopter weapon systems. Such 


LANCHESTER-type models represent attrition in a way that reflects the in- 


ternal dynamics of combat activities and relates these dynamics to specific 


444 




weapon-system parameters and tactics considered important in small-unit 


engagements. The effects of individual wcaqon-system types on the outcome 

I 

sf a theater-level campaign are clearly observable and bear a clear relati 


ship to the input performance assumed (=[117]for further details). 


A different approach for modelling attrition in large--scale (i.e. 


theater-level) combat operations is to represent attrition in a macroscopi 


fashion. The many different weapon systems on one side are all combined 


together by using firepower scores into a single scalar quantfty, the "com 


bat capability" (or firepower index' of the force, and combat zauses 


attrition of this index number. The attrition of combat capabilfty is de- 


termiced with the help ,E casualty-rate curves that relate the relative 

combat capabilities of the forces (expressed in terms of the two firepower 


indices) and other tactical factors to their casualty rates (expressed in 


an aggregated fashion). Losses of individual weapon-system types art? then 


termined by some means of disaggregation. Such aggregated loss-rate relat 


are apparently largely judgmentally determined (although having some alleg 


basis in empirical combat data), and the author knows of no conceptual ap- 


proach or mathematical models for relating weapon-system-performance para- 


meters and other operational variables to the numberical determination of 


these aggregated-force loss rates. 


In the rest of this chapter we will discuss various aspects of model. 


ling tactical engagements. We will first consider a number of examples frc 


guerrilla-warfare applications because the engagements are of small enough 


scale to yield simple (but yet detailed) WCHESTER-type models and also 


because such modelling infmmation is readily available in the open litera- 


ture. We will then progress to more complicated LANCmSTER-type models, 


including models of combat between heterogeneous forces. The firepower- 


score approach and aggregated-force models are then discussed. Finslly, wt 

briefly discuss current operntioual models of large-scale conventional wari 
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7.4.  Appl ica t ions  t o  G u e r r i l l a  Warfare. 

The l i t e r a t u r e  on a p p l i c a t i o n s  of LANCHESTER-type models t o  t h e  stur 

. o f  g u e r r i l l a  war fa re  ( s e e-DEITCHMAN [44]  and SCWFFIB [ 1 2 5 ] i s  smal l  but ol 

p a r t i c u l a r  i n t e r e s t  because i t  c o n t a i n s  t h e  on ly  examples of t a c t i c a l  engl 

ments ( p a r t i c u l a r l y  ambushes) t o  appear  i n  t h e  open l i t e r a t u r e .  These twc 

papers  c o n t a i n  many i n t e r e s t i n g  modell ing i d e a s  as w e l l  a s  s e v e r a l  d e t a i l c  

models of smal l - sca le  engagements. Moreover, t h e  ambush models considerec 

by t h e s e  a u t h o r s  have much wider a p p l i c a b i l i t y  than  j u s t  t o  g u e r r i l l a  war-

f a r e ,  s i n c e  ( f o r  example) t h e  "force-or iented defense" (=HOLDSWOXTH [ &  

which has  been proposed f o r  NATO o p e r a t i o n s ,  is  based on a  t a c t i c a l  d o c t r j  

o f  r a t h e r  wide-spread use  of ambushes. 

DEITCHMAN [G4] i n  1962 in t roduced t h e  i d e a  of modell ing an  ambush wi 

"aimed" f i r e  f o r  t h e  ambushers and "area" f i r e  f o r  t h e  ambushees, e.g. FIE 

a t t r i t i o n .  H e  used such a  simple model t o  a rgue  t h a t  t h e  a t t a c k i n g  g u e r r i  

heav i ly  outnumbered o v e r a l l ,  can win i f  both  s i d e s  a r e  d iv ided  i n t o  smal l  

groups,  and t h e  g u e r r i l l a s  always a t t a c k  i n  ainbushes. Such a  r e s u l t  i s  i n  

consonnancc wi th  r e c e n t  h i s t o r y ,  which shows t h a t  defending r e g u l a r s  must 

have o v e r a l l  f o r c e  r a t i o s  above t e u  t o  one t o  meet such l o c a l  g u e r r i l l a  

a t t a c k s  a t  a l l  s u c c e s s f u l l y .  SCHAFFER[125] subsequent ly  i n  1965 s t u d i e d  

g u e r r i l l a - w a r f a r e  engagements i n  more d e t a i l  and under a v a r i e t y  of o p e r a t  

c o n d i t i o n s  ( i . e .  ski rmish,  ambush, and s i e g e ) .  He developed s e v e r a l  W C H  

type models f o r  small-force g u e r r i l l a  engagements t h a t  o r e  t y p i c a l  of t h e  

e a r l y  e tagee  of insurgency. These models included t h e  e f f e c t s  of suppore i  

weapons and t h e  d i s c i p l i n e  o r  morale of t h e  t r o o p s  involved,  and they  a l l o  

f o r  temporal  v a r i a t i o n s  i n  weapon-syotem e f f e c t i v e n e s s  ( i . e .  f i r epower ) .  

H i s  paper i e  an  e x c e l l e n t  eource of modell ing i d e a s .  SCHAFFER uaed t h e s e  

models t o  develop i n s i g h t s  i n t o  t h e  important a t t a c k  parameters  i n  g u e r r i l  

warfare  and a l s o  t o  q u a n t i t a t i v e l y  j u s t i f y  some new m i l i t a r y  herdware. We 

w i l l  now examine t h e  i d e a s  of t h e s e  two important  papers  i n  more d e t a i l .  
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7.5. LIEITCHMAN'S Basic  Ambush Model. 

The goa l  of DEITCHMAN's i n v e s t i g a t i o n  [ 4 4 ]  was t o  devslcrp a  q u m t i t a t i v e  

exp lana t ion  of why high counterguerrilln/guecrilla f o r c e  r a t i o s  have b e w  

r e q u i r e d  f o r  r e g u l a r s  ( i . e .  c o u n t e r g u e r r i l l a s  o r  counre r inaurgen t s )  t o  d e f e a t  

i n s u r g e n t s  i n  g u e r r i l l a  war fa re  (see Figure  7.2) .  He sought t o  e x p l a i n  t h i s  

empi r ica l  f a c t  wi th  a s imple  model. DEITCHMAN's s i m p l i f i e d  c o n c e p t u a l i z a t i o n  

of g u e r r i l l a  war fa re  was a s  fol1ows: l4  the defending r e g u l a r  army (counter-

i n s u r g e n t s )  must fragment i t s e l f  t o  d e f i n e d  t h e  many p o s s i b l e  p o i n t s  t h a t  are 

v u l n e r a b l e  t o  g u e r r i l l a  a t t a c k  and t o  hunt down t h e  many g u e r r i l l a  b u d s ;  

g u e r r i l l s  war fa re  i t s e l f  occurs  a s  a sequence of engagements between s m a l l  

groups d r a m  from t h e  o v e r a l l  f o r c e s .  Thtjs, t h e  o v e r a l l  Forces do not  engage 

each o t h e r  d i r e c t l y  i n  cgmbat, bu t  s m a l l  groups  drawn from them s e q u e n t i a l l y  

f i g h t  b a t t l e s .  A s  F igure  7.2 shows us ,  h i s t o r y  i n d i c a t e s  t h a t  t h e  d d e n d i n g  

r e g u l a r s  muet have a v e r a l l  f o r c e  r a t i o s  abo1.e t e n  t o  one t o  Jefcat  t h e  g i - e r r i l l a s  

under such c i rcumstances  

DEITCNMAN t h u s  considered g u z r r i l l a  war fa re  a s  a  sequence of engage-

ments between small groups drawn from o v e r a l l  f o r c e s .  H. &. WEISS [158] had 

developed t h e  fol lowing LANCHESTER-type wquations ec. approximately r e p r e s e n t  

such combat between two homogeneous f o r c e s  i n  which both s i d e s  use  "aimed" 

f i r e  (wi th  cons tan t  t a rge t -acqu is i t io t r  t imes)  

wi th  x(S) a xg , 

with y(O) = yo , 
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Figure 7 . 2 .  Estimated f m c e  ratios in guerrilla wars between 

',he end of World War I1 and 1962 (from DEITCHMAN 1441).  

AP:hough the evd of the  Vietnam War has been i n d i c a t e d ,  

the  d ~ t aupon which t h i s  i i g v r e  i s  based dates from 

ro later than 1962.  



where x ( t )  deno tes  t h e  o v e r a l l  X f o r c e  l e v e l ,  m d ~ n o t e a  t h e  ( i n i t i a l )  

s i z e  o f  X ' s  cornbar: groups,  b deno tes  a ccmstant LANCWESTPI a t t r i t i o n - r a t e  

c o e f f i c i e n t  r e p r e s e n t i n g  t h e  f i r e  e f f e c t i v e n e s s  of a s i n g l e  X combatant, and 

y ( t ) ,  n ,  and a c;lmote correspotiding gutlntiti.est f o x  t h e  Y f o r c e .  We w i T . 1  

s k e t c h  t h e  d e r i v a t i o n  of t h e s e  e q u a t i a n s  a t  t h e  end o f  thde s e c t i o n .  

The c o n d i t i o n  f o r  a  draw i n  a fight t o  t h e  f i n i s t i  (i.e. " p a r i ~ y "  

c o n d i t i o n )  is r e a d i l y  ob ta ined  from (7 .5 .1 . )  as (cf. Sec t ion  3.5)  

For l a r g e r  v a l u e s  o f  t h e  i n i t i a l  f o r c e  rae:o, i . e .  x /y  3 (a/b)(n/rn), X0 0 

w i l l  win such a  f i g h t  t o  t h e  f i n i s h ;  and f o r  sa~iilh!~ones ,  t h e  X f o r c e  w i l l  

l o s e .  Thus, engagement outcome depends on t h r e e  r e l a t i v e  parameters  (cf. Sec t ion  

2.2.  ar,d 6 . G  above) : (1)  t h e  i n i t i a l  c v e r a l l  f o r c e  r a t i o  (xo/y3), (2) t h e  

r e l a t i v e  f i r e  e f f e c t i v e n e s s  ( b / a ) ,  and (32 the r = l a t i v c  ( i n i t i a l !  s i z e  of 

t h e  smal l  groups (m/n). The break-even (or p a r i t y )  p o i n t  expressed i n  t e r n s  

of t h e  i n i t i a l  f o r c e  r a t i o  as a f u n c t i o n  o f  r e l a t i v e  group s i z e  is sbown i n  

Figure  7.3 f o r  va r ioua  v a l u e s  of r e l a t i v e  f i r e  e f f e c t i v e n e s s  b .  Th i s  f i g u r e  

shows t h a t  a s i d e  t h a t  i s  h e a v i l y  outnumbered o v e r a l l  can s t i l l  win i f  i n  a l l  

t h e  i n d i v i d u a l  engagements i t s  groups a r e  l a r g e r  than  tLe  enemy's o r  i f  t h e  

r e l a t i v e  f i r e  e f f e c t i v e n e e *  1s s u f f i c i c n r l y  i n  i ts  f a v o r ,  

DELTCHMAN [ 4 4 ]  argued t h a t  f o r  all "reasonabie" v a l u e s  of t h e  ebove 

r e l a t i v e  parameters  ( i . e .  %/yo, b /a ,  and rn in ) ,  t n e  p a r i t y  c o n d i t i o n  (7 .5 .2 )  

i m p l i e s  t h a t  an e x c e s s i v e l y  l a r g e  ( i r k f t i a l )  local  f o r c e  r a t i o  i s  r e q u i r e d  f o r  

t h e  g u e r r i l l a s  t o  win. For axample, l e t  X b e  t h e  coun tor insurgen t s  and 



X wit! win 

. I  .2 .5 1.0 2 5 10O 

Relative ( initial ) size of the small groups, m /n 

Figure 7.3.  Break-even (or  p a r i t y )  po in t  i n  the  i n i t i a l  ove ra l l  fo rce  

r a t i o  a s  a funct ion of r e l a t i v e  group sfze  f o r  combat 

between small  groups drawn from o v e r a l l  larger fo rces  

( a f t e r  DEXTCXMAN I443 > . T n i s  f  igurc  shows us t ha t .  f o r  

example, f o r  (b/a) - 2.0 .A value of (m/n) - 0.125 i s  

raquired f o r  p a r i t y  when (xO/yO) = 4.0. It  we l e t  X 

den0te the counter insurgents  (counterguer r i l l ae  ) aqd Y 

denote the g u e r r i l l a s ,  then the counter insurgents  X 

w i l l  win such a  sequence of engagexrents wi th  (b/a) = 2.0 

f o r  all combinations o f  (rn/n) and (xO/yO) l y ing  

above the  s t r a i g h t  l i n e  labelled (b/a) = 2.0. 



k b e  t h e  g u e r r i l l a s .  '2ht-m ( 7 . 5 . 2 )  (or ,  e q b i v a l e n t l y ,  F i g u w  7.3) s a y s  t h a t ,  

f o r  e x m p l e ,  a l o c a l  (initial) iarce r a t i o  of (m/n) * 0.125 Is r e g u l r e d  f o r  

p a r i t y  when (.\/yo) * l4.O m d  (b:a) = 2.0, The l a t t e r  two valued a r e  t aken  

t c  r e p r e s e n t  t h e  guer r iX~.ae  be in^ lew numerous uverall  and possess4ng 

r e l a t i v e l y  less e f f e c t l w  f i r e p o w t r  than t h e  coun te r insurqen t s .  [DEITCHMAN 

argued t h a t  r e l a t i v e  Eire e f f t c t i v e n e ~ s  (b/e)  should favor t h e  c o u n t e r i n s u r g e n t s ,  

s i n c e  nyz ,,-ould expect he g u e r r i l l a s  t o  use  crude weapons o r  a l i m i t e d  number 

of cap tured  ones . ]  Thun, far  s ~ c h" typ ica l "  v a l u e s  WE1SSr31158lmodel (7.5.1) 

r e q u i r e s  t h a t  t h e  g u e r r i l l a s  must Lieavily cvtnumber 5he c o u n t e r i n s u r g e n t s  i n  

a l l  t h e  l o c a l  engagements i n  o r d e r  t o  b a  able t o  win. Permqe, WEIS'S model 

is In  t h i s  c a s e  a t  va r iance  w l t h  e m p i r i c a l  eviaence t h a t  g u e r r i l l a s  can win 

(and, indeed,  many times taste [ r e c a l l  F igure  7.2; )  wi,.h eqtial o r  i x ~ f c r i ~ r  

numbers i n  t h e  l o c a l  cnga&emnts .  D E I T C K W L ~ ~t h e n  sought t o  f i n d  t a c t i c s  t h a t  

would a l low t h e  g u e r r i l l a s  t o  vln wirn @quill c.r i n f e r i o r  numbers i n  t h e  local 

nmbuahengagemei: s: he consequent ly  p o s t u l a t e d  t h a t  -.-- t a c t i c s  by the g u e r r i l l a s  

could achieve t h i s  end. 

'Ihus , DEITC3XA.d conceptual ized tnat a c o w t e ;  insurgen t  f o r c e ,  s'iy 

X, woyild move through an areA searchcni, f o r  g\aerri l l .as o r  i n t e d i r g  tu &'tack 

a q u e ~ r i l l a  base ,  The g u e r r i l l a s ,  denoted as t h e  Y f o r c e ,  should counter  

such a t a c t i c  by p repar ing  a a  ambush f o r  t h e  czpproaching cou?ter i r isurgents .  

I n  t h i s  ambush engagement, the f o r c e  being ambuei,.A ( l . e .  tha amb~sheeaX) 

are  i n  p l a i n  sight (1.e. full view't of t h e  arij4iers Y ,  whn use  "aimed" f i r e ,  

so  thrr X ' s  c a s u a l t y  r a t e  i e  p r o ? o r t i o n a l  t o  on ly  th6h number of Y ambushers, 

wi th  t a r g e e - a c q u i s i t i o n  t imes  negligible. 3n zhe o t h s r  h a d ,  thc asbushers  

a r e  hidden, and t h e  ambushew (who have been "cdught by s u r p i r ~ e " )  fire 

b l i n d l y  I n t o  t h e  genera l  a r e a  occur icd  by t h 2  ambushers ( i . c .  they r e t u r n  



11area"  f i r e )  ao t h a t  Y's c a s u a l t y  r a t e  is  p r o p o r t i o n a l  t o  t h e  droduct of t h e  

numbers of both X asobushsee and Y mbuehers .  Thus, DEZTCHMAN [44]hypothesiz  

thsac a t t r i t i o n  I n  such a hourogenecsus-force ambush could be modelled b Y l S  (see 

Figure  7.4) 

(MBUSHEE ATTRITION) with  x(0) = xo , 
= -ay 

( a - - - b q  (AT-BUSHER ATTRITION) w i t h  y (0) - yo ,d t  

where f o r  the s imples t  case considered by DEITCIpllAN t h e  a t c i i t i o n - r a t e  

c o e f f i c i e n t u  a and b would be given by (see-Chapter 5 f o r  f u r t h e r  deta.il .a 

a b o t t  mate s o p h i s t i c a t e d  models f a r  them) 

a 
v.. 

a = v Y

Y SS!Spl ' and b = v  -X .
% 

w i t h  vX  and v denot iag  t h e  firing r a t e s  of X and I ,  P denot ingY 
SS%Y 

che s ingle-bhot  k i l l  p r o b a b i l i t y  of Y . .gainst X, aV d e n o t ~ n g  t h e  v u l n e r a b l e  
X 


a r e a  o f  a e i n g l e  X t a r g e t ,  arid \, dcnccing t h e  "presented" a r e a  occupied 

by t h e  Y f o r c e .  Here, we arsume t h a t  t h e  mbushees  r e t u r n  "small  arm'' f i r e  

(seeSac t ion  5.13 f o r  o t h e r  types  of. "araa" f i r e ,  e.g. "a rc i l l e ' ry"  f i r e ) .  We alsc  

assume t h a t  t h e  X f o r c e  f i r e s  i u t o  t h e  a c t u a l  rdgion occupied by t h e  Y f o r c e ,  

wi th  v,odificatdon of (7.5.4) being reqb i red  i f  t h i s  does no t  c o i n c i a e  wi th  t h e  

reg ion  il which X b e l i e v e €  t h e  ambushera t o  occupr and i n t o  which h? con-

sequen t ly  d i r e c t s  h i a  f i r e .  

The state equa t ion  f o r  DEITCKMAN'S --. ambush m o d s  (7.5.3) i a  given by 



- - 
Figure 7 .4 .  Schematic of amhush situation considered by 

DEITCHMAN 1441. 



so  t h a t  (seeS e c t i o n  3..5) t h e  ambushing Y f o r c e  w i l l  win an engagement wi th  

X

f i x e d  f o r ' e - l e v e l  b reakpoin t s  xep fBp xo yBp - fBpyO i f  and on ly  i f  

Thus, p a r i t y  e x i s t s  between t h e  f o r c e s  i n  a f i g h t  t o  t h e  f i n i s h  f o r  

L k x  us f  i n s l l y  n o t e  t h a t  t h e s e  r e s u l t s  a l l  hold  f o r  a  s i n g l e  engagement. 

DEITCHMAN (441 uaea t h e  above s imple  ambush model [and, i n  p a r t i c u l a r ,  

t h e  p a r i t y  c o n d i t i m  (7 .5 .7 )  1 t o  conclude t h a t :  

(Cl) a ttacking g u e r r i l l a s ,  h e a v i l y  autnrlmbered o v e r a l l ,  can win i f  

both  s i d e s  are subdivided i n t o  small grnups  and t h e  g u e r r i l l a s  

a t t a c k  wi th  l o c a l  numerical  s u p e r i o r i t y ,  but  t h e  l o c a l  s u p e r i o r i l  

r equ i red  on t h e  part of t h e  g u e r r i l l a s  is g r e a t l y  reduced i f  

ambush t a c t i c s  are used,  

(C2) a l l  t ,h ings  being equa l ,  t h e  ambushee cannot win i n  such an 

ambuah engagenant,  

and (C3) t h e  coun te r insur f i ?n t s l  use of ambush t a c t i c s  is a  powerful t o o l  

a g a i n s t  g u e r r i l l a s .  
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DEITCHMAN added tha t  t h e  o v e r a l l  high de fcnde r /gue r r i l l a  fo rce  r a t i o s  t ha t  

have h i s t o r i c a l l y  been required f o r  coun te rgue r r i l l ao  t o  win sga ins t  g u e r r i l l a  

a t t a c k s  a r e  very d i f f i c u l t  t o  reduce s i g n i f i c a n t l y .  These conclusions were 

based on t h e  following type of ana lys i s .  Consider an ambush by g u e r r i l l a s  

such as we have examined above. Then p a r i t y  between the g u e r r i l l a s  and the  

amhushees is given by (7.5.7),  and (2a/b) i n  (7.5.7) can e a s i l y  be on t h e  

order  of s eve ra l  hundred so t h a t  a few ambushers can a n n i h i l a t e  many ambushees. 

For example, may be on the  o rde r  of 0.1, a may be  about 1 square foo t  
"x 


f o r  a man tak ing  a v a i l a b l e  cover i n  t h e  t e r r a i n ,  and 2 men .can e a s i l y  be hidden 

i n  a region of uncertainty of 3.600 square f e e t ;  thl-n f o r  equal  f i r i n g  r a t e s ,  

(2alb)  = 320 so t h a t  according t o  (7.5.7). f o r  example, 2 ambushers can 

a n n i h i l a t e  a fo rce  of 25 ambushees. 

The f o r c e  l e v e l s  a s  func t ions  of time, i .e .  x ( t )  and y ( t ) ,  a r e  r a t h e r  

complicated f o r  t h e  simple model (7.5.3). To develop them, For example, we 

may soive (7.5.5) f o r  y and s u b s t i t u t e  t he  r e s u l t  i n t o  the f i r s t  equat ion 

of (7.5.3) t o  ob ta in  

whence in t eg ra t i on  (e. g. P* t he  "C. R. C. t ab les"  [87]) y i e l d s  t he  r e s u l t s  

shown i n  Table 7.11. The complexity of  t h e s e  r e s u l t s  f o r  t he  admple model with 

constant  c o e f f i c i e n t s  (7.5.3) provides some Ins igh t  i n t o  why numerical integra-

l-ion techniques must usua l ly  be w e d  f o r  LANCHESTER-type models of any degree 

of complexity. DEITCHMAN gave numerical r e s u l t s  f o r  x ( t )  and y ( t )  f o r  

a n m b e r  of i l l u s t r a t i v e  b a t t l e s .  He  observed t h a t  t h e  v i c t o r  can reduce 

h i s  f r a c t i o n a l  l o a s  (1.e. c a s u a l t i e s  expressed a s  a f r a c t i o n  of t he  u n i t ' s  



TABLE 7.11. Analyt ical  Expressions for  Force Levels x ( t )  and y ( t )  

i n  DEITCHMAIV' s Ambi~shModel ( 7 . 5 . 3 )  . 

L 2(a) Khem ambusher !f wins a f i g h t  t o  the f i n i s h  (i.e .  7 xo < aye) : 

f o r  B/A t 

2x ( t )  = 0 and y ( t )  = yo - b xo 

where 

(b; When arnbushee X wins a f i g h t  t o  the f i n i s h  ( i .  e .  4 xi > aye) : 

f o r  0 < t-

~ ( t )= b 0 coth(Aft  + B') 

where 

X-1 0B' = coth 

Xo'byo 


A 
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i n i t i a l  f o r ce  l e v e l )  by i n i t i a l l y  committing more men t o  b a t t l e  (see 
Section 8.9 f o r  more general  r e s u l t s  of t h i s  na ture) .  

Let us f i n a l l y  sketch t he  development of WEISS's model f o r  combat among 

small  groups (7.5.1). WEISS [I581 observed t h a t  warfare  was tending i n  the 

mid 1950's towards employment of  s m a l l  combat groups opera t ing  independently. 

He consequently sought t o  develop a simple model f o r  aggregating a l a r g e  number 

of such engagements between small  graupe. Let us t he re fo re  consider  an X 

f o r c e  of o v e r a l l  numerical s t r e n g t h  and assume t h a t  i t ' i s  divided i n t o  

I' combat groups," each of which I n i t i a l l y  con ta in s  mo combatants. There w i l l  

be NX = x /m such groups. Similar  q u a n t i t i e s  f o r  t h e  Y f o r c e  a r e  0 0 

analogously def ined,  with no denoting the  i n i t i a l  s t r eng th  of t h e i r  combat 

groups. We w i l l  consider "aimed-Eire" combat between two such small  groups; 

i t  may b e  modelled by 

with m(0) = m
s *  


with n(0) = ns , 

where m(t) and n ( t )  now denote the fo rce  l e v e l s  of the  two small  groups 

a t  t i m e  t i n  t h e  engagement, and mS and n denote t h e i r  i n i t i a l  (o r  s t a r t -
s 

in$) va lues  (equal t o  % and no when two "fresh" u n i t s  f i g h t )  . For one 

engagement, we then have 



where t h e  s u b s c r i p t  f  denotes  a f i n a l  v a l u e  ( i . e .  a va iue  a t  t h e  end of such 

an engagement). 

Consider now a sequence of engagements between p a i r s  of two such 

combat groups d r a m  from t h e  o v e r a l l  f o r c e s  (which have i n i t i a l  s t r e n g t h s  
xo 

and yo) such t h a t  (1) each engagement is  a f i g h t  t o  t h e  f i n i s h ,  (2) t h e  

s u r v i v o r s  of one engagement subsequent ly  t ake  on a'fresh enemy combat group 

( a  f u l l  i n i t i a l  s t r e n g t h )  i n  ano ther  f i g h t  t o  t h e  f i n i s h ,  and (3) t h e  sequenct 

u l t i m a t e l y  l e a d s  t o  a draw ( i . e .  a l l  t h e  i n i t i a l  o v e r a l l  f o r c e s  xg and y0 

a r e  a n n i h i l a t e d ) .  By r e p e a t e d l y  applying (7.5.9) t o  engagements of such a 

sequence and adding,  we f i n d  t h a t  a l l  terms not  invo lv ing  t h e  i n i t i a l  s t r eng ths  

cance l  o u t ,  and t h e  c o n d i t i o n  f o r  a draw consequent ly  is 

s i n c e  t h e r e  were, f o r  example, (x0 /m ) engagements i n  which t h e  X group0 

s t a r t e d  a t  f u l l  s t r e n g t h .  Not ice  t h a t  when a l l  men on each s i d e  a r e  i n  a 

s i n g l e  u n i t ,  (7.5.10) reduces t o  LANCHESTER's square  law; but when we have a 

sequence of engagements between two i n d i v i d u a l s ,  (7.5.10) reduces  t o  WJCHESTER 

l i n e a r  law. Can we dev i se  LANCHESTER-type equa t ions  t h a t  y i e l d  (7.5.10) 

as a p a r i t y  cond i t ion  f o r  a f i g h t  t o  t h e  f i n i s h ?  Denoting % and n simply0 


ae m and n ,  we observe t h a t  t h e  equa t ions  (7.5.1) y i e l d  t h e  d e s i r e d  p a r i t y  

c o n d i t i o n ,  and t h i s  is how WEISS 11.581 developed h i s  equa t ions  f o r  combat among 

small groups. 



7.6. SCHAFFER's Models of G u e r r i l l a  Engagements. 

SCHA.FFER1s [125]goa l  was t o  develop LANCHESTER-type models f o r  s tudy ing  

(e.g.  f o r  e v a l u a t i n g  c a s u a l t y  c l a i m  f o r )  smal l - force  g u e r r i l l a  engagements t h a t  

a r e  t y p i c a l  of Phase I1 insurgency. l6 H i s  models included t h e  e f f e c t s  of 

suppor t ing  weapon systems and t h e  d i s c i p l i n e  o r  morale o f  t h e  t r o o p s  involved.  

SCWFER a l s o  allowed t h e  f i r e  e f f e c t i v e n e s s e s  of t h e  d i f f e r e n t  weapon-system 

types  t o  va ry  wi th  t i m e  and model temporal  v a r i a t i o n s  i n  f i r epower  due t o ,  f o r  

example, changes i n  t h e  t a c t i c a l  p o s t u r e s  of combatants dur ing a f i r e  f i g h t .  

A number of h i s  models e x p l i c i t l y  considered such time-dependent a t t r i t i o n - r a t e  

c o z f f i c i e n t s .  A s  i s  t h e  c a s e  f o r  o p e r a t i o n a l  models wi th  a lmost  any degree  

of complexity,  a n a l y t i c a l  r e s u l t s  were not  e x p r e s s i b l e  i n  terms of "elementary" 

f u n c t i o n s ,  and numerical  r e s u l t s  had t o  be generated by numerical  i n t e g r a t i o n .  

SCHAFFERPs a r t i c l e [ l 2 5 ]  i s  p a r t i c u l a r l y  important  because i t  i s  

a p p a r e n t l y  t h e  f i r s t  r e p o r t e d  u s e  o f  LANCHESTER-type models t o  s t u d y  a c t u a l  

combat s i t u a t i o n s  and because o f  t h e  many i n t e r e s t i n g  models t h a t  i t  c o n t a i n s .  

He apparen t ly  used t h e s e  models i n  s t u d i e s  a t  RAND t o  provide i n s i g h t s  i n t o  

t h e  important a t t a c k  parameters  i n  g u e r r i l l a  war fa re  and t o  q u a n t i t a t i v e l y  

j u s t i f y  new hardware concepts  ( e .  g. f a s t - response  from suppor t ing  weapons) . 
SCHAFFER [125] f i r s t  considered t h e  o v e r a l l  m i l i t a r y  manpower f low i n  

Phase I1 insurgency (see Figure  7.5) and examined small ( t y p i c a l l y  100-man) 

engagemer~ts c l a s s i f i e d  a s  (1)  skirmishes, ( 2 )  ambushes, o r  (3) s i e g e s .  

Thus, each a i d e  haa a l a r g e  manpower pool from which smal l  f i g h t i n g  groups 

a r e  drawn f o r  g u e r r i l l a - t y p e  o p e r a t i o n s .  He assumed t h a t  f o r  such o p e r a t i o n s  

food, weapons, and ammunition were inexhaush i le .  T r a d i t i o n a l  LANCHESTER 

combat theory had p rev ious ly  considered only  b a t t l e f i e l d  c a s u a l t i e s ,  but  

SCHAFFER added o p e r a t i o n a l  l o s s e s  and c a p t u r e s  t o  h i e  modela. 
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Figure 7.5. SCHAFFER'S zonceptuallzation of the military manpower 


flow in Phase I1 insurgency (from SCHAFFER [125]). 
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S W E ' 2 a  dcvli?loped u genera l i zed  L42U'C'lESTER r:heory f o r  force dtty'letion 

to  t:Iw fo:.lawing s o u c e t iIn such small engagernentu. B e  considered .lossas d ~ e  

( S  1) Lat c l e f  Ield c a s u a l t iea , 

and (S2) s u r r e n d e r s  and & s e c t  ions. 

L d t  X denote  t h e  cnun te r inuurgen t s  ?cd Y de11ore t h e  g u e c r i l l o e  ( I n s u r g e n ~ s ) .  

SCWFER considered cornbar between smal l  groups of i n f ~ a t r ywith  s u p p o r t i n g  

weapons and took t h e  j a t c s  of b a t t l e f i ? l d  c a x r ~ a l t i e s  r o  be y fven  b:. 

where (dx /d t )  denotes t h e  c a n u a l t y  r a t e  f o r  t h e  X fo rce ,  b * b ( t
c3 9 w )  

deno tes  the  fire e f f e c t i v e n e s s  of a s i n g l e  X combat+wt ( i . e .  UETXESTER 

a t t r i t u n - r a t e  c o e f f i c i e n t ) ,  E ( t , y )  deno tes  t h e  e f f e z t f v e n e s s  of L ' s  jlh_
1 

suppor t ing  weapon-system type ,  W ( t )  demotes t h e  number of X'S j* s u p p o x - -
1 

ing  weapon-spytern t y ~ eChar is  f l r i n g  a t  time t ,  and ( d y / d t )  a 0 a(r:,x),
c 

Ei ,  ant Wi deno te  s i m i l a r  quantities t o r  the Y f o r c e .  Here the subscript 

r e f e r s  t o  che Y f o r c e  and j t o  t h e  X f o r c e .  Wi and W have been 
j 

taken t . 3  be fuzlct ions nf t i m e ,  s i n c e  t h e  suppor t ing  weapons a r e  taken t o  be  

employed f x only  p o r t  i a n s  of  t h e  b a t t l e  . 

i 



an4 d e s e r t i c x  were hypothes ized by SCHAFFERThe rate r.,E , g ~ ~ ~ - , d a _ y ~  . ,-

t o  depend on (1) the friendly r.ssu;llty rate, and ( 2 )  t h e  d i f f e r e n c e  b e t w c ~ n  

rhe trle~ldlylnnemyForce r,ntio and r ra i tg  (1 .e .  an unfriendly f a r c e  r a c i o  

causes t h e  f r l .endly  foq-cea t o  "fade. away"). Aseumtng that:. rhe  s u r r e n d e r  and 

&martion mCes cerc! ,?xp:essible ;".ss u s  of s e p a r a t e  p a :3r series, SCXAEFEQ 

m o t e  

461-4621 want on t o  d i s c u s s  what r a s t r f c t i o n e  should  be placed on t h e  SibnS 

of t h e  c o e f f i c i b a t s  p ,  g, and r i n  (7 .6 .2 ) .  Me poin ted  out t h a t  f o r  t h e  

types of engagements between small u n i t s  cons ide red  by him (i. e. both d x / d t  an i 

dy/dt  murc always b e  5 01, one must always have bo th  ( d ~ / d t ) . + ~  and 

( d y / d ~ ) ~ + ~  ( i . e .  a  n e t  r a t e  r t  loss due t o  s u r r e n d e ; ~  and d e s e r t i o n s ) ,  and-< 0 

hence he a s ~ u m c d  t h a t  both  rX and rY -< 0. [SCHAFFER observed t h a t  " i n  a 

s e l f - p o l i c i n g  military group" it can b e  assumed t h a t  r = O . ]  Thus, on 



a.i1. i r t e g e r a  k 2 I.; we mu$- analr~scluslyhave bor.11 FX, and. Pp, ...(I 0, The 
' 2nd q ref h c t  tha wot Fvnt ion and dir r.l.pl.inec o e f f i c i e n t s  P ~ "yk' q ~ k y  

Tk 

of t h e  t r o o p s  involved i n  t h e  e n g a ~ a m e r ~ t ,  and Chu greater c'he n ~ a p p t t d e .c.f t h e  

a h ~ o J . u t evr :ue of such n coef f i c i e n z  , t h e  poorer  rhe wat l v a t fat1 and disc.Lplina 

o f  t h e  t r o a p e  involved.  17 

For computat ional  purpose3 SCHAFYEH on ly  re.raincd the f i r s t  few cerms 

where bath  p
X 

) O  w i c h q  - 0  when Y / X  < I . ,  and
5 

qyt -> O  with q = O  when x/y < 1. The l a r g e r  t h a t  
Yk 


I I is, the  FDorer is t h e  mot ivar  ion  and d i s c i p l i n e  o f the s o l i d e r s  invo 
q ~ r  

(1 .e .  a s  discuaaed above, these c o e I P f c i e n t s  model t h e  morale and d i s c i p l i ~ e  

of t h e  t r o o p s  invo lved>.  Also,  f o r  t h e  a p p r o p r i a t e  cho ices  of v a l u e s  f o r  

% 9hJ 
q 3 c  

, t h e  terms t h a t  contain y - 1) and ( x / y  - 1) can s i m u l a t e  

t h e  a c t  of breaking o f f  an engagemnt .  which is i n  keepin? b t t h  t h e  g u e r r i l l a  

t a c t i c  ef fading ccff i n t o  t h e  jungle (L.e. when ;:rerrjlla forces are outnumbered 



Figure 7.6. Diagram of guerrilla-warfare engagement to which 


SCHAFFER'a general model applies. 




Ill 

or at goma ot.t\ar discclv,sntap,c, c.l%:r w i l l  aradttally disengage, with  the remalnir 

troops f ight ing n rear-gtrard actlcrn). SCWBFER. then app l i ed  h i s  abclve 

sequent17 ocla muat use! numr?r:Ccsl-iate.patScm tecimLques t u  generati? nvmerical 

re su l t s  fo r  s p e c i f i c  bat t l r u .  

SCFAFF'ER 1:S25, p .  4631 used the wc~rd-.---skf.rmisl-r t o  derrote an engagement 

with a re la t ive ly  l i m i t e d  coannitrne~tof resources. Me assumed LhaE the primary 

fvrce19 c n  each sice i s  composed of riflemen a ~ d  that every rlzleman an each 

s ide  uses "aimed" f i r e  (seeSections 2 . 2  and 6 . 5  for further d iscuss ions  o f  

9 "aimed" f i r e )  with an associated conslant artrieian-rate c:oefEicient model1ir.g 

4'. 
t he i r  fire ef fect iveness .  In t h i s  case equatfonw (7 .6 .3 )  become 

where a and b denote conetant attrit ion-rate c o e f f i c i e n t s .  

SCWT'ER e m i n a d  numerical. reaults  (generated by nuuterical-integratlon 

techniqueti) for a variety o f  spec i f i c  hattlea modelled by ( 7 . 6 . 4 ) .  I:@ conclude< 



t h a t  morale end d i s c i p l i n e  ( I n  a d d i t i o n  t o  weapon-system e f f e c t i v e n e a s e e  ana 

t h c  i n i t i d  f o r c e  r a t i o )  can have a e.Lgnlficanz a f f e c t  on t h e  outcome of b a t t  

He showed t h a t  the numer ica l ly  weaker s i d e  can win when d i s c i p l i n e / m o r a l e  

f a c t o r s  outweigh f i repower  d i s p a r i t i e s .  I n  h i s  c a l c u l a t i o n 8  SCHAFFER took 

numerical  v a l u e s  of 3, -0.5, and -1.0 f o r  both  pX and p [-s e e  (7 .6 .4)] ,
Y 

where ( f o r  example) pX = -1.0 means t h a t  one X combatant d e s e r t s  h i s  

f i g h t i n g  group f o r  each c a s u a l t y  t h a t  t h e  group s u s t a i n s .  Values of 0.04 wer 

ass igned  t o  both  a and a l s o  b. SCHAFFER modelled t h e s e  a t t r i t i o n - r a t e  

c o e f f i c i e n t s  (seeChapter 5 f o r  more s o p h i s t i c a t e d  nudc l s )  by, f o r  example, 

where 

Here v Y denotes  Y ' s  f i r h g  r a t e ,  41, denotes  t h e  presented a r e a  of a prom 
X 


X i?Lantrymm t o  r i r l e  f i r e  over average t e r r a i n ,  P ( K I H ) ~ ~  deno tes  t h e  prob- 

abi! i ty  t h a t  an X t a r g e t  is k i l l e d  when he is h i t  by a round of Y ' s  l i r e ,  

deno tes  single-3hoc h i t  p r o b a b t l i t y .  SCHAFFER a c t u a l l y  gave samplt and 'SSH 

numerical  va lues  f o r  t h e s e  parameters  t o  t h e  above aode l  ( ' 7 . 6 .43 .  An i l l u s t r <  

ave2age r a t e  o f  f i r e  of v = 5 poundolminute w o d d  l e a d  t o  axpendisc re  of 

10 l b s  of .22-cal r i f l e  anmunition i n  about 80 rniuutes. SCHAFFER considered 

t h e  fol lowing values t o  b e  t y p i c a l :  + * 0 1 f t 2  a t  n range of l a 0  f e e t ,  

P(KIH) - 0'. 5 ,  and a = 1 f t  (corresponding t o  10 m i l s  at  100-ft range). 

The s ingle-shot  h i t  p r o b a b i l i t y  P given by (7.6.6) is computed accordir  
SSHm 

t o  t h e  "smal.1-targetT' approximation (see HORSE and KIMBALL [ 115, p. 112 I ) ,  whic 



&ppl . i e swhen t h e  s ingle-shot  d i s p e r s i o n s  are  "much l a r g e r "  than che t a r g e t .  

Soma s k i r w i s h  r e s u l t s  f o r  t h e  caee i n  which t h e r e  a r e  no ~rrpportlnguuapons 

on e i t h e r  a i d e  a r e  shown ln Figure  7 . 7 .  

SCIMFFER also considered sk i rmishes  i n  which a s i n g l e  type  of uupporting 

weapon backed up t h e  weaker s i d e .  For s x m p l e ,  when t h c  c u t ~ i t e r ~ u e r r i l l a s  b r i n g  

up suppor t ing  weapons, he modelled combat by (2% Figure  7.8) 

rhe2e  Sc( t ,y )  = lj E j ( t , y )  W
j

( t )  and t h e  i n t e g e r  index j t a k e s  on a e i n g l e  

va lue .  In o t h e r  words, Sc - S c ( t , y )  deno tes  t h e  e f f e c t i v e n e s s  of t h e  s i n g l e  

type  of Sup~ort?.ng weapon. S u ~ p r e s s i v e  s f f t , c t s  of t h e  suppor t ing  weapons 

a r e  considered by having t h e  f i r e  e f f e c t i v e n e s s  of ?nemy i n f a ~ ~ r pdecreased by 

t h e  suppor t ing  f i r e ,  i . r .  a = h(SC) wi th  a(Sc)  being a decreas ing  f u n c t i o n  

of S . The e f f e c t i v e n e s s  of t h e  suppor t ing  f i x e s  is modelled by t h e  s i m p l i f i e d  
C 


formula given i n  Sec t ion  5.13, namely20 

where VU denotes  t h e  f i r i n g  r a c e  of X ' s  s u p p o r t i r g  weapona, a deno tes
I,U 

t h e  l e t h a l  area c f  a s i n g l e  round of t h e s e  supporting teapons ,  and i+ deno tes  

t h e  a r e a  o f  che r e g i o n  i n  which t h e  Y f o r c e  is considered t o  be randomly 

d i s p e r s e d  (and i n t o  which t h e  s u p p o c i n g  weapons are assumed t o  d e l l v e r  "area" 

f i r e ) .  SCWFFER coneeytuai ized t h a t  such a e k i r n i s h  owuld begin  wi thout  

m y  suppor t ing  ~WC\I!\WXY&Lor ~ h tcounter  i n s u r g e n t s ,  s u o p o r t l n g  f i r e s  would be  

c a i l c d  f o r  a t  aomw t 1 . w  after engagement i n i t i a t i o n ,  and a f t e r  s o w  additional 
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Figure 7 . 7 .  Resulta for model of skirmish with no eupporting weapons 

on either side (after SCHAFFER [1251). In thia case, the 

bat t l e  dynamics are given by 



COUNTERGUERRILLAS GUERRILLAS 

Figure  7.$. Skirmish i n  which t h e  c o u n t e r g u e r r i l l a s  b r i n g  up 

suppor t ing  weapons. Here Sc deno t e a  t h e  e f f e c t i v e n e s s  

of s u p p o r t i n g  f i r e s  and is  modelled by (7 .6 .8) .  If 

we ignore  s u r r e n d e r s  and d e s e r t i o n s ,  then t h e  combat 

dynamics are given by 

S u p p r ~ s i v ae f f e c t s  a r e  modelled by t a k i n g  a - a(Sc) ,  

i . e .  t h e  f i r e  e f f e c t i v e n e e e  of a Y combatant 

( g u e r r i l l a )  i e  degraded by the  e f f e c t i v e n e s s  of the  

X-force a r t i l l e r y  f i r e .  



delay t h e  support ing f i r e s  would a r r i v e .  He modelled t h i s  process by 

where w ( t )  - Y ,,tU/%[Cf. equation (7.6.8) above] , td denotes the  de lay  
W 

t i m e  f o r  t h e  support ing f i r e s  t o  be added t o  the  b a t t l e ,  and H(t-t d) denotes 

t h e  "uni t  s t e p  function1'  

Such a s t e p  funct ion al lows us t a  " turn  on" t h e  support ing f i r e s  a f t e r  a given 

amount of delay. 

S C W F E R  took DEITLXMAN'~ ambush model (seet h e  previous s ec t i on )  as a 

point  of departure  and added temporal v a r i a t i o n s  t o  f i r e  e f f ec t i venes s  modelled 

by a t t r i t i o n - r a t e  coef f ic ie r t t s .  SCHAFFER emphasized t h a t  i t  was important t o  

ime time-dependent a t t r i t i o n - r a t e  c o e f f i c i e n t s  (cf.Sect ion 6 .2  above) and t h a t  

such t i m e  dependence was t he  dominant f a c t o r  i n  an ambush. H e  argued t h a t  

temporal v a r i a t i o n s  i n  f i r e  e f f ec t i venes s  a r e  the  r e s u l t  of changes i n  cover 

( i . e .  hi el ding) ava i l ab l e  t o  t h e  ambushees and t h e i r  gradual t r a n s i t i o n  from 

a r e a  t o  aimed f i r e  over t h e  course of t h e  ambush. Because of t he  element of 

s u r p r i s e  i n  t h ?  ambush, t h e  ambuehees' cover is i n i t i a l l y  minimal but inproves 

a s  they "take cover." On t h e  o the r  hand, t h e  ambushers' pos i t ion  i s  r e l a t i v e l y  

secure  and i t  does not  change u n t i l  they chooae t o  break o f f  t h e  engagement. 

The ambcrheee i n i t i a l l y  r e tu rn  a r ea  f i r e  because they have been "caught by 

surpr i se , "  and t h i s  f i r e  t r a n s i t i o n s  ( i . e .  changes) t o  aimed f i r e  ae  they 



4 

recpver  t h e i r  t a c t i c a l  d i s c i p l i n e  from t h e  i n i t i a l  shock of the  ambush. On 

t h e  o t h e r  hand, t h e  ambushers always use aimed f i r e ,  a l though  i t s  q u a l i t y  

d e t e r i o r a t e s  o v e r  time. During t h e  e a r l y  s t a g e s  s f  t h e  ambush, t h e  a i b u s h e r s  

have l i t t l e  mot iva t ion  t o  d e s e r t  o r  s u r r e n d e r ,  but  a f t e r  a t i m e  tC,  they  

may d e c i d e  t o  withdraw. SCKAFFER q u a n t i f i e d  t h e  e f f e c t s  of  t h e s e  p o t e n t i a l  

a c t s  through t h e  q u a n t i t y  q T ( t )  d e f i n e d  a s  

I n  o t h e r  words, q y ( t )  > 0 f o r  t > t 
C -> 0 o r  x/y > 1, and i t  i s  z e r o  o the r -  

wise.  

Based on t h e  above c o n s i d e r a t i o n s ,  SCWLFFER model.led such on ambush 

w i t h  t h e  foll.owing LANCHESTER-type equations (seeFigure  7.9)  

where q ( t )  is  given by (7.6.11). and t h e  a t t r i t i o n - r a t e  c o e f f i c i e n t  a ( t )
Y 


r e p r e s e n t i n g  a Y - f i r e r ' s  f i r e  e f f e c t i v e n e s s  is  g iven  by 



Figure  7.9. Schematic d t a g r m  o f  b a t t l e f i e l d  s i t u a t i o n  corresponding 

t o  SCHAFFER's model (7.6.12) o f  ambush i n  which counter-  

i n s u r g e n t s  have a s i n g l e  type of  f i r e  suppor t  ( h e r e ,  

a r t i l l e r y )  w i t h  f i r e  e f f e c t i v e n e s s  denoted as S = S c ( t , y
C 

For t h i s  guer r i l l a -war fa re  engagement, (7.6.12) reduces  t o  

where t h e  a t t r i t i o n - r a t e  c o e f f i c i e n t  f o r  the ambusher 

"aimed" f i r e  a(r)  is madelled by (7.6.13) and the  

ambuehae r e t u r n - f i r e  e f f e c t i v e w a s  b ( r , y )  is modelled 

by ( 7 . 6 . 1 4 ) .  Here t h e  anibushoe return f i r e ,  as modelled 

by (7.6.14). t r anwi t iona  from pure  "area" f i r e  t.o pure  

"aimed" f i r e .  



w i t h  t h e  p resen ted  a r e a  of  a s i n g l e  X ambushee be ing  modelled by 

Here, AT_ deno tes  the  " s t eady-s ta te"  v a l u e  f o r  t h e  v u l n e r a b l e  a r e a  of a s i n g l e  

X ambushee, and a and B r e f l e c t  t h e  speed w i t h  whlch an anbushee can 

approach t h i s  l e v e l  of maximum cover.  A t y p i c a l  v a l u e  f o r  f o r  prone 
c.2

2
t r o o p s  a g a i n s t  r i f l e  f i r e  i s  0 . 1  f t  . SCHAFFER modelled t h e  ambushee's r e t u r n  

f i r e  a g a i n s t  t h e  ambushers w i t h  

"aimed-fire" II area-f  ire" 
contrdbut  i o n  c o n t r i b u t i o n  

h e r e  b and b2 denote  a t t r i t i o n - r a t e  c o e f f i c i e n t s  f o r  "aimed" and "area" 
1 

f i r e  r e s p e c t i v e l y ,  and y deno tes  the. t r a n s i t i o n  r a t e  from "area" t o  "aimed" 

f i r e .  The parameter y i s  used t o  model how f a s t  t h e  ambushees recover  from 

being "caught by s u r p r i s e "  i n  t h e  ambush. §CHAFFER, however, expressed 

i n  terms of two o t h e r  parameters :  a f a c t o r  of i n c r e a s e  i n  t h e  e f f e c t i v e n e s s  

of t h e  ambushees' r e t u r n  f i r e ,  F, and a time f o r  t h i s  I n c r e a s e  t o  o c c u r ,  t. 

W e  then  have 

whence 



SCHAFFER observed t h a t  t y p i c a l  v a l u e s  f o r  t h e  b a t t l e  parameters  y i e l d  

b2y/bl b2y,,lbl << 1, whence w e  have t h e  approximation f o r  (7.6.16) 

Some " t y p i c a l "  r e s u l t s  f o r  ambushes modelled by (7 .6-12)  a r e  shown i n  

F igure  7.10. SCHAFFER concluded from h i s  s t u d y  of ambushes modelled by (7.6.1 

t h a t  " in  t h e  absence of  suppor t ing  weapons, ambushes can b e  s u c c e s s f u l  a g a i n s t  

f o r c e s  t h a t  a r e  numer ica l ly  twice  as l a r g e  a s  t h e  asahusher's f o r c e ,  provided 

t h e  ambushee h a s  less than  p e r f e c t  d i s c i p l i n e  and/or  is s l u g g i s h  i n  a t t a i n i n g  

aiming p a r i t y  wi th  h i s  opponent." H i s  a n a l y s i s  showed t h a t  a p r o p e r l y  conduct 

ambush should  be an e x c e l l e n t  t a c t i c  (E SCHAFFER [125,pp. 483-4841 f o r  

f u r t h e r  d e t a i l s )  . 
F i n a l l y ,  SCHAFFER cons ide ied  s i e g e s ,  which he d iv ided  i n t o  two s t a g e s  

(i) a "softening-up" phase wi th  suppor t ing  weapons, and (11) an a s s a u l t  s t a g e  

dur ing  which t h e  a r t i l l e r y  f i r e  must be l i f t e d .  He modelled an a s s a u l t  w i t h  tl 

fc l lowing  'LANCEESTER-type e q u a t i o n s  ( a f t e r  work by BRACKNN [ 2 Q ]  on t a c t i c a l  

pos tu re  and t h e  f u n c t l o n a l  form f o r  an  a t t r i t i o n  r a r e ;  set a l s o  S e c t i o n  7.2 abc 

- (l-pX) y (ATTACKER ATTRITION) wi th  x(0)  = xo , 
txY 

(DEFEbuIR ATTRITION) w i t h  y(0)  - yo , 
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Figure 7.10. Results  f o r  modal o f  ambush with no s ~ p p o t t i n g  weapons 

on e i ther  a ide  ( a f t e r  SCHAFFER [125] ) .  In t h i s  case, 

the b a t t l e  dynamics are  given by 

where a (  t) is  modelled by ( 7 . 6  .l3) . 



where t deno tes  t h e  werage time. between che f i r i n g  of two  s u c c e s s i v e  rounds 
XY 

by a s i n g l e  de fender  (wi th  t a r ~ e t - a c q u i s i t i o n  times b e i n g  assumed n e g l i g i b l e ) ,  

and t h e  average t i m e  f o r  an a t t a c ~ e rt r n  a c q u i r e  a t a r g e t  by v i s u a l  s e a r c h  of the 

d e f e n d e r ' s  p o s i t i o n  (wi th  "presented a rea"  Is assumed t o  be i n v e r s e l y  
f) 


psoporCiona1 t o  t a r g e t  d m s i t y  (wirh  c o n s t a n t  of  p r o p o r t i o n a l i t v  kX) and is 

assumed t o  be t h e  dominant ( i . e .  c o n s t r a i n i n g )  f a c t o r  in t h e  t a r g e t - a c t r i t i o n  

p rocess  f o r  t h e  defenders .  11. t h e  a s s a u l t  modelled 5y (7.6.18),  X is  t h e  

a t t a c k e r  and Y is  t h e  defender .  Thus, t h e  t ime  f o r  a s i n g l e  a s s a u l t i n g  

f i r e r  t o  d e s t r o y  an enaeny de fens ive  t a r g e t  i s  approximate ly  equal. t o  t h e  time 

for him t o  a c q u i r e  one, and t h e  average t i m e  f o r  a n  a s s a u l t  t r o o p  t o  a c q u i r e  

such a de fena ive  t a r g e t  is given by % / y .  Thc model (7 .5 .18) ,  of course ,  

on ly  a p p l i e s  t o  t h e  assault  s l t u a ~ i o nup u n t i l  t h e  t i n e  t h e  d e f e n s i v e  pe r imete r  

is over run  o r  u n t i l  a co i ln te ra t t ack  i s  launched.  

Thus, SCHAFFER P2S] developed a number of d e t a i l e d  LANCmSTER-type 

models of smal l - sca le  g u e r r i l l a - w a r f a r e  engagements. These were spparenrl-y 

t h e  f i r s t  d e t a i l e d  LANCHESTEK-type models of  s a c t f c a l  engagements t o  be 

developed and a p p l i e d  t o  m i l i t a r y - a n a l y s i s  problems i n  t h e  United S t a t e s .  

H i s  models conta ined a number of s i g n i f i c a n t  o p e r a t i o n a l  enr ichments  (e.g. 

time-dependent a t t r i t i o n - r a t e  c o e f f i c i e n t s  r e f l e c t i n g  changes i n  t a c t i c a l  

p o s t u r e ,  f i r e  d i s c i p l i n e ,  c a l l i n g  i n  of suppor t ing  f i r e s ,  e t c . )  over  p rev ious ly  

c o n s i d ~ r a d  t j impl ia t i c  LANCHESTER-type modela (e.g. t h e  c l a s s i c  cons tan t -

c o e f f i c i e n t  models (2.2.1) and (2.4.1) o f  LANCHESTER [104] ) .  SCHAFFEa developed 

a number of important  q u a n t i t a t i v e  i n s i g h t s  i n t o  t h e  dynamics of g u e r r i l l a -

war fa re  o p e r a t i o n s  from e x e r c i s i n g  t h e s e  models (=SCWFER[125]  f o r  

f u r t h e r  d e t a i l s ) .  



7 . 7 .  ModelJing Attrition for combat Between Heterogeneous Forces. 

So far in this book we have considered various aspects of attrition 


. modeliing for combat between two homogeneous forces, but actual combat consists 

of many different weapon-system types operating together as "combined-arms 


teams." For example, there may be infantry (armed with several types of 


weapons), tanks, artillery, mortars, etc. on each side. Let us therefore conside 


combat between such heterogeneous forces and briefly indicate how the above 


basic ideas on modelling combat attrition are extended and adapted to such cases. 


For illustrative purposes, we consider an engagement with m different 


types of weapon systems on the X side and n for Y (E Figure 7.11). 

Although more complicated types of force interactions may be postulated, we will 


consider the "natural" extension of (2.2.1) to this combat situation. We 


accordingly assume that 


(Aa) the attrition effects of various different enemy weapon-system 


types against a particular friendly target type are additive 
-.-

(na mutual support, i.e. no synergistic effects), 


and (A2)  the loss rate to each enemy wenpon-system type is proportienol 

to the number of enemy firers of that type. 


Let Y denote thoee Y who engrlge Xi, and let y denote the eortespond- 

ij j ij 


in& number of Y and similarly for . Similar quantittes are analogously 
i j  Yj 

defined for the X force. We observe that we then have 



X Farce ( m different Y Force ( n different 
weapon-system types weapon-system types) 

Figure 7.11. Schematic of combat between heterogeneous forces .  

In t h i s  f i g u r e  Y denotes those Y who are 
iJ j

engaging Xi,  and y denotes t he  corresponding 
i J  

number of Y and s i m i l a r l y  f o r  y Also, a 
i j  j' ij

denotes the  "inherent" weapon-system k i l l  r a t e  of 

one Y aga ins t  l i v e  Xi t a r g e t s ,  i .e.  t he  rate
1 


a t  which one Y can k i l l  Xi t a r g e t s .
J 



--- 

For n o t a t i o n a l  convenience we w i l l  always l e t  t h e  s u b s c r i p t  i refer t o  t h e  X 

f o r c e  and t h e  s u b s c r i p t  j r e f e r  t o  t h e  Y f o r c e .  Thus ( r e c a l l  F igure  7.11),  

t h e  index i w i l l  always t a k e  on t h e  i n t e g e r  v a l u e s  1 through m and t h e  

index 1 w i l l  always t a k e  on t h e  i n t e g e r  v a l u e s  1 through n. I n  o t h e r  words, 

X denotes  those  Xi who engage Y wi th  i = 1 , 2 ,  ..., m and j = 1 , 2 ,  ...,
j i  j 

Hence, wi thout  f u r t h e r  s p e c i f i c a t i o n  i f  we s a y  xi > 0 ,  it  w i l l  be  unders tood 

t h a t  t h e  i n e q u a l i t y  ho lds  f o r  i = 1 , 2 ,  ...,m. 

For modell ing combat between heterogeneous f o r c e s ,  one must t a k e  i n t o  

account t h a t  a p a r t i c u l a r  f i r e r  type  can t r y  t o  engage v a r i o u s  d i f f e r e n t  enemy 

t a r g e t  types .  Hence, we must r e p r e s e n t  how f i r e  i s  d i s t r i b u t e d  over  enemy t a r g e  

types .  Accordingly,  we w i l l  now in t roduce  t h e  a l l o c a t i o n  f a c t o r  + 
i j  = y i j l y j  

= f r a c t i o n  of Y who engage . It fo l lows  t h a t  
1 Xi 

To complete o u r  n o t a t i o n a l  p r e l i m i n a r i e s ,  we l e t  a denote  t h e  " inheren t"  
1 4  

weapon-system k i l l  r a t e  of Y a g a i n s t  l i v e  Xi t a r g e t s ,  i . e .  t h e  r a t e  a t  
j 


which one Y can k i l l  Xi t a r g e t s .
j 


Let u s  now examine how (Al) and (A2) l e a d  t o  t h e  fo l lowing  l i n e a r  model 

(no s y n e r g i s t i c  e f f e c t s  f o r  weapon systems i n  j o i n t  o p e r a t i o n s )  f o r  x and 
i 

> 0 
yj 

with  xi(0) = xi0 , 

0
wi th  y (0)

j = Yj 9 



where 0 5 $ 
j i '  $ i j  -< 1, and on phys ica l  grounds and b > 0. Let u s

a i j  j i  -
new develop (7.7.3) from nssumptiocu (All ana (A21 above. Assumptian ( A l )  may 

be s t a t e d  i n  mathematical  term as, f o r  R X ~ I C P J . ~ ,  

while  assumytion (A2) means t h a t  

X, l o s s  r a t e  
(7.7.5)due t o  Y

1 
* a i j Y i j  = a

i j
'4 

b j
Y
j * 

whence fo l lows  (7.7.3) from combination wi th  (7.7.4). I f  we "absorb" t h e  

a l l o c a t i o n  f a c t o r s  i n t a  t h e  a t t r i t i o n - r a t e  c o e f f i c i e n t s ,  e . g .  l e t  Aif $i ja i js  

then our  l i n e e r  combat model (7.7.3) may be w r i t e m  as ( f o r  xi and yj > 0) 

If we add ~ p e r a t i c l n t i l  I.osseo [ o r  a t t r i t i o n  from enemy s u p p o r t i ~ l g  weapons 

not  s u b j e c t  t o  a t t r i t j a n  (seeSec t ions  6.12 and 6.13 f o r  f u r t h e r  d e t a i l s ) ] ,  then  

our combat rmdel becomes (aga in ,  f o r  x and y1 > 0 )
i 


0
w i t h  xi(0) = xi , 



where a denotes  ail a t t r i t i o n - r a t e  c o e f f i c i e n t  lnodelling t h e  o p e r a t i o n a l  lor  
3 

of Y 
j 

and similar1.y f c r  B i. 02 phyaicr*.l grounds, we must have a
1 

and 

B i ,  0. 

I n  complex o p e r a t i o n a l  LANCHESTEH-type combat modc.,s l i k e  BONDER/IUA 

and i t s  may d e r i v a c i ~ e s , ~ ~  a t t r i t i o n - r a t e  c o e f f i c i e n t s  ca r respand ing  r o  A 
i,i 

and B I n  (7.7.6)  al~ovea r e  (as they are i n  t h e  r e a l  world) complex f c n c t i o  
ji 

of t h e  weapon-system c a p a b i l i t i e s ,  t a r g e t  c h a r a c t e r i s t i c s ,  d i s t r i b u t i o n  of t h e  

t n r g r t s ,  a l l o c a t i o n  proceduz,es f o r  a s s i g n i n g  weapons t o  t a r g e t s ,  e t c .  These 

models then a t t empt  t o  r e f l e c t  t h e s e  Lomplex i t i e s  by p a r t i t i o n i n g  t h e  a t t r i t i o  

p rocess  I n t o  f o u r  d i s t i n c t  subprocesses :  

(1) t h e  f i r e  e f f e c t i v e n e s s  of weapon-system t y p e s  f i r i n g  oa l i v e  

t a r g e t s ,  

( 2 )  t h e  a l l o c a t i o n  proc-ss uf a s s i g n i n g  weapons t o  t a r g e t s ,  

( 3 )  t h e  i n e f f i c i e n c y  of f i r e  when weapon-system t y p e s  engage o t h e r  

than l i v e  t a r g e t s ,  

and ( 4 )  the  e f f e c t s  of t e r r a i n  on l i m i t i n g  f i r i n g  a c t i v i t i e s  s f  weapon-

system types  and on m o b i l i t y  of t h e  systems. 

BONDER and FARRELL [15, pp. 16-17] have included t h e  e f f e c t s  of t h e  f i r s t  th ree  

subproceeses  above on an a t t r i t i o n - r a t e  c o e f f i c i e n t ,  f o r  example, as 



where 1Ylj deno tes  t h e  a l l o c a t i o a  f a c t o r  (ehe f r a c t i o n  of Y who a r e  
j 

Y

ass igned  t o  engage Xi), Iij deno tes  t h e  i n t e l l i g e n c e  f a c t o ~  ( t h e  f r a c t i o n  

of Y who a r e  a c t u a l l y  engaging l i v e  Xi t a r g e t s ) ,  and a (r) denotes  
ij i j  

t h e  " inherent"  weapon-system k i l l  r a t e  ( t b e  rate  a t  which one Y k i l l s1 
l i v e  Xi t a r g e t s  when i t  is  engaging on ly  hem). Hcre, f o r r i m p l i c i t y ,  

we have assumed t h a t  t h e  i n h e r e n t  weapon-system-kill c q p a b i l i t y  ( a s  q u a n t i f i e d  

by a ) depends on on ly  t h e  range between f i r e r  and t a r g e t  (E BONDER and 
ij 

FARRELL [ P 5 ]  f o r  f u r t h e r  d e t a i l s ) .  S i m i l a r  t o  t h e  c a s e  of homogeneous f o r c e s ,  

t' P " inherent"  weapon-system k i l l  r a t e  i n  c o m ~ u t c d  a s  
a i j  

where TX ( a r.v.1 denotes  t h e  t ime f o r  a s i n g l e  Y f i r e r  t o  k i l l  a n  
i j  

j 

Xi t a r g e t .  

--.Thus, BONDER and F A R R E U ' s  [IS] approach ( s e e  a l s o  CHERRY [ JO]  and 

[117; 1 5 t l )  b a s i c a l l y  decomposes t h e  b a t t l e f i e l d  i n t o  u n i t  engagements, and tht 

a r e  f u r t h e r  decomposed i n t o  a s e r i e s  of one-on-one d u e l s  between opposing weapc 

Jystem types .  For each f i r e r - t a r g e t  p a i r  one must perform a d e t a i l e d  a n a l y s i s  

of a a i n g l e  f i r e r  engaging a pass ive  t a r g e t .  Fa rce  i n t e r a c t i o n s  a r e  then t i e d  

t o g e t h e r  wi th  a t t r i t i o n  equa t ions  s i m i l a r  t o  (7.7.61, and t h e s e  assessment 

equa t ions  a r e  made t o  reapond t o  t h e  e v o l u t i o n  of combat (e.g.  changing f i r e r  

p o s i t i o n s )  through t h e  o p e r a t i o n a l  f a c t o r s  i n f l u e n c i n g  k i l l  r a t e s .  T e r r a i n  

e f f e c t s  a r e  incorpora ted  i n t o  such models by computing i n t e r v i s i b i l i t y  ( i . e .  

c x i e t e u c e  of l ine -of - s igh t )  f o r  each t a r g e t - f i r e r  p a i r  kased on t h e i r  map 



loca t ions .  Consideration is  given t o  cover, concealnsent, t e r r a i n  roughneas, 

e t c .  but time does tot allow us t o  30 i n t o  f u r t h e r  d e t a i l s  here (E Chapter 

e spec i a l ly  Sect ion 5.16, f o r  f u r t h e r  developments, however). 

Let us f i n a l l y  consider the  deteradnat ion of numerical va:!ues f o r  t he  

a l l o c a t i o n  f a c t o r s  and 9 i n  t he  heterogeneous-force model 1 7 . 7 . 3 ) .
$3 1 i.l 

We f i r s t  observe tha t  ( i n  sone sense) X con t ro l s  ( i . e .  in f luences  o r  can 

a f f e c t )  4 but such an a l l o c a t i o n  f a c t o r  is not d i r e c t l y  a f f ec t ed  by Y. 
ji 


Simi lar ly ,  Y con t ro l s  .Yi j .  There a r e  then two bas i ca l ly  d i f f e r e n t  approach6 

f o r  determining numerical values22 f o r  such a l l o c a t i o n  f a c t o r s  i n  a t a c t i c a l  

(1) the  desc r ip t ive  approach (based on asking the  quest ion,  "How 

would f i r e  be a l loca ted?") ,  

and (2)  t h e  normative approach (based on asking t h e  quest ion,  "HOW should 

f i r e  be a l loca ted?") .  

Both these  approaches involve bui ld ing  a model of t h e  a l l o c a t i o n  process.  The 

desc r ip t ive  approach La based on observing how people make such dec is ions  i n  

real-world s i t u a t i o n s ,  while  the normative approach is  based on modell.ing huma 

behavior a s  a " r a t i o n a l  processe' with an optimizat ion problem. This  l a t t e r  

normative approach may a l s o  be thought of a8  being based on asking the  q u e s t i o ~  

"What is the  ' be s t '  choice f o r  the  a l l o c a t i o n  fac tors?"  Further  discussion o 

t h i s  important t op ic  of determining values f o r  such a l l o c a t i o n  f a c t o r s  would 

rake us t oo  f a r  a f i e l d  from our main subjec t  of modelling t a c t i c a l  envsgements 

but we w i l l  r e t u r n  t o  i t  i n  Chapter 8 (seea l s o  Section 5.16). 



7.8. Analytical Results for Heterogensous-Force Models. 

Let us now briefly discuss what analytical results have been obtained ! 

the heterogeneous-force model (7.7.7). We will find out that, except for some 


special cases, only a few analytical results of limited usefulness have been 


developed. In fact, it is essentially impossible to analytically solve system: 


of differential equations like (7.7.7) for combat interactions with any degree 


of complexity (recall. Figure 6.11). Consequently, numerical-integration methoc 


(seeAppendix E) must be generally used to generate numerical results for partj 


lar battles of any degree of complexity. Thus, such numerical-integration mett 


. are essentially always used to numerically determine the force levels as functl 

of time, i.e. xi(t) and y (t), in complex operational models like BONDERIIUA 

1 

In general an attrition-rate coefficient such as A in (7.7.7) varie 
il 


with time t and the force levels of the combatants. When the attrition-rate 


coefficients A 
ij 

and B 
ji 

depend on the force levels x and y
1' 

the syste 
i 


of differential equatio~s (7.7.7) is nonlinear. We will not consider this case 


however, since no useful analytical results are apparently available for such 


systems of nonlinear ordinary differential equations. When the attrition-rate 


coefficients do not depend on the force levels, we may take them to depend on 


time,23 and we will theref ore corrsider (agaln for x
i 

and y
j 

> 0) the follow- 

ing linear combat model with timc-dependent attrition-rate coefficients 


f Aij(tlyj - Bi(t:lxi. with xi(0) 0xi ,
J-1 






Although equar ions  (7.8.5) a r e  a l i n e a r  d i f f e r e n t i a l - e q u a t i o n  combat 

model and consequent ly  al!. t h e  r e s u l t s  from t h e  theory of l i n e a r  o r d i n a r y  

d i f f e r a n t i a l  e q u a t i o n s  may be  invoked, e s s e n t i a l l y  no e x p l i c i t  a n a l y t i c a l  

r e s u l t s  f o r  x i ( t )  and y . ( t )  of p r a c t i c a l  s i g n i f i c a n c e  f o r  m i l i t a r y  OR are 
3 

known t o  t h i s  author .  W e  can,  of course ,  i n  theory  use  t h e  method of success j  

approximations (cf. Sec t ion  6.5 above) t o  determine x i ( t )  and y (t), but  tl 
j 


d e t a i l s  a r e  p r o h i b i t i v e l y  complex. Let u s  proceed j u s t  f a r  enough t o  ind ica tg  

such d i f f i c u l t i e s  t o  t h e  reader .  

It i s ,  moreover, convenient t o  express  such computations i n  a more compact 

n o t a t i o n .  Therefore ,  l e t  us  w r i t e  (7.8.5) i n  v e c t o r / m a t r i x  n o t a t i o n  a s  

where & denotes  d z / d t ,  2 denotes  a  column v e c t o r  o f  t h e  m f o r c e  l e v e l s  a 

t h e  heterogeneous X f o r c e  [ i . e .  2T = (xl,x 2 , . . . , ~ m ) I ,  B( t )  deno tes  an n x 

matr ix  of a t t r i t i o n - r a t e  c o e f f i c i e n t s  ( i . e .  ~ ( t )= [B, i ( t ) ] ,  where [B, i ( t ) ]  

denotes  t h e  m a t r i x  wi th  element B ( t )  i n  t h e  jth row and iG column f o r  

j = 1 . , n and i - 1.2, ... 
ji 

, m), and s i m i l a r  q u a n t i t i e s  f o r  t h e  

Y f o r c e  a r e  analogously  d e f i n e d ,  wi th  x being an n-vector and A( t )  an  

m x n matr ix .  We may w r i t e  (7.8.6) i n  even more compact n o t a t i o n  by i n t r o d u c i  

T T T 
,x ) y,>so t h a t  i t  becomes ( f o r  0 )= ( ,Ew,., 

where C ( t )  denotes  t h e  fol lowing (m + n) x (m + n) mat r ix  



I 

P-ssuming the appropr ia te  i n t e g r a b i l i t y  of t h e  c o e f f i c i e n t s  [ i . e .  

C( t )  C L(0,T) f o r  any f i n i t e  TI, and apply t he  method of successive approxi- 

mations (cf. Sect ion  6 . 5 ) ,  one may show (e.g. see REID [122,pp. 62-63]) 

t h a t  t h e  so lu t ion  t o  (7.8.7) is given by 

twhere n0(C) denotes t h e  following i n f i n i t e  series of matr ices  

denotes t h e  (,m+ 11) x (m + n) i d e n t i t y  matr ix ,  and the  i n t e g r a l s  a r e  mat r ix  

t

i n t e g r a l s .  The matrix  quan t i t y  Qo(C) is  sometimes c a l l e d  t h e  inatrizant [122 ,  

p. 631. I t  is t h e  (m + n) x (m + n) matrix  of fundamental s o l u t i o n s  t o  (7.8.7) 

and s a t i s f i e s  the  matr ix  d i f f e r e n t i a l  equat ion (seeREID [ 1 2 2 ] f o r  f u r t h e r  

d e t a i l s )  

G l - C(t)W with W ( O )  = I , (7.8.10) 

where W(t) - n;(c). 



-- Exa9l-e 7.8.1. We may o b t a i n  t h e  r e p r e s e n t a t i o n  (6.5.16) f o r  t h e  s o l u t l o n  

CX(t)  t o  (6.5.13) as a s p e c i a l  c a s e  of (7.8.8).  To s e e  t h i s ,  we l e t  

wT = (C ,SY) and then  (6.5.13) may be w r i t t e n  i n  t h e  form (7.8.7) wi th  
IV X 


If w e  s u b s t i t u t e  t h e  above i n t o  (7.8.8) and (7.8.91, we f i n d  t h a t  CX(t) i s  

given by (6.5.16).  Thus, t h e  successive-approximation r e s u l t s  ~f Chapter 6 

f o r  t h e  hyperbo l ic - l ike  GLF may b e  viewed as s p e c i a l  c a s e s  of t h e  mat r i zan t  (7 .8 ,  

The r e a d e r  should n u t e  t h a t  (7.8.8) a l s o  a p p l i e s  t o  t h e  more g e n e r a l  

model 

i n  which case  C( t )  is given by 

The above r e s u l t s  a r e  a l s o  r e a d i l y  extended t o  t h e  c a s e  i n  which replacements  a r e  

cont inuously  added t o  t h e  b a t t l e  (7.8.6) [ o r ,  equivaler: t ly,  (7.8.11) 1 . 
Accordingly,  we  let ~ ( t )denote  an m x n colurm~ v e c t o r  of replacem2nt r a t e s .  

Our madel (7.8.7) C hen becomes 



The s o l u t i o n  t o  (7.8.13) may b e  w r i t t e n  as (e .g .  gee REID [ I221 aga in )  

t
where nO(C) is g iven  by (7.8.9) and [ G ~ ( C ) ] "  deno tes  the i n v e r s e  o p e r a t o r  

Q-'(c) of  Q(C). Thus. t h e  f o r c e  l e v e l s  as f u n c t i o n s  of  t ime a r e  even more 

campi icated when replacements  a r e  con t inuous ly  committed t o  LANCHESTEH-type corn1 

[g.(6.12.8) and F igure  6.111. As we no ted  i n  Chapter 6 ( r e c a l l  F fgure  G.11), 

i t  is  imposs ib le  t o  "solve" t h e  d i f f e r e n t i a l - e q u a t i o n  combat model (7.8.13) 

when bo th  m and n > 1, a l though  a formal  s o l u t i o n  such a s  (7.8.14) may, of 

course ,  be w r i t t e n  down. 

The s o l u t i o n s  (7.8.8) and (7.8.14) a r e  forrnal symbolic s o l u t i o ~ i s  t o  

T T(7.8.7) and (7.8.13) f o r  t h e  v e c t o r  o f  f o r c e  l e v e l s  T
( t )  - (5 ( t ) , , ~  ( t ) ) .  

Unfor tuna te ly ,  they  a r e  of no  computat ional  use  when bo th  m and il > 1. Thcs, 

a l though  t h e y  s ~ p b o l . L c a l l y  r e p r e s e n t  the f o r c e  l e v e l s ,  t h e  " so lu t ions"  (7.8.8) 

and (7.8.14) have been put  t o  no p r a c t i c a l  use.  

Le t  u s  now cons ide r  t h e  model (7.8.6) i n  t h e  special  c a s e  of c o n s t a n t  

a t t r i t i o n - r a t e  c o e f f i c i e n t s ,  i.e. f o r  2 > 0 and x > 0 

w i t h  x ( 0 )  = % , 

with  ~ ( 0 )  yg ., 



where A denotes  a n  m x n matr ix  of cons tan t  a t t r i t i o n - r a t e  coefficients rfiodel 

t h e  f l r e  e f f e c t i v e n e s s  of t h e  heterogeneous Y f o r c e  and B denotes  an n x m 

matr ix  of cons tan t  a t t r i t i o n - r a t e  c o e f f i c i e n t s  f o r  t h e  X f o r c e .  S imi la r  t o  

what w e  saw i n  Chapter 1 ,  t h e  two b a s i c  v e h i c l e s  f o r  answering q u e s t i o n s  con-

c e r n i ~ g  t h e  outcome of combat modelled by t h e  cons tan t -coef f i c ien t  d i f f e r e n t i a l  

equa t ions  (7.8.15) are: (:1) t h e  state equatfon,  and < 2 )  t h e  X and Y f o r c e  

l e v e l s  a s  a f u n c t i o n  of t ime ~ ( t )  and ~ ( t ) .  Unlike t h e  case  of combat betwe 

two homogeneous f o r c e s ,  though, w e  now d e a l  w i t h  v e c t o r s  and mat r i ces ,  no t  

s c a l a r s ,  and f a r  fewer e x p l i c i t  a n a l y t i c a l  r e s u 1 . t ~  have been developed.  

To o b t a i n  in format ion  concerning p a r i t y  ( i . e .  equa l  m i l i t a r y  s t r e n g t h )  

between t h e  two opposing heterogeneous f o r c e s  wc c o n s i d e r  t h e  state equat ion.  

By p a z i t y  we mean t h a t  n e i t h e r  f o r c e  ever  "wins," and of course  we must s p e c i f y  

ba t t l6 - t e rmina t ion  c o n d i t i o n s  f o r  such a  de te rmina t ion .  We w i l l  l i m i t  a t r  

d i scuss io r .  t o  a f i g h t  t o  t h e  f i n i s h ,  s i n c e  r e s u l t s  have on ly  appeared f a r  t h i s  

s p e c i a l  case .  Since  raegati%a f o r c e  !.evals make no p h y s i c a l  s e n s e  (g.our  

d i scuss ion  i n  Sec t ion  2 . 2 ) ,  we must accord ing ly  extend t h e  model (7.8.15), whic 

holds  f o r  x and y ) 0 ,  t o  c a s e s  i n  which one o r  more of t h e  component f o r c e s  

of e i t h e r  heterogeneous f o r c e  become a n n i h i l a t e d .  if we a r e  t o  r e t a i n  cons tan t  

c o e f f i c i e n t s ,  we must e s s e n t i a l l y  assume t h a t  t h e r e  is no r e d i s t r i b u t i o n  of 

f i r e  by f r i e n d l y  f o r c e s  & f t e r  an eneny type  has  been a n n i h i l a t e d .  I u  

t h i s  case ,  t h e  n a t u r a l  ex tens ion  of (7.8.15) is  

i = -E~(E)AX with ~ ( 0 )  ,a ,I" 

i - - E y ( x ) B , ~  with  x(Oj = q, , 



where EX(,x) is an m x UI diagonal  matr ix  with diagonal dement  

and s i m i l a r l y  f o r  E y ( ~ ) .  

Equations (7.8.16) and (7.C.17) a r e  m t h i n g  r.ore t h m  the  g e n a r s l i z a t l m  

t o  heterogeneous-force combat of TAAlfCH~STE;Etls aquat ions w r i t  ten i n  a form t o  

avoid t h e  phys ica l  absu rd i ty  of negat ive fo rce  l eve l s .  In o the r  words, 
Xi 

only suffers , a t t r i t i o n  according t o  t h e  app rop r i a t e  component of (7.8.15) as 

long a s  x
I. 

> 0 e dxi/dt = - n 
f o r  x > 01, and such an

Lj.1 a i j Y ~  i 

+-


a t t r i t 5 o n  equat ion i s  "turned of f"  once x = 
i 


[g.(2.2.2) 1. By p a r i t y  Letween t h e  fa rceo ,  

, y ( t )  > 0 f o r  a l l  s, j , and f i n i t e  t $ 0 .
j 

0 ( i . e .  dx I d c  = 0 f o r  xi 5 0)
i 

w e  simply mean t h a t  x i ( t )  and 

Unfortunately,  there  i s  genera l ly  

no extenbion of LMJCHeSTER's square law of p a r i t y  batween two homogeneous fo rces  

(2.1.6) t o  combat between such heterogeneous forces .  However, SNOW [I331 has  

shown24 Chat i n  one and only one s p e c i a l  case does t h e  square law (2 .  i . 6 )  

genera l ize  t o  combat between heterogeneous forces :  namely, the ----condi t ion f o r  

p a r i t y  between heterogeneous X and d fo rces  i s  given by the following q u a d s  

expression f o r  t h e  force l e v e l s  

I.£and only i f  J a r  any two f i x e d  ind ices  I 3.nn .J-




whore i = 1 2 ,  and j l , , n  The condi t ion  (7.8.19) was c a l l e d  

Condition M by SNOW [133]. 

For developing, f o r  example, t h e  X f a r c e  l e v e l  a s  a  func t ion  of t i m e  

~ ( t ) ,  t he re  a r e  two d i f f e r e n t  (but equiva len t )  methods f o r  constant  attrition- 

r a t e  c o e f f i c i e n t s  and heterogeneous forces :  

(Ml) a matrix-theory approach t h a t  involves  eva lua t ion  of a matr ix  

exponent ia l  funct ion,  

an d (M2) a lgeb ra i c  e l imina t ion  t o  ob t a in  t h e  Xi force- level  equat ion - 
(which conta ins  only xi) 

Although ( i n  both cases )  one f i n d s  t h a t  x ( t )  is  simply a sum of  c e r t a i n  
i 

exponent ia l  funct ions of t i m e  weighted by c o e f f i c i e n t s  t h a t  a r e  func t ions  of 

only t he  a t t r i t i o n - r a t e  c o e f f i c i e n t s  and i n i t i a l  f o r ce  l e v e l s ,  e x p l i c i t  

r e s u l t s  (even f o r  t h e  simplest  2 x 2 case)  have not been genera l ly  obtained f a  

(7.8.15) ( r e c a l l  Figure 6.11 of Chapter 6 ) .  Thus, although t h e  genera l  form 

of  t h e  so lu t ion  is w e l l  known, it is s o  complex t h a t  e x p l i c i t  a n a l y t i c a l  

r e s u l t s  have not  beet  obtained except i n  spec i a l  cases.  We w i l l  now b r i e f l y  

i l l u s t r a t e  each of t h e  above so lu t ion  methods. I n  both examinations w e  w i l l  

only consider t h e  case  i n  which x and yj > 0, and then (7.8.15) app l i e s .  
i 

The ~ r i x - t h e o r y  approach c o n s i s t s  of consider ing t h e  vec to r  d i f f e r -  

T T T 
e n t i a l  equat ion (7.8.7) f o r  - (E ,x ), namely 

T T 
with (0) = a T T 

= (&,&) , 



1 where C denotes t he  (m + n) x (m + n)  matr ix  of constant  a t t r i t i o n - r a t e  

c o e f f i c i e n t s  given by 

In  t h i s  case t h e  mat r izan t  (7.8.9) reduces t o  t h e  mat r ix  exponent ia l  

and the  so lu t ion  t o  (7.8.20) may be wr i t t en  i n  terms of t h i s  mat r ix  exponent ia l  s 

w(t)  = e - C t  
"0 

(7.8.22 

Thus, w e  a r e  l e f t  with t he  t a s k  of eva lua t ing  t h e  matr ix  exponent ia l  e with 

C given by (7.8.21). 

The complexity of  eva lua t ing  t h e  matr ix  exponent ia l  depends e s s e n t i a l l y  

on whether o r  not  t he  matr ix  C has d i s t i n c t  eigenvalues.  Let I c I  denote 

the  determinant of C and 

The eigenvalues  o C ( a s  t h e  reader  w i l l  recd I l l )  a r e  t he  roo t s  of t he  (m + n) 

degree polynomial equation 

Coneider now t h e  ( m  + n) roo t s  of (7.8.25) and assume cha t  t h e r e  a r e  q d i s t i n c t  

values.  kt Nk denote t he  w l t i p l i c i t y  minus one of t h e  k g  elgenvalue. It 



 follow^ t h a t  g + Nt m + n. By t h e  conf luen t  form of SYLVESTER'S theorel 

- C t  .
s e e  FRAZER, DUN'CIVJ, and COLLAR [59, pp. 78-83;) t h e  mat r ix  e.xnonenria1 eL-


given by 

where 

and F(A) denotes  t h e  t r ansposed  mat r ix  of t h e  c o f a c t o r s  of XI - C. I n  t h e  

Engl i sh  mathematical  l i t e r a t u r e  F(X) is  c a l l e d  t h e  a d j o i n t  o f  X I  - C (see 
[ 5 9 ,  p. 211). The r e s u l t  (7.8.26) may be e q u i v a l e n t l y  developed by cons ider ing  

t h e  JORDAN canonica l  form f o r  t h e  mat r ix  C (seeCODDINGTON and LEVINSON [38 ,  

Chapter 31) .  I n  t h e  case  of d i s t i n c t  e igenva lues  f o r  C, t h e  above expression 

f o r  e-Ct s i m p l i f i e s  considerably:  namely (cf . HILDEBRAND [ 82, pp. 64-66 1) 

where 



r( 

h 
As t h e  r e a d e r  may have a l r e a d y  guessed,  no r e a l l y  u s e f u l  a n a l y t i c a l  r e s u l t s  have 

s o  f a r  been o b t a i n e d  f o r  (7 .8 .26)  except  i n  s p e c i a l  c a s e s  when o t h e r  methods a r e  

more convea1,ent (seebelow). Thus, matr ix- theory methods show us  t h e  form of  t h  

s o l u t i o n  t o  (7.8.20) f o r  t h e  X and Y f o r c e  l e v e l s  ~ ( t )and ~ ( t ) ,bu t  t h e s ,  

r e a u l t s  a r e  genera1l.y o f  l i t t l e  computat ional  use ( r e c a l l  F igure  6.11 of Chapter 

Exagle ?.8.2. For t h e  (F + T)I(F + T) a t t r i t i o n  p rocess ,  w e  have rn = n = 1,..-
a1d (7.8.20) h o l d s ~with [,sea cqua t ion  (2.12.2) 1 

Invoking (7.8.23) w i t h  e-" given by (7.8.27),  w e  f i n d  t h a t ,  f o r  example, 

- $a+el t
1 

1x ( t 1  = e { x o  cosh B t  - -e [ayO + ?1 
(B-a)] s i n h  Bt) , 

2
where 8 - J a b  + [ ( ~ - a ) / Z l  . 

The a l g e b r a i c - e l i m i n a t i o n  approach r e l i e s  on t h e  d i f f e r e n t i a l - e q u a t i o n  

combat model's s p e c i a l  s t r u c t u r e  t o  use  d i f f e r e n t i a t i o n  and a l g e b r a i c  e l i m i n a t i o n  

t o  develop a N& o r d e r  (where N < m f n )  l i n e a r  d i f f e r e n t i a l  e q u a t i o n  f o r  each 

of the  f o r c e  l e v e l s .  When t h e r e  is a s imple  s o l u t i o n  f o r  t h e  f o r c e  l e v e l s  t o  

the l i n e a r  combat model (7.8.15), t h i s  approach i a  t h e  s i m p l e s t  one f o r  o b t a i n i n g  

it. Let  us  now i l l u s t r a c e  t h e  a lgebra ic -e l imina t ion  approach w i t h  a s imple  

example. Consider a hanragenewus Y f o r c e  i n  combat a g a i n s t  two enemy weapon- 

system types .  Then, f o r  x and y > 0, w e  have
i 




0

with x2(0) x2 , 

The Y force l e v e l  equat ion is r ead i ly  obtained by d i f f e r e n t i a t i n g  the  l a s t  

equation of (7.8.28) with respec t  t o  time and combining t h e  r e s u l t  with t h e  previc 

two equations. We f ind  that 

Owith i n i t i a l  condi t ions y(O1 - yo and dy/dt(O) = - blxl
0 - b2x2. It follows th; 

We may a l s o  use a lgeb ra i c  el iminat ion and elementary in t eg ra t ion  t o  o b t a h  the  

following s t a t e  equation from (7.8.28) 

where z = z ( e )  - blxl + b2x2. When the X fo rce  is composed of m d i f f e r e n t  

weapon system types,  the s t a r e  equation s t i l l  given by (7.8.32) and the  force  



l e v e l s  by ( 7 . 8 . 3 0 )  Rnd ( 7 . 6 . 3 1 ) ,  only w i t h  z, z0 , and 6 now given by 

The above re su l t s  r - Z ( L )  - Lk,. b i x i ( t ) ,  z0 - I(()), and 8 = G. 
for ( 7 . 8 . 2 8 )  are the only simple ones known t o  the author for combat between 

heterogeneous forces ( reca l l  Figure 6 .11) .  



7.9 .. Current  D e t a i l e d  LANCHESTER-Type Opera t iona l  Models of T a c t i c a l  Engagemex 

,The E ~ l l o w i n g  a r e  c u r r e n t  o p e r a t i o n a l 2 5  models (used i n  t h e  Uni ted S ta t  

t h a t  employ d e t a i l e d  LGNCHESTER-type e q u a t i o n s  t o  assess c a s u a l t i e s  i n  t a c t i c a l  

26engagements : 

bat tcal ion- level  combat: BONDER/IUA and i t s  many d e r i v a t i v e s  such as 

BONDER ATaCAV ( o r  IHA) , BLDM, AMSKAG, FAST, 

div i s ion- , l eve l  combat : DIVOPS 

thea te r - l eve  2 combat : VECTOR- 2 

As w e  have po in ted  o u t  i n  Sec t ion  1 .3 ,  I n  t h e s e  models a t t r i t i o n  is modelled 

a n i d y t i c a l l y ,  b u t  movement is  modelled i n  a s imula to ry  manner. Consequently, 

t h e s e  models a r e  not e x a c t l y  a n a l y t i c a l  ones ,  but they a r e  more p r e c i s e l y  c a l l e  

h y b r i d  ana ly t i ca l - s imula t ion  models. S ince  a l l  t h e  above d e t a i l e d  d i f f e r e n t i a l -  

equat ion combat models have been developed by t h e  p r i n c i p a l s  of Vector Research 

Inc.  (VRI) (seea l s o  Footnott? 21  above),  it  seems a p p r o p r i a t e  t o  b r i e f l y  d i scus :  

t h e  combat-modelling approach of VRI .  

The b a s i c  idea27 behind the  modelling approach of VRI is  t o  develop 

a n a l y t i c a l  s t r u c t u r e s  t h a t  can be used t o  f o r e c a s t  t h e  e v o l u t i o n  of combat over  

time i n  terms of b a t t l e f i e l d  geometry (1.e. t r o o p  p o s i t i o n s ) ,  f o r c e  l e v e l s ,  and 

s u p p l i e s .  It is a l s o  h y p o t h e ~ i z e d  t h a t  t h e r e  e x i s t s  a f u n c t i o n a l  r e l a t i o n  betwt 

t h e  r e s u l t s  of b a t t l e  and t h e  i n i t i a l  numbers of f o r c e s ,  types  and c a p a b i l i t i e s  

of t h e i r  weapon syetema, t h e i r  d o c t r i n e  of employuent, and the erivironment, 1.e. 



Number of Forces 
? 

Types cf Weapon Systems .. 
Weapon Capobihi t ies  

Doctrine of Euployaeat 
( t a c t i c s ,  o rganiza t ion)  

Environment 

Unfortunately,  because of t h e  l a rge  number of va r i ab l e s  involved, such a funct  

r e l a t i o n  i s  not  known f o r  t h e  o v e r a l l  evolut ion of b a t t l e ,  nor  is the re  s u f f i c  

da t a  t o  develop i t  empir ica l ly .  It is the re fo re  ass.med t h a t  subprocesses can 

quant i f ied  and modelled f a r  a t  l e a s t  s h o r t  per iods of ti& and extrapolated.  

Thus, t h e  VRX approach is t o  examine the b a t t l e  £of s h o r t  per iods of 

time and t o  hypothesize t h a t  f o r  each s i d e  during such a s h o r t  per iod of t i m e :  

(1) l oca t ions  change due t o  t a c t i c a l  movement, 

(2)  weapon systems a r e  a t t r i t e d  by enemy a c t i v i t y ,  

(3) resources  a r e  expended, 

and 

( 4 )  personnel become c a s u a l t i e s  due t o  enemy a c t i v i t y .  

Heterogeneous-f o rce  LANCHESTER-type equat ions (cf. Sect ion 7.7)  a r e  used t o  

represen t  t h e  l o s s  of weapon systems and personnei. Impl ic i t  i n  such use is  t t  

assumption tha t  i f  the  state of t he  b a t t l e  is kn~wna t  t h e  beginning of a small 

time i n t e r v a l  and t h e  a c t i o n s  t h a t  t ake  place dcr ing t h i s  i n t e r v a l  are a l s o  knr 



then the  r a t e  a2 which l o s s e s  occur can be pred ic ted  f o r  t h i s  small  time i n t e  

Because of t h i s  r a t e  focus,  d i f f e r e n t i a l  equat ions ( i . e .  LANCHESTER-type equa 

a r e  the  appropr ia te  modelling t oo l .  Conceptually t he se  models a r e  based on t 

fallowing two components : 

(1) t he  concept of t h e  s t a t e  space, 

(2)  t he  concept of  process models. 

As w e  mentioned i n  Sect ion 1.6, t he  e t a t e  space c o n s i s t s  of those  va r i ab l e s  t 

allow one t o  p red i c t  t h e  fu tu re  course of combat, e.g. numbers and loca t ions  

d i f f e r e n t  weapon systems, t a r g e t  lists, plans and i n t e n t i o n s ,  e t c .  

The VRI approach (BONDER and FARWLL [15]; see a l s o  [39; 117; 1541 an, 

[30]) i n  essence conceptually decomposes t he  b a t t l e f i e l d  i n t o  m i t  engagement! 

w h i ~ h  & r e  fu r the r  decomposed h t o  a s e r i e s  of one-on-one due ls  between opposir 

weapon-system types.  For each f i r e r - t a r g e t  p a i r  one must perform a d e t a i l e d  

ana lys i s  of  a s i n g l e  f i r e r  engaging a passive t a r g e t  (e.g. r e c a l l  Sect ion 5.3) 

Forci Lnteract ions a r e  then t i e d  together  wi th  LANCHESTER-type heterogeneous-

force  a t t r i t i o n  equat ions s i m i l a r  t o  (7.7.6) ,  and these  assessment equat ions 2 

made t o  reapoad t o  t he  evolut ion of combat (e. g. changing f i r e r  pos i t ions)  

through t h e  opera t ioua l  f ac to re  in f luenc ing  t h e  k i l l  r a t e s .  The evolu t ion  of 

o ther  e t a t e  va r i ab l e s  (e.8. ammunition supp l i e s  o r  b a t t l e f i e l d  information) 

a r e  simil.arly modelled with d i f f e r e n t i a l  equations.  Ter ra in  e f f e c t s  a r e  incor 

parated i n t o  the  combat m d e l  by comp~t i ag  i n t e ~ i s i b i l i t y  (1.e ex is tence  of 

l i n e  of e igh t )  f o r  each t a r g r t - f t r e r  p a i r  based on t h e i r  map loca t ions .  



Consideration is given t o  cover,  concealment, t e r r a i n  roughness, e t c . ,  but  

time does not  allow us t o  go i n t o  f u r t h e r  d e t a i l s  here (seeSection 5.16 o r  

[39; 117; 1541 f o r  f u r t h e r  d e t a i l s ) .  In such a complex system model, the  

IANCHESTER-type equat ions a r e  numerically in tegra ted .  

The modern large-scale  d i g i t a l  computer has made such d e t a i l e d  models 

poss ib le ,  e spec i a l ly  those of large-scale  combat. Because of the  de ra i l ed  

weapon-system-performance information used i n  t h e i r  combat assesnments, i.e. 

t o  compute LANCHESTER a t t r i t i o n - r a t e  c o e f f i c i e n t s  (seeChapter 5, espec ia l ly  

Sect ion 5.161, the  d a t a  and data-base problems assoc ia ted  with such models 

a r e ,  however, formidable although no l e s s  so  than those f o r  de t a i l ed  Mmte 

Carlo combat s imulat ions.  For example, VECTOR-2 may requi re  between 200,000 

and 300,000 pieces of input  d a t a  f o r  a "typica1"run (see-BONDER [I41 f o r  

f u r t h e r  d e t a i l s ) .  The i n t e r e s t e d  reader  can f ind  f u r t h e r  information about 

the  time and resource requirements f o r  a c t u a l l y  using these  models i n  [9] 

(e.g, the  time required t o  acqui re  input d a t a ,  t he  time required t o  s t r u c t u r e  

t h i s  da t a  i n  the  model's input  format, the  time required t o  run the model,.and 

the  t i m e  required t o  analyze and eva lua te  t he  model's r e s u l t s ) .  Such models 

consider  heterogeneous fo rces ,  b a t t l e  plans (ground order  of b a t t l e  and a i r  

order  of b o t t l e ) ,  t a r g e t  acqu i s i t i on ,  a l l oca t ion  of f i r e ,  f i r e  support by 

ground weapons, movement, i n t e l l i g e n c e ,  command and cont ro l ,  l o g i s t i c s ,  e t c .  

The f u l l  ex t en t  of combat systems and processes t h a t  have been incorporated 

i n t o  the  VRI models is indica ted  i n  Tables 7 .111  and 7.IV (* CHERRY [30] 

and [39; 117; 1541 f o r  f u r t h e r  d e t a i l s ) .  These very complicated opera t iona l  

models, however, have been developed from the  Lasic a a l } t i c a l  s t r u c t u r e  

discueaed above by t h e  process of enrichment, which we have a l s o  considered 

above (e.g. see Sect ion 7.1). 
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TABLE 7.111. Weapon Sys t em Included i n  t he  D i f f e r e n t i a l  Combat Models Developed 

by Vector Research, Inc. (from CHERRY [ 301). 

Tanks, including secondary arrnament 

A.PC's, inc lud ing  mul t ip le  armament systema 

Anti-Tank Grrns  and Miss i les  

Assault  Guns 

Heavy Machine Guns 

Mortars 

Rifle-Squad Weapons, including 

l i g h t  and medium machine guns 

grenade launchers 

mixed-mode weapons 

r i f l e s  

Convention, fCM, and Laser-Guided A r t i l l e r y  

Attack Hel icopters  with 

automatic weapoas 

rockets  

command-guided mi s s i l e s  

self-guided mi s s i l e s  

laser-guided missiles 

Rocket o r  Missi le  A r t i l l e r y  

Fixed-Wing Tac t i ca l  A i r c r a f t  with Conventional o r  Advanced Ordnance 

Air Defense Guns and Miss i les  

L a d  Mines, including s c a t t e r a b l e  mines 

Jeep and Truck Mounted Weapons 

Laser Designators 

Target-Acquisit ion Systems, whether ground o r  a i r  based, 

including o p t i c a l  and o the r  e lectromagnet ic  systems and 

seismic,  audio,  and o the r  systems 

Smoke o r  Other Obseurant Aerosal., however del ivered.  



* 
\ TABLE 7. I V .  Processes Modelled i n  the D i f f e r e n t i a l  Combat Models Devel.oped by 

Vector Research, Inc.  (from CHERRY [30 I ) .  

Acquis i t ion,  " se r i a l t 1  o r  "pa ra l l e l , "  including f a l s e  a c q u i s i t i o n s ,  

a cqu i s i t i one  of  dead t a r g e t s ,  and mis - ident i f ica t ion  (and l o s s  

of acqu i s i t i on )  

Target Se lec t ion ,  including c r i t e r i a  f o r  t he  acceptance of low-prior i ty  

t a r g e t s  (an approximate minimax t a rge t - s e l ec t i on  process is avnfl-

a b l e  i n  add i t i on  t o  desc r ip t i ve  models) 

Aiming, Round S e l e c t i o t ,  and Mode-of-Fire Se l ec t i on ,  inc lud ing  f i r e  

a d j  ustmmt process 

F i r ing ,  d i r e c t  and i n d i r e c t  : s i n g l e  rotmds, vo l l ey ,  and bu r s t  ; a d j  u s t e  

and unadjusted; b a l l i s t i c  ordnance, command-guided ordnance, ae l f -

guided ordnance, i l lumination-guided ordnance; e t c .  

Ordnance Le tha l i t y ,  immediate o r  delayed, aga ins t  weapons-systen 

hardware o r  crew, including mul t ip le  damage s t a t e s  (which may 

involve damage t o  only ane component o r  sub-system of t h e  weapons 

system, such as a mobil i ty  k i l l  o r  a p a r t i a l  f irepower k i l l )  

Manewer 

Del iberate  Determinis t ic  o r  S tochas t i c  Use of Local Te r r a in  o r  

Vegetation f u r  Cover and Concealment, including (but no t  l im i t ed  tc 

suppression by a r t i l l e r y  o r  d i r e c t  f i r e s  

Commrmicnt ion of Target-Acquisition Information Between Weapon. Systems 

Damage Recovery, including re-manning of a  weapon system which has 

su f f e r ed  a  crew k i l l  

Minefield Eacounter, including i n i t i a l  encounter a t t r i t i o n ,  a t t r i t i o n  

during reorganiza t ion  ( i f  any),  c lear ing-  o r  passage-tact ics  

dec is ion ,  manewer a l t e r a t i o n s  fo r  c l ea r ing ,  passage, o r  attempted 

bypassing, and a t t r i t i o n  by d u e s  during paseage, c l ea r ing ,  e t c .  

Aerosol Generation and Consequent Acquis i t ion and Illirnunacion 

Environmental Degradation 



7.50. Overv.1:~~ -- -- ---of Amregated-Force Mqdels of A t t r i t i o n  in T a c t i c a l  

Engageurents . 
In  stark c o n t r a s t  t o  t he  aecaf led  LANCWSTER-type models of  

& e r r i t i o n  in t a c t i c a l  engagements a r e  t h e  aggregated-force a t t r i t i o n  models 

t h a t  combine a l l  the  var ious d i f f e r e n t  weapon-system types on a s i d e  i n  

some p a r t i c u l a r  geographical combat a r e a  (or ",s;ectorW) i n t o  a s rng l e  

equivalent  homogeneous force.  This  f o r c e ' s  combat c a p a b i l i t y  is  qualmtilied 

by a s i n g l e  s c a l a r  quan t i t y  c a l l e d  t he  m i t t s  firepower index. As we  

d i s c u ~ s e d  above i n  Sect ion 7.3, t h e  f  irepower-index approach i s  only 

used f o r  modelling large-scale  combat (i.e. div is ion- leve l  operat ionu and 

l a r g e r ) .  Tie  quot ien t  s f  the firepower i nd i ce s  of t he  two opposing fo rces  

i s  called th& force  r a t i o  and is  the  pr incipal .  measure of r e l a t i v e  combat 

c a p a b i l i t y  wed i n  analyses  s f  s imulated conventional ground combat. It 

is a major f a c t o r  considered i n  t he  assessment of ca sua l t i ee  and the  move-

ment of f c r c e ~against enemy r e s i s t ance .  

Efureouer, the d a i l y  l o s s  i n  comba'i power ae quan t i f i ed  by t h e  

wit's firepower index is assessed on t h e  b a s i s  of s e m z a l  ope ra t i ona l  

f a c t o r s ,  p r i n c i p a l  of which is the force  r a t i o  ( a c t u a l l y  the r a t i o  of 

t he  a t t a c k e r ' s  f i r s g w e r  index t o  t h a t  of t h e  defender).  Currenc thea te r -  

combat m0deJ.s t y p i c a l l y  use c u ~ e sof d a i l y  f r a c r i o n a l  (o r  percentage) 

c a s u a l t i e s  versus  t h e  fo rce  r a t i o  ( f o r  both t he  attacker and a l s o  t h e  

defender f o r  each of r eve ra l  engagement typee euch a s  meeting engage,wnt, 

a t t a c k  of prepared pos i t i on ,  erc.) f o r  assese ing  such loaaes.  Thcee 

curves ~upposed ly  have an e n p i r i c a l  b a s i s  (.sea- (164,pp. 23-28] o r  

ANDERSON e t  al. [6, p. 531; however, COWCEZU,and BAIL [37, e s p e c i a l l y  

p. 1-2 1 have a d i f f e r e n t  opinion) .  t h f o r t m a t e l y ,  t h e r e  J s no e x p l i c i t  



r e l a t i onsh ip  between weapon-system parameters, opera t iona l  f a c t o r s ,  and 

a t t r l t i a n  a s  there  is for d e t a i l e d  LAVCWSTER-type models ( e . 8 .  r ~ c a 4 . I  

(5.2.1), ( 5 . 2 . 3 ) ,  and (5.4.1) abowe i n  Chapter 5; see a l s o  [lli ,pp.  3-41 

or [154]!. 

Although such aggregated-force models are much simpler rhsn the  

de t a i l ed  d i f f e r e n t i a l  combat mdel8 and therefore  more computationally 

convenient, a I axge-scale d i g i t a l  computer i s  s t i l l  required f o r  t h e i r  

hp lenentac ion .  Such aggregated-force models have been f a i r l y  widely 

c r i r l c i z e d  (=, f o r  example, BONDER [I31, HONIG e t  d. [go],  or STOCKFISCH 

[ U SJ ), but 1arge-scale  conventional-£ orce ground-combat models thac use 

such aggretyelon techniques have been and continue t o  b e  essentially t he  

only anslyai5 t o o l s  used f o r  large-scale  conventional-force m i l i t a r y  

analyses  in t h e  United S t a t e s  (E [ 91) and a l s o  NATO count r ies  [94 ] .  

The simpla f a c t  is t h a t  some type of aggregation must be done i n  order  t o  

mcdel thea ter - leve l  combat i n  a computationally convenient m w e r .  



7. 11. Aggregation of Forces i n  Combat Analyses . 
The modern b a t t l e f i e l d  conta ins  many d iverse  weapon-system types 

t h a t  complement each o the r  and opera te  as  "combined-arms teams." For 

example, there  can be both mounted and dismounted i n f a n t r y ,  tanks,  var ious 

types  of ant i - tank weapon systems, a r t i l l e r y ,  mortars,  i n f a n t r y  with 

r i f l e s ,  i n f a n t r y  with machine guns, etc. One must then e i t h e r  model such 

opera t ions  i n  g r e a t  d e t a i l  o r  f i n d  some means f o r  aggregat ing forces .  

Mi l i t a ry  plannersZ8 and m i l i t a r y  operat ions ana lys t s  have consequently 

developed var ious  index-number approaches f o r  aggregat ing t h e  d iverse  combat 

c a p a b i l i t i e s  of such a heterogetleous m i l i t a r y  f a r ce  i n t o  a s i n g l e  s c a l a r  

measure of combat power. Although the re  a r e  many such ind icesz9  of  t he  

r e l a t i v e  consbat c a p a b i l i t i e s  of m i l i t a r y  u n i t s ,  a l l3 '  a r e  e s s e n t i a l l y  

v a r i a t i o n s  on t h e  same theme, and consequently we  w i l l  g ene r i ca l l y  r e f e r  

t o  any such index-number approach a s  a firepower-score approach. 

The firepower-score approach develops one s i n g l e  number ( r e f e r r ed  

t o  as t h e  firepower index) t o  represen t  t he  "combat po t en t i a l "  of a 

m i l i t a r y  un i t .  A l i n e a r  model is used t o  develop t h i s  index number, i.e. 

t he  firepower index, from the  scores  of i nd iv idua l  weapon systems as 

Table 1.I1 of Chapter 1 shows. A s  STOCKFISCH [135]has emphasized, however, 

t he  words score and index should not be regarded as being synonymous. 

We should use t he  term firepower ecore t o  r e f e r  t o  t h e  m i l i t a r y  c a p a b i l i t y  

o r  value of a s p e c i f i c  weapon system and uee t h e  term firepower index-- 

which is  obtained by slumming scores-to r e f e r  t o  t h e  m i l i t a r y  c a p a b i l i t y  

o r  va lue  of some aggregation of d ive r se  weapons. In o the r  words, the  

firepower index of the X force ,  denoted a s  IX, is given by 



where s denotes t he  firepower score  of the  i t h  system and x- X
i i 

denotes t he  number e f f e c t i v e  i n  t he  u n i t  (see Table 1.11 again) .  

Although many firepower-score methods claim t h a t  t h e  firepower 

ecota  of a weapon system i s  determined a s  t h e  product of  a measure of 

single-round l e t h a l i t y  and t h e  expected expendi ture  of a m u n i t i o n  

during a f ixed  per iod of  time, i n  a c t u a l i t y  varying amounts of s u b j e c t i v i t  

a r e  involved i n  t h e  development of such a firepower score .  For t h i s  and 

o ther  reasons (e.g. gee HONIG et al. [go] ) ,  t h e  firepower-score approach 

has  received a f a i r  amount of c r i t i c i s m .  Nevertheless ,  i t  i s  e s s e n t i a l l y  

t h e  only approach t h a t  has  been used t o  model l a rge-sca le  combat in 

cu r r en t ly  ope ra t i ona l  ground-combat models (e. g. see [ 91) . In o the r  word 

unless  one dup l i ca t e s  large-scale  combat i n  d e t a i l ,  one must use some 

type of  index-number approach t o  aggregate t he  many d i f f e r e n t  types  o f  

forces  involved i n  modern large-scale  m i l i t a r y  opera t ions  ( s ee  - l a s t  

paragraph of Sect ion 7.9). Thus, although i t  has received varying amounts 

of  c r i t i c i s m  from d i f f e r e n t  sources ,  t h e  firepower-score approach i s  used 

by e s s e n t i a l l y  a l l  cu r r en t ly  opera t iona l  l a rge-sca le  ground-combat models. 

In  large-scale  ( i . e .  d iv i s ion- leve l  and above) ground-combat 

models,3* firepower i nd i ce s  a r e  used as a su r roga t e  f o r  un i t  a t r eng th  t o  32 

(1) determine engagemant outcomes, 

(2) assess c a s u a l t i e s ,  

and (3) determine FEU movement. 



The force r a t i o  is a major f a c t o r  (but not the  only' one) used t o  make 

such assessments. Here, however, the  term force  r a t i o  m a n s  the  r a t i o  

of t he  a t t a c k e r ' s  firepower index t o  t h a t  of the  defender. Cmsfder, 

f o r  example, t he  7th In fan t ry  Division of the  IJ. S. Army and a a s w  that 

the firepower scores  and o the r  da t a  ehown i n  Table 1.11: apply .  Then the 

7th In fan t ry  Division would have a firepower Index o f  32,640. If an 

a t tacking  enemy army group were t o  have a firepower index of 146,880,  

then we would have a fo rce  r a t i o  of 4.5 ( A / D ) ,  where A r e f e r s  t o  the  

a t t acke r  and D t o  t he  defender. 



7.12. General Etathematisol S t ruc tu re  of A t t r i t i o n  Calculations i n  

bgregateal-Force Models. 

The u e u d  approfish (e.g. sQee [64 1) f o r  assees ing  c a s u a l t i e s  i n  

firepower-score-based combat models is t o  have d a i l y  c a s u a l t i e s  ( i . e .  t h e  

ca sua l ty  rates) depend d i r e c t l y  on the fol lowing two f ac to r s :  

(Fl)  t h e  force  r a t i o ,  

and (F2) t he  engagement type. 

It w i l l  be i n s t r u c t i v e  f o r  us  t o  hold the l a s t  f a c t o r  constant  and fu r the ]  

examine how casua l ty  aesessment depends on t h e  firepower s co re s  and indicc 

The basic mathematical s t r u c t u r e  of  t h e  a t t r i t i o n  ca l cu l a t i on  i n  

aggregated-force models may be thought of a s  being done i n  two steps and 

may be explained as follows: 

(Aggregation of Forces) \ 

1 dx 
with x(0) = xg, 

STEP (11) 


(Muttmi A t t r i t i o n  of 
t h e  Aggrsgated Forcee) 

where denotes t he  f i r e p a e r  score  of the  iG X weapon-system t y p e ,  

xo
1 

denotes t h e  i n i r l r l  number of t he  ig X ayetern. xo denotes the 



i n i t i a l  value of the firepower index f o r  the  X force ,  x ( t )  denotes 

i ts value a t  time t ,  A(x/y) denotes a given funct ion of the  force  r a t 1  

t = O denotes the  s t a r t  of t he  a t t r i t i o n  ca l cu la t ion ,  and s i m i l a r l y  fol 

the corresponding Y q u a n t i t i e s .  This  ca l cu la t ion  is  then repeated f o ~  

each "sector" on the  b a t t l e f i e l d  (seeFigure 7.15 i n  Section 7.15 below) 

Thus, c a s u a l t i e s  i n  terms of a l o s s  i n  the fo rce ' s  combat power a r e  cow 

from some expression l i k e  (7.12.2). In  o the r  words, w e  only know how 

much t h e  fo rce ' s  combat power was reduced by a day of combat ac t ion ,  a n c  

l o s se s  of ind iv idua l  component weapon-system types must be obtained by 

some means of disaggregation. 

ATLAS b a s i c a l l y  computes c a s u a l t i e s  i n  t h e  above manner, with the 

Y

firepower scores  (1.e. rX and s i )  being held constant over time.

i 


However, IDAGAM dynamically recomputes weapons' values which correspond 

to  the  firepower s c t r e s  sX and sY above, according t o  t h e  an t ipo ten t  
i i 

po ten t i a l  (o r  eigenvector) method (sep_ Section 7.18 below; a l s o  HOWES 

and THRALL [92] o r  ANDERSON [3;  51). The l a t t e r  ca l cu la t ion  involves t h  

* numbers of enemy t a r g e t s ,  a l l o c a t i o n s  of f r i end ly  f i r e ,  and k i l l  prob- 

a b i l i t i e s  aga ins t  enemy t a rge t s .  

We have given the  bas i c  s t r u c t u r e  f o ~a t t r i t i o n  ca l cu la t ions  i n  

aggregated-force models above. In  a c t u a l  appl ica t ion  such models give 

a t t e n t i o n  t o  a mult i tude of d e t a i l s  on combat opera t ions ,  e. g. p o s i t l o n i  

of u n i t s ,  l o g i s t i c s  coneiderat ions,  a l l oca t ion  of f i r e  ( e spec i a i ly  suppo 

ing f i r e s ) ,  air defense, a i r  operat ions including a l l o c a t i o n  of a i r c r a f t  

t o  t a c t i c a l  miseione, un i t  breakpoints,  t e r r a i n  f ac to r s ,  i n t e l l i g e n c e ,  

corvaarand and cont ro l ,  order  of b a t t l e ,  e t c .  (e.g. see documentation on 



on CEM [ 2 5 ; 1 0 6 ] o r  IDAGAM [ 6 ]  f o r  f u r t h e r  d=tz. .bls) .  Sulh  o p e r a t i o n a l  

and t a c t i c a l  f a c t o r s  i n f l u e n c e  e x a c t l y  how /,7,i7,1.) i s  c o q u t e d .  

F i n a l l y ,  le t  us b r i e f l y  d i s c u s s  how t h e  engegemerit t y p e ,  the 

second f a c t o r  (F2) considered i n  c a s u a l t y  assessment ,  is determlned. 

Xn CEM 615, p. 21; 56, p. 351, f o r  example, t h e  type  of algagetrent is 

determined by t h e  miss ions  (which a r e ,  i n  c u m ,  detcrnclned from an 

estimate of t h e  s i t u a t i o n  a t  v a r i o u s  eche lons  o f  comncand) of t h e  

opposing f o r c e s  and, where a p p r o p r i a t e ,  t h e  type  o f  defensive p o s i t i o n  

(seeTable  'I.V) . I n  t h e  "mission matrix'' shown i n  Table 7. V, t h e  

e n t r i e s  a r e  t h e  engagement types ,  whi le  t h e  rows and columns denote t h e  

miss ions  and types  o f  de fens ive  p o s i t i o n s  o f  t h e  two opposing f o r c e s .  

Thus, we s e e  t h a t  i n  CEM t h e r e  a r e  t h r e e  p o s s i b l e  miss ions  ( f o r  each 

s i d e ) ,  two types  o f  de fens ive  p o s i t i o n ,  and e i g h t  p o s s i b l e  t y p e s  of 

engagement. S i d l a r  m t h o d s  o f  engagement-type de te rmina t i an  are used 

i n  a l l  such l a r g e - s c a l e  combat models. 



-- 

TABLE 7 . V .  Engagement-Type Determination According t o  Mi,ssfon and 

Type of Defensive Pos i t i on  af Each of the  Two Opposing 

Forces (from CEM [25 ; 1061) . 

\ ~ e dMission 

Red pos i t i on  
Blue 

Attack I --

Prepared 

Hasty 

Delay I -


Attack I Defend I Delay 

Hasty 

Meeting Blue a t t a c k  Blue a t t a c k  Blue 
engagement of prepared of has ty  advance 

p o s i t  ion pos i t ion  

Red a t t a c k  
of prepared S t a t i c  S t a t i c  S t a t i c  
pos i t i on  

Red a t t a c k  
of has ty  
pos i t i on  

S t a t i cI S t a t i c  S t a t i c  

Red advance S t a t i cI S t a t i c  1 S t a t i c  



-- 7.13. F i t t i n g  a Different ia l -E3uat ion Model t o  Loss-Rate Curves 

Typical ly  Used t o  Represent Large-Scale Ground-Combat A t t r i t i o l k  
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I n  t h i s  s e c t l ~ n ~ ~  we w i l l  develop a genera l  a t t r i r i o n  model, whose 

genera l  form f i t s  the  shape of most loss - ra te  curves t y p i c a l l y  used t o  

model large-scale  ground combat34. A l l .  cu r r en t ly  ope ra t i ona l  l a rge-sca le  

combat models i n  one way o r  another a s se s s  c a s u a l t i e s  f o r  each s i d e  by 

using such a lo s s - r a t e  c u m  cons i s t i ng  of casua l ty  r a t e  (expressed a s  a 

f r a c t i o n  or percentage of cu r r en t  s t r e n g t h  l o s t  pe r  u n i t  time) p l o t t e d  

aga ins t  the  force  r a t i o .  Here, a s  above, t he  term fo rce  r a t i o  means t h e  

r a t i o  of t he  firepower index of t he  a t t a c k e r  t o  t h a t  of t h e  defender,  

denoted as AID. Also, l o s s  here  means l o s s  of va lue  f o r  the  s i d e ' s  f i r e -

power index, which can then be disaggregatad i n t o  l o s s e s  i n  numbers of 

d i f f e r e n t  weapon-system types.  

In  o t h e r  words, t h e  firepower-score apvroach takes  each s i d e ' s  

heterogeneous forces  and converts  them i n t o  an equivalent  homgeneous 

force  quan t i f i ed  i n  terms of a firepower index, d a i l y  reduct ion i n  each 

s i d e ' s  c a p a b i l i t y  (expressed a s  a reduct ion i n  fireprower index) is then 

determined from t h e  r a t i o  of t h e  two such firepower i nd i ce s ,  and f i n a l l y  

c a s u a l t i e s  ( i . e .  l o s s e s  i n  numbers of t he  d i f f e r e n t  weapon-system types) 

a r e  assessed by some means of disaggregat ion.  We w i l l  now d iscuss  how a 

r e l a t i v e l y  simple p a i r  of d i f f e r e n t i a l  equat ions nasj be used t o  model t h i s  

process and f i t  these  Loss-rate curves. 

Our s t a r t i n g  po in t  is t o  consider  t h e  following equa t ions  of 

HELMBOLD-type combat with "operational" lossea  (cf.Sect ion 6.14 above) 



- = 
d tdx -a(t+-,"" *y - 0 ( e ) x  wi th  x(0) = xo ,I *= -b(t). (r)l-wXoxd t  x - u ( t ) y  wi th  y(0)  = yo . 

I n  t h e  above e q u a t i o n s  (7.13.1) we have added a f e a t u r e  n o t  con ta ined  i n  t t  

model of Sec t ion  6.14: each s i d e  has i ts  own WEISS parameter,  denoted as 

WX and Wy f o r  'he X and Y f o r c e s  r e s p e c t r v e l y .  We a l s o  r e c a l l  from 

Sec t ion  6.11 t h a t ,  f o r  example, such a iparP=ter W a l lows  one t o  account Y 


f o r  i n e f f i c i e n c i e s  of s c a l e  i n  producing c a s u a l t i e s  by t h e  Y f o r c e  when 

t h e  two opposing f o r c e s  are g r o s s l y  unequal i n  s i z e .  I n  o t h e r  words, t h e  

f irepower-modification f a c t o r s  EX and Ey a r e  no l o n g e r  n e c e s s a r i l y  
1-wy 1-Wx 

t h e  same f o r  both  s i d e s ,  i .e.  Ey(u;Wy) = u $ EX(u;WX) = u [ c f .-

(6.11.1)]. Also,  a term l i k e  B ( t ) x  may b e  considered t o  r e p r e s e n t  

(here  X's) "operat ional"  l o s s e s  (e .  g. l o s s e s  due t o  s i c k n e s s ,  a c c i d e n t s ,  

etc.; see Sec t ion  6.12 f o r  f u r t h e r  d e t a i l s ) .  

For t h e  c a s e  of cons tan t  a t t r i t i o n - r a t e  c o e f f i c i e n t s ,  (7.13.1) 

becomes 

w i t h  x(0) - xg , 

where f o r  n o t a t i o n a l  convenience w e  have denoted W simply as d andY 


Wx a s  e. For our  w d e l  ( i . 1 3 . 2 ) ,  f o r  example. X ' s  f r a c t i o n a l  c a s u a l t i e s  

p e r  mi t  ti- are now givea by 



X's f r a c t i o n a l  c a s u a l t i e s  

( ) ( per Tim 

I n  Figure 7.12 we show the  r e l a t i o n  between X ' s  f r a c t i o n a l  c a s u a l t i e s  

per  un i t  time and t h e  force  r a t i o  v = y/x  f o r  t h e  case i n  which X 

defends ( c f .  --- our  d i scuss ion  i n  Sect ion 5.2 ( r e c a l l  Figure 5.3) and see, 

i n  p a r t i c u l a r ,  Figure 6.15 of Sect ion 6.11). Figure 7.13 shows t h e  same 

type of r e l a t i o n  when X a t t acks .  

E s s e n t i a l l y  a l l  of t he  p r inc ipa l  large-scale  ground-combat models 

35

cu r r en t ly  Fn ope ra t i ona l  use i n  t h e  world today a s se s s  c a s u a l t i e s  using 

t h e  firepower-score concept and ( i n  one form o r  another)  casua l ty- ra te  

curves of t h e  form shown in Figure 7.14, which is  taken from doctunentation 

on ATLA§ [643. Such casua l ty- ra te  curves a r e  typi.cally p l o t s  of f r a c t i o n a l  

c a s u a l t i e s  per  u n i t  time (or  i ts equivalent)  versus  t h e  force  r a t i o  (A/D) 

f o r  d i f f e r e n t  engagement types36. Thus, two such p l o t s  l i k e  those shown 

i n  Figure 7.14 a r e  used t o  a s s e s s  c a s u a l t i e s ,  one curve f o r  t h e  a t t a c k e r  

and one curve f o r  t he  defender. It tu rns  out now t h a t  t he  Helmbold-type 

model (7.13.3) g ives  a remarkably good f i t  t o  almost a l l  t he se  casua l ty  

r a t e  curves,  i .e compare Figures 7.12 and 7.13 with Figure 7.14 ( i . e .  

Figure 6-5 on p. 6-5 of [64 I ) ,  Figure 3 on p. 12 of [SO 1, o r  pp. 28-31 

of  [51]. 

Ln o the r  words, i f  ( f o r  a given engagement type) w e  assume t h a t  

t he  f r a c t i o n a l  ca sua l ty  r a t e  depends on only t he  force  r a t i o ,  then t h e  so-

c a l l e d  [17 ] asymptotic-power form (7.13.3) gives  a very good f i t  t o  most 

such casua l ty- ra te  curves cu r r en t ly  used, and thus t h e  Balmbold-type 

equat ions (7.13.2) m y  be considered t o  model t he  a t t r i t i o n  process ,  with 



OEFENOS 'f ATTACKS 

FORCE RATIO, A P O  

Figur2 7 . 1 2 .  Relation between the defender's fractional casualty rate 
1-ddxand the force ratio for the  model -= * y  - Bxd t  

with X defending. 



FORCE RATIO,  A I D  

Figure 7.13.  Relation between the attacker's fract ional  casualty rate 

and the force r a t i o  for the model dx 
= - (I-d 

* y  - Bx 

with X attacking. 
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Figure 7.14. Typical casualty-rate curves used in ATLAS (from [ 6 4 ] ) .  



t he  paranretars a,  6 ,  a, 8 ,  d,  and e depending on the  type of engagement. 

Moroowr, t h e r e  are even computerized rou t ines  ava i l ab l e  f o r  t he  l ens t -  

squares  es t imat ion  of t h e m  parametera (e.  g. see [17], e s p e c i a l l y  Figure 1 

on p. 6 ) .  

ALI we discussed in Sect ion 6.11 above, t he  model (7.13.3) , 
equiva len t ly  (7.13.2), can accommodate a wide v a r i e t y  of c l a s s i c  a t t r i t i o n -  

r a t e  forms, and furthernoore, a v a r i e t y  of a t t r i t i o n - r a t e  forms have 

indeed teen used i n  large-scale  ground-combat m d e l s  over t h e  years .  

For example, ground-combat a t t r i t i o n  i n  t he  o r i g i n a l  vers ion of TAGS was 

assumed t o  follow the  logarithmic law (see SISKA, GIAMBONI, and L I N D  

[132 ,p .  2 9 ] ) ,  cf. d = e = G i n  (7.13.2). Today, a t t r i t i o n  i s  usua l ly  

m d e l l e d  as being "intermediate" between the  logari thmic and square  laws. 

For example, comparing Figure above t o  Figure 7.14 ( i . e .  Figura 6-6 

of  [ 6 4 ] ) ,  we  f ind  t h a t  t he  casua l ty  r a t e  f o r  a defending force  is  b e s t  

b i t  by d near  1 ( i . e .  d;c/dt .I -ay - Bx). However, comparing 2igure 7.13 

above t o  Figure 7.14, we f i nd  chat  a value f o r  d around one-half seems 

more reasonable f o r  t h e  a t t r i t i o n - r a t e  of an a t t ack ing  force  ( i . e .  

dx/dt a -ar''2y''2 - Bx). A l l  t he se  a t t r i t i o n - r a t e  f i n c t l o n a l  forms may, 

of course,  be handled by the  HELMbOLD-type equat ions of warfare  with 

opera t iona l  l o s s e s  (7.13.2) by tak ing  t h e  appropr ia te  values  fox the  

Eire-effectiveness-mdificatiua exponents d and e.  Thus, t h i s  genera l  

w d e l  (7.13.2) has  t he  f l e x i b i l i t y  of f i t t i n g  a wide v a r i e t y  of a t t r t t i o n -  

r a t e  forms t h a t  have been used t o  m d e l  l a r g e - x a l e  ground combat. 

Let ue f i n a l l y  no t e  here  t h a t  t h e  author  knows of no acknowledgment 

of t h e  p o e s i b i l i t y  that t h e  casua l ty- ra te  curves such as w e  have been 

diacuseing could b e  f i t  by a d i f fe ren t ia l -equa t ion  model, o r  might even 



have a r i s e n  from a formal o r  informal  underst,mding of simple d i f f e r e n t i a .  

equat ions.  Thus, we have developed an important s imp l i f i ed  a n a l y t i c a l  

model of  large-uni t  a t t r i t i o n .  A good a n a l y t i c a l  model, o f  course,  s h o u l ~  

s impl i fy ,  be t ransparen t  end easy t o  understand, be  eacly t o  manipulate, 

and increase  sur understanding of real-world processes ( i . e  y i e l d  importa  

i n s i g h t s ) .  In  t h e  next  eec t ion  w e  rill develap fram t h e  model (7.13.1) 

and its cons tac t -coef f ic ien t  vers ion (7.1.3.2) some important i n s i g h t s  intc 

t he  dynamics of combat t h a t  a r e  no t  a t  a l l  obvious from t h e  above 

casua l ty- ra te  curves. 



7 1 4 .  Changes over Time i n  the Force Ratio f o r  the Above Model, -- 
F i r s t ,  I.et us  r e c a l l  (see Section 6.14 above) t h a t  when WX - Wy = 'd 

i n  (7.13.1), i . e .  we havs the equat ions 

X 
,I -k' ( 2 - -a(.) (--I - y  - B( t )x  with x(0) = xo , 

l - W  
b t ) * x - a ( t ) y  with y(O) - y o  . 

X 

the s u b s t i t u t i o n  p = xW and g = 7 transforms t h i s  nonl inear  combat model 

(7.14.1) i n t o  the  following l i n e a r  one 

W 
with p ( 0 )  a xo , 

W 
with q(0)  = yo . 

Hence, we can invoke a l l  the  r e s u l t s  of TAYLOR and PARRY [I461 (see Section 

6.13 d o v e ) .  I n  p a r t i c u l a r ,  i f  we let 

and assume t h a t  (Al) W C (0,11, (A2) R(t) and S ( t )  a r e  nondecreasing 

37 
funct ions of time, (A3) l i m T , + o o  1' b ( t ) d t  = + -, and ( ~ 4 )  ~ ( t )  is not  

i d e n t i c a l l y  equal  t o  zero,  then X w i l l  l o s e  a fixed-foree-ratio-breakpoint 

b a t t l e  i n  f i n i t e  time i f  



where Ro denotes R(0) m d  SO denotes S ( 0 ) .  Moreover, the  force  rat  

u = x/y is a a t r i c t l y  decreasing func t ion  of  ti= i n  such a b a t t l e .  Whec 

Wx + WYs the model (0.1) is ,  unfortunately,  no longer transformable i n t o  

a l i n e a r  one, but we  s t i l l  can obta in  s i m i l a r  r e s u l t s  f o r  constant  a t t r i t i  

rate c o e f f i c i e n t s  by s l i g h t l y  d i f f e r e n t  arguments. 

We aczordingly compute the  r a t e  of change of the  force  r a t i o  u - n 

f o r  the  modal (7.13.2), namely 

Computing F9'(u) = ( 1  + e)ebue-I + d ( l - d ) a ~ - ~ - l ,we f i nd  t h a t  F(o) - F(u; 

is a s t r i c t l y  convex funct ion of u on lo,+) f o r  0 d, e L 1  but  

not  both d and e simultaneously equal  t o  zero. Let us t he re fo re  assum 

t h i s  condi t ion is s a t i o f i e d ,  i.e. 0 -< d,  e < 1 but  not  both d e-
a r e  simultaneously equal  t o  zero. Observing t h a t  F(0) < 0 and 

we s e e  t h a t  t h e r e  exists a unique p o s i t i v e  value f o r  lamU++oo 
F(u) = + 

u such t h a t  F(u) = 0 ,  s i n c e  F(u) is s t r i c t l y  ccnvsx on [0,+). Let 

us denote t h i s  unique pos i t i ve  root  of F(u) = 0 a s  u+' Then we have 

I t  follows t h a t  i f  u0 < u+, then d u / d t ( t )  < 0 as long a s  u > 0 ,  s i n c e-
although u ( t )  changes (decreases) over time, it  s t i l l  E [O,u+). Also, 



--- 

i f  u > u+, then d u / d t ( t )  > 0 as long  as u x/y renu ins  f i n i t e .  

Thus, we  have proved (cf.Thoorem 6.13.1). 

TUEORF1M 7.14.1: For t h e  n o n l i n e a r  HELMBOLD-type combat nodel  

(7.13.2), d u / d t ( t )  < 0 f o r  al i  t ,0 as long as u 2 0 i f  

and o n l y  i f  du ld r (0 )  < 0 ,  i.e. uo < u+. 

We observe that when d = e slrd d C (0 ,1] ,  then 

where R now denotes  a /b  and S denotes  ( B - a )  16. 

Theorem 7.14.1 n o t  only i s  of i n t r i n s i c  i n t e r e s t ,  but  it  a1s~forms 

t h e  b a s i s  o f  important  r e s u l t s  about the  dynamics o f  FEBA movement given i 

Sec t ion  7.16 below. Theorem 7.14.1 a l s o  leads t o  

THEOREM 7.14-2: For t h e  n o n l i n e a r  HELMBOLD-type combat mdel 

(7.13.2) , X w i l l  l o s e  a f ixed-force-ra t io-breakpoint  b a t t l e  i n  

f i n i t e  t ime i f  and only  i f  uo < u+. 

PROOF. By Theorem 7.14.1 we know t h a t  d u / d t ( t )  < 0 f o r  a l l  t 2 0 as 

long as u 1, 0 if and only i f  uo < u+. It remains t o  show t h a t  u .+ 0+ 

i n  f i n i t e  t i m e .  Since F(u) is convex, w e  know t h a t  its maximum v a l u e  

occurs  a t  t h e  end p o i n t s  o f  t h e  i n t e r v a l  [O,uO]. Denote this maximum va 

as -M with M > 0 .  Then F(u) -< -M < 0 for  all u f [O,uo]. Hence, 



It follows t h a t  u ( t )  + O+ i n  f l n i t e  time, and w e  have proven the  theorem. 

The fol lowing theorem is  then an immediate co ro l l a ry  t o  Theorem 7.14.2 

and (7.14.7). 

TEEOREM 7.14.3: A s s u m e  t h a t  d = e and d € (0,1] f o r  the  

nonl inear  HELMBOLD-type combat model (7.13.2). Then X w i l l  

l o s e  a fixed-force-ratio-breakpoint b a t t l e  i n  f i n i t e  t i m e  i f  

and only i f  



7.15. -- Modelling.FEBA-Movement 

Although t h e  fundamental r o l e  of ground-combat t roops ( i n  the  

U. S. Army's own words, e.g. see: C164,p. i v ] )  is t o  "shoot, move, and 

commur~icate,~'one may th ink  of t he  ~ r m y ' s  mission a s  being ground cont ro l .  

All. ground-combat models must consequently i n  one way o r  another  r e f l e c t  

t he  con t ro l  of territory by t h e  opposing forces .  Many large-scale  ground-

combat models (e.g,  ATEAS, CEM, and TAGS) assume t h a t  a "contact  zone" 

(or  FEU) sepa ra t e s  t h e  two opposing fo rces  and runs i n  a more o r  less 

continuous l i n e  between then. These models d iv ide  t he  t a c t i c a l  b a t t l e f i e l c  

i n t o  s t r i p s  c a l l e d  f f sec tors , "  and the  f i g h t i n g  fo rces  are genera l ly  con-

s t r a i n e d  t o  mve wi th in  these  s e c t o r s ,  which correspund t o  axes of advance 

o r  withdrawal (e.g. [ 2 5 ,  pp. 9-13 and p. 821. Combat opera t ions  i n  

such a s e c t o r  a r e  then mere o r  less independent of those i n  ad jacent  

s e c t o r s ,  with t h e  exact  d e t a i l s  varying s i g n i f i c a n t l y  from model t o  model 

(e.g. between AIM [98] and CEM [25]). For our  purposes here ,  however, 

we assume t h a t  t he re  a r e  no i n t e r a c t i o n s  between s e c t o r s ,  and l e t  us then 

focus on an ind iv idua l  s ec to r .  

Tn such a s e c t o r ,  t he  fo rces  a r e  separated by a FEBA (seeFigure 7.1 

and during an engagement changes i n  t h e  r a t e  af FEBA movement a r e  p r imar i l j  

38
caused by chirrrges i n  ths fo rce  r a t i o  , FEBA pos i t i on  i s  then ca lcu la ted  

as the i n t e g r a l  af  a rate-~f-advance kquation, 1.e. 



AO~ACENT FEBA
CONTACT ZONE i3ETWEEN

SECTOR M TWO WPOSING FORCES1
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Figure 7.15. Conceptualization of aggregated-force combat in 

a sector. 



s = s ( t )  denotes cumulative FEBA movement from i t s  i n i t i a l  pos i t i on ,  

du ld t  denotes t h e  r a t e  of advance ( takea t o  be p o s i t i v e  f o r  X ) ,  end 

u s X/Y denotes t h e  force  r a t i o  (usua l ly  t he  r a t i o  of t he  firepower 

i nd i ce s  x and y of t he  opposing forces) .  In  o the r  words, w e  have 

adopted t h e  convention t h a t  d s /d t  > O means t h a t  X i s  advancing aga ins t  

t h e  enemy (Y) .  I n  cur ren t  aggregated-force models (e.g. ATLAS an3 CEM) 

i t  is  assumed Ghat the  r a t e  of advance a l s o  depends on add i t i ona l  t a c t i c a l  

f a c t o r s  such as:  (1) t e r r a i n  t r a f f i c a b i l i t y ,  ( 2 )  unit types  in the  a t t ack -  

i n g  force ,  and (3) t h e  e n g a g e e n t  type39 (e .8 .  rou te ,  re t i rement ,  delay,  

meeting engageurent, a t t a c k  of a has ty  defense,  prepared pos i t i on ,  o r  f o r t i f :  

zone). I n  equat ion (7.15.2), r denotes a l l  these  o ther  t a c t i c a l  f ac to r s .  

For a f ixed  value of r , t he  r a t e  of advance consequently depends on only 

t he  force  r a t i o ,  and t h i s  dependence ( a t  l e a s t  f o r  most of t h e  rate-of-advar 

curves seen by t h i s  author)  may b e  charac:erized as fol.lows: 

(Cl) h threshold f o r ~ er a t i o  is  required f o r  an advance to  start, 

(C2) above t h i s  threshold value, t he  r a t e  of advance increases  

a s  the force  r a t i o  increames, but a t  a decreasing r a t e  

( i . e .  above the threshold value,  t h e  r a t e  of advance i s  a 

convex funct ion of t he  force  with e~csentfal . ly  a ho r i zon ta l  

asymptote). 

A s e c t o r  suck a s  depicted i n  Figure 7.15 is  one-dimensional i n  the  sc 

t h a t  only n s i n g l e  number s ( t )  is uued t o  spec i fy  FESA pos i t i on  at time t 

We may th ink  of this S(P)  as represen t ing  an average FEBA pos i t i on  wi th in  

t h e  s e c t o r  (i.e. v a r i a t i o n s  i n  FEBA pos i t i on  wi th in  t h e  s e c t o r  a r e  



not cocsidered).  Although w e  have depicted t h e  s e c t o r s  shown i n  Figure 

7.15 a s  being s t r a i g h t  and of uniform width,  t h i s  need not  be the  case 

(e.g. see 125, p. 10 o r  p. 821). 

Let us cow consider  an example of a rate-of-advance equat ion t h a t  

has  been suggested by h i s t o r i c a l  da t a  and used i n  var icus  £ o m  i n  many 

RAND s tud i e s .  We use t h i s  example In t h e  next s ec t i on  t o  show t h a t  we 

need t o  know only t he  above two general  c h a r a c t e r i s t i c s  of  a rate-of-advan 

curve (and not  numerical p a r t i c u l a r s  a s  long as t h e  curve has  t he se  genera 

c h a r a c t e r i s t i c s )  and, f o r  example, t h e  f a c t  t h a t  t h e  force  r a t i o  is a 

s t r i c t l y  increas ing  funct ion of time (seeSect ion 7.14 above) i n  order  t o  

develop some important i n s l g h t s  i n t o  t h e  dynamics of FEBA movement. We 

the re fo re  consider (seeFigure 7.16) 

uJ 
- =  \ 0 f o r  u- < u < u. . ( 7 . l 5 . 3 :.. 
K - - A -

f o r  u < u ,
A 

where h e n o t e e .  t h e  maxfmum speed f o r  r e t r e a t  of the  X force ,  u dl 
vmcpx R 

t he  force r a t i o  a t  which r e t r e a t  begins.  @ denotes t h e  maximum speed  f c  
max 

advance of t he  X force ,  and u denote8 the  force  r a t i o  a t  which advance 
A 

begins. We should th ink  of t he  parameters Vmaxr uR. $max, and uI as 

depending on the  t a c t i c a l  var iab le8  ( i . e .  t e r r a i n  type ,  a t t a c k i n g  uni t  type 

and engagearent type) , denoted a8 T above. The func t iona l  form (7.15.3) 



RATE 
OF 

ADVANCE, 

FOilCL RATIO, u a / y  

Figure 7.16.  Rate o f  advance versus force ra t io  for  the model 

(7.15.3) with a l l  other t a c t i c a l  factors  h e l d  constant. 



is suggested by a model t h a t  f i t s  d a t a  on o p e r a t i o n s  i n  Western Europe 

dur ing  Wrold War I1 (see[ 1161 and [66, pp. 17-18]). We have c,hosen t o  

cons ider  t h e  f u n c t i o n a l  form (7.15.3) because (1) i t  prov ides  a good 

f i t  t o  many rate-of-advance clamres
4Q 

c u r r e n t l y  i n  use,  and (2) it y i e l d s  

an a n a l y t i c a l l y  t r a c t a b l e  model when combined w i t h  a t t r i t i o n  equa t ions  

such as (7.13.2). 

From (7.15.3) we see t h a t  fo r  a given set of t a c t i c a l  c o n d i t i o n s  

(denoted as r above) , FEBA motion depends on t h o  force r a t i o ,  and con-

sequen t ly  w e  a r e  i n t e r e s t e d  i n  how t h e  f o r c e  r a t i o  behaves over  time 

(E Seccion 7.14 above). I n  t,he next  s e c t i o n  we w i l l  show how t h e  

e q u t h n s  (7.13.2) and (7.15.3) provide some v a l u a b l e  i n s i g h t s  i n t o  t h e  

dynamics o f  ground combat. 



7.16. Dynamics of FEBA,Mh--vement i n  Large-Scale round-~ombs~dels~~. 
As discuesed above, i n  an engagement FEEA movement i 9  governed by 

t h e  force  r a t i o ,  which in ttirn v a r i e s  with time due t o  l o s se s  on both s i d e s .  

We w i l l  now show how the a n a l y t i c a l  foxmations f o r  a t t r i t i o n  and FeBA motion 

(given above i n  Sect ions 7.13 and 7.15) l ead  t o  some valuable i n a i g h t s  i n t o  

t h e  dynamics of FEBA movement a s  po r t r ayed in  cur ren t  l a rge-sca le  ground-

combst models. 

It w i l l  bz c o n v e n i a t  t o  r e s t a t e  our combat m d e l  here, a ince  i ts  

component p a r t s  are widely s c a t t e r e d  above. Aa we ha*~e  seen above, con-

vent ional-force combat i n  large-scale  a p e r a t i ~ n smay be modelled t ; ~(7 .A3.2)  

and (7.15.3). Unfortuaatel.y, we have not  been ab l e  t o  o b t d n  e x p l i c i t  

a n a l y t i c a l  r e s u l i s  concerning FEBA pos i t ion ,  combat c a p a b i l i t i e s  ( i . e .  

t he  two firepower indicee: of the opposing fo rces ) ,  and the  force  riatick f o r  

the  general  vers ion  of t h i s  m d e l .  However, by choosing t h e  a p p r o p r i a t e  

values  for c e r t a i n  parane te rs ,  w e  are ab l e  t o  obcaia such e x p l i c i t  aunalytica 

r e s u l t s :  thus ,  we assume t h a t  d = e i n  (7.13.2) and denote t h i s  common. 

value a s  W. Also, f o r  convenience and s imp l i c i t y ,  we assunre t h a t  uA .L uR i 

4L = v R  = V  i n  with extenelon t o  t h e  general case of uA ? u andmax max max R 

being s t r a i g h t  forward but messy. Our m d e l  f o r  convent ional  max + vmaxiP 
combat between l a rge  ground-force wits i n  a s e c t o r  may then be writt.en 

as t h e  t h r e e  coupled equat ions 

with x(0) xo , 

with YIO) yo , 

with s(O) - 0 , 

where 0 < k' -< 1. 



One important c h a r a c t e r i s t i c  of ehc a n a l y t l c u l  model ( 7  * 16 1.) 

i~i c s  transparency (cf. t he  l a s t  parayrapkt of Sect ion 7,131: we expl ic :  

see  a l l  hypotheeized func t iona l  r e l a t i one .  For a specl.al  cnee of t h i s  

p a r t i c u l a r  model ( t h e  author  cu r r en t ly  knaus of no o t h e r ) ,  e .xp l ic i t  anaEj 

r e s u l t s  a r e  r ead i ly  ava i l ab l e ,  and we w i l l  dave3.o~them helow. 'The aut'nc 

conjec tures  (but cannot prove) t h a t  m a l y L i c d  r e ~ u l t s  t ake  t h e i r  simples 

form f o r  t he  mciet (7.16.1). Even i n  t h i s  "sircpleut'' c a w ,  howsex-, the 

anal .yt ical  expression f o r  FEBA p o s i t i o n  [see--- (7.16.8) and (7.16.9) below] 

is so compf.l.cat.r~d",at r o q u r a t i o n s l  r e s u l t s  a r e  required t o  provide any 

i n s igh t  i n t o  t h e  dynamics of FEBA movement. Howevler, the q u a l i t a t i v e  

behavior of WBA pas l t i on  over time is r ead i ly  d idcern ib le  f o r  the m r e  

general  case of d a i n  (7.23.2) by combining r e s u l t s  on changes over 

t i e  i n  t h e  force  r a t i o  ( m a-Theorem 7.14.1) with the general character-

istics of rate-of-advance equat.ious [ g ~(C1) and ( C 2 j  i n  Sect ion 7.13 

above]. Thus howledge about how the force  ratio changes over time is 

a key piece of i n f o m a t i o n  f o r  underatanding the d p a m i c ~  of l a r g e - ~ c a l o  

combat as cu r r en t ly  represented in many large-scale  gro-ad-combat models, 

Analysts should t he re fo re  become f ami l i a r  with how various func t iona l  

f o r m  f o r  a t t r i t i o n  r a t e s  y i e l d  d i f f e r e n t  types of temporai v a r i a t i o n s  in 

t he  force r a t i o .  

We w i l l  now develop t h e  e x p l i c i t  analytical r e s u l t s  for t h e  model 

(7.16.1). I f  we 1st u x/y = v Z , where Z = l / W ,  then the above mdel 

may be wr i t t en  i n  t h e  equivalent: forin 



with o ( 0 )  = C , 

where 15 Z < + 00. The f irs t  equation sf (7.16.2) is readily integrated 

to y i e l d  the force ra t io  as a function of time, n a w l y  

where 


r = G ,  

and 

VM ~ T C \ S / ~- \ ( ~ 1 2 ) ~  (7 .16.6)f r- + ;)< 0 , 
.. 

Becngse of the coupling of equations ( 7 . 1 6 . 2 )  w e  have r ~ o tbeen ahLe to  

develop an e x p i i c i t  expression far  FEBA positifin as a functian of t i m e ,  

s ( t ) .  It i s  possible ,  h w e v e r ,  t o  express FEBA posit ion 3s a function 

o f  t h e  force ratio. Thus, we may eliminate time from (7.16.2) to  obtain 

For L n = 1/W, w e  may w e  a partial  f r a c t i o n  expansion of ( 7 . 1 6 . 7 )  

t o  obtain a f t e r  so= rather lengthy computations 



where [n/21 denotes  " t h e  i n t e g e r  p a r t  o f"  n l 2 ,  0 = I ( ~ 1 2 ) ~+ 1 , 

and t h e  o t h e r  c o e f f j x i e n t s  a r e  given i n  Table  7.VI. When n is odd and 

vM = I, t h e  above express ion (7 .l4..8) reduces  t o  

nwhere t h e  modified c o e f f i c i e n t s  C through EL a r e  given i n  Table 7.VII. 
-a 

Thus, w e  s e e  t h a t  e x p l i c i t  a n a l y t i c a l  r e s u l t s  a r e  r e a d i l y  obta in-  

a b l e  fo- t h e  model (7.16.1), a l though t h e  FEBA-position r e s u l t s  on ly  hold 

f o r  W l / n .  L n f o r t m a t e l y ,  even t h e s e  e x p l i c i t  r e s u l t s  do no t  r e a d i l y  

r e v e a l  the dynamic6 of FEBA movement. We w i l l  now show how t h e  q u a l i t a t i v e  

behav iorof  t h e  f o r c e  r a t i o  over t h e  a s  determined from a  f o r c e - r a t i o  

equa t ion  Like (7.14.5) may be coupled wi th  a  r a  te-of -advance equa t ion  

t o  y i e l d  m e  important i n s i g h t s  i n t o  t h e  dynamics of FEBA movement. 

T h i s  approach a l s o  a l lows  u s  t o  cons ider  more genera l  models of both  





TABLE 7 . V X I .  Modified Coefficients for Relation (7.16.9) Between F E U  

Position and the Force Ratio u = x/y When n is Odd 

and v = 1.M 




a t t r i t i o n  and a l s o  FEBA motion f o r  conventional combat between large u n i t 3  i n  

s ec to r .  

We therefore  consider t h e  more general  version of 

dx- s .*a 
d t  

X 
1-d 

(-1
Y 

y - f3x 

I-e 

d t  
= b 

x 
x - ay with y (O) = y6 , 

f ( u ; ~ )< 0 f o r  0 ( u  < uR
R 


0 t o f u  < U < U  with s(0)  = O , 
- t  
 K - - A
dl: 

fh( u ; ~ )> 0 f o r  uA < u 

where 0 -< d ,  e L 1, with d and e not simultaneously equal t o  zero. Here 

the a t t r i t i o n - r a t e  c o e f f i c i e n t s  a,  b, a ,  and 0 alao depend on the t a c t i c a l  

parameters, denoted a s  T. For understanding how the  t rad ing  of c a s u a l t i e s  

i n t e r a c t s  with the  rate-of-advance equation t o  determine the  dynamics of FEBA 

movement, we need consider  only the  force- ra t io  equation I n  conjunction with 

the  rate-of-advance equation, however. Thus we consider  



-with  u(0)  - ug -

f R ( u ; ~ )< O  f o r  O L u <  uR I 

f o r  uR 5 u ( uA with s (0 )  = 0 ,  

f A ( u ; r )  > O f o r  uA < u 

- where 0 -< d,  e -< 1, with d and e not simultaneously equal t o  zero. Let 

u s  assume t h a t  X is the  a t t acke r .  Consequently i t  is  not unreasonable t o  

expect t h a t  u+ > u
A '  

For example, a / b  3 9 ,  a = 0 ,  d = e, and u 1 . 7
A 

l eads  t o  t h i s  s i t u a t i o n .  In t h i s  case  ( i . e .  when u+ > uA), r e c a l l i n g  

Theorem 7.14.1,we can obta in  some important i n s i g h t s  i n t o  the dynamics of 

FEBA movement by considering the  second d i f f e r e n t i a l  equation i n  (7.16.11) ( 

Figure 7.17). In o ther  words, t he  FEBA-movement information shown i n  Figure 

7.17;has been obtained by combining the  strictly-monotonic behavior of t he  

- Theorem 7.14.1) with the  general  c h a r a c t e r i s t i c s  fo rce  r a t i o  over time ( c f .  

(Cl) and (C2) (=Section 7.15 above) of the  r a t e  of change of FEBA 

pos i t i on  ( c f .  the second d i f f e r e n t i a l  equation i n  7.16.11). 

Figure 7.17 shows us  t h a t  t he re  a r e  severa l  c r i t i c a l  i n i t i a l - fo rce -  

r a t i o  threshold v a l u e s t h a t  bound regions of q u i t e  d i f f e r e n t  subsequent 

evolut ion f o r  t h e  course of combat. I f  the  i n i t i a l  fo rce  r a t i o  u,, exceeds 

U+ > UA, then the  X-force a t t a c k  w i l l  continue t o  advance aga ins t  increasing: 

more favorable  force  r a t i o s ,  i . e .  t he  a t t a c k  "breaks out" i n  the  aec tor .  

If  Y does not,  f o r  example, commit reeerves o r  a l l o c a t e  a i r  s t r i k e s  t o  

the  sec to r ,  then (accordlng t o  t he  model) h i s  forces  w i l l  continue t o  

r e t r e a t  i n  the  f a c e  of an increasingly more unfavorable force  r a t i o  u n t i l  
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Figure 7.17.  Qualitative behavior of  FEBA posit ion over t i m e  

for combat modelled with ( 7 . 1 6 . 1 1 ) .  



they a r e  e v e n t u a l l y  a n n i h i l a t e d .  I f  us < uo < u+, we have t h e  most i n t e r e s t -

ing  (and e n l i g h t e n i n g )  case :  t h e  X-fcrce a t t a c k  w i l l  con t inue  r a  push 

forwaza but  a t  increas ingl-y  more unfavorable  casualty-exchange r a t i o s  u f i r i l  

:he f o r c e  r a t i o  is  no longcr  such t h a t  a n  a d ~ a n c c  can be  s u s t a i n e d ,  i . e .  tbe 

attack " s t a l l s  out."  CIlar model then says  t h a t  t h e  c o n t a c t  zone w i l l  remaXn 

s t a t i o n e r y  for a whi le  u n t i l  t h e  f 9 x c e  r a t i o  i s  f u r t h e r  worn down anuugh 

for t h e  Y f o r c e  t o  c o u n t e r a t t a c k  and being t o  advance. 

Although t h e  model considered h e r e  1s q u i t e  an i d e s l i z a t i s n  orid 

s i m p l i f i c n t i o n  of o p e r a t i o n a l  models such as ATLAS, C M ,  and TAGS. t h i s  

b a s i c  t r a d i n g  of space for t ime (in t h e  c a s e  3x1 which uA < uo < u+) 

i n  o rder  t o  wear down the  f o r c e  r a t b  and then  t o  suhse;luently c o u n t e r a t t a c k  

has  bo-en s b a s i c  p r ~ m i s e  of NAT3 d e f e n s e  planning f o r  years .  Thus our  

simple modei has revea led  t h i s  unpor tant  s t r u c t u r e  of l a rge-sca le  o p e r a t i o n s .  

It should,  o f  course ,  be noted that t h i s  s t r m t u r e  (i.e. t h e  cornhat dynamtcs 

por t rayed i n  Figure  7,lY) i s  no t  d i r e c t l y  d i s c e r n a b l e  f ro= any bf t h e  complex 

o p e r a t i o n a l  models from which we have d i s t i l l e d  our s l n p l i f i e d  a u x i l i a r y  

model. 
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7.17. Current Complex Aggregated-Force Operat ional  Models of Large-Scale 

Tac t i ca l  Engagements-. 

The following a r e  c u r r e n t l y  ope ra t i ona l  thea te r - leve l  conbat models 

t h a t  use t h e  firepower-score approach t o  aggregate  fo rces  f o r  assess ing  

4 2c a s u a l t i e s  i n  t h e  manner discussed above : 

TAGS, 

ATLAS, 

CEM, 

IDAGAM, 

and TACWAR. 

These a r e  e s s e n t i a l l y  tha  only ope ra t i ona l  models cu r r en t ly  a v a i l a b l e  i n  t he  

United S t a t e s  f o r  analyzing simulated thea te r - leve l  combat. I t  w a s  es t imated 

[9]  t h a t  a s  of August 1977 the  approximate frequency of use o f  ATLAS was 

600 times per  year ,  t h a t  of CEM was 25, and t h a t  of i9AGAM I1 was between 

150 and 200. 



*7.18. A Lineaz Model for Imputing Values to Weapon-System Types Based on 
-
Their MNCHESTER Attrition-Rate Coefficients. 

One significant and basic criticism [90, pp. 11-C-31 of the fhepower- 


score43 approach is that the effectiveness (or value) of a weapon-system type 


depends on the circumstances of dts euployment and that any merhodology ros 


quantifying the c~rnbat capability of a weapon-system type should result in 


each weapon being assigned a c~mber representing that weapon-syscem type's 


value in a particular combat situation relative to all other weapon-system 


types being employed. Consequently, there have been several attempts to 


lmpuee value to a weapon-system type based on the particular circumstances 


of that system's fighting capability relative to that of other system on 


the battlefield. This value is then treated like a firepower score for aggre- 


gating forces in models of large-scale combat operations for purposes of 


modelling combat yrocemes such as attrition, FEBA movement, and tactical 


44
decision making . Thus, in this section we will examine an approach for 

imputing value (i.e. assigning a firepower score) to a weapon-system type 


based on the circumstances of its employment and its casualty-producing 


capability relative to that of all other weapon-system types in the particular 


combat environaent under -onsideration. The basic idea45 of this approach 


is to use a linear model for transforming all the W C H E S T E R  attrition-rate 

coefficients46 of a cmbined-arms team fighting against a heterogeneous 


enemy force into a eet of valuce for these weapon-system types. 


This approach for imputing values to weapon-system types based on 


their single-eystem kill zatee is importa~t because it has been and continues 


to be used in so-called weapon-system equivalence studies by the U. S. A m y  


[ 8 9 , ;  1491, and ic a180 form the baais in IDAGAM~' [ 5 ;  6; 1301 for computing 



fo rce  r a t i o s  t h a t  are used f o r  sca l ing  c a s u a l t i e s ,  determining FEBA movement, 

modelling t a c t i c a l  dec is ion  making, e t c .  (seeANDERSON e t  91. [ 6 ]  or SHUPACK 

[I301 f o r  f u r t h e r  d e t a i l s ) .  It has a l s o  served a s  the  t h e o r e t i c a l  b a s i s  

f o r  aggregating forces  i n  a h i e ra rch ica l  combat-modelldng approach developed 

i n  the  United Kingdom (*DARE and JAMES [ 4 3 ]  and DARE [42] f o r  f u r t h e r  

d e t a i l s ;  sse a l s o  Sect ion 7.20 below) .  Unfortunately,  d i f f e r e n t  authors  

have used d i f f e r e n t  names f o r  r e f e r r i n g  t o  t h i s  method (and c e r t a i n  of its 

va r i an t s  based onhow weapon-system-type value is "scaled"): HOLTER [ 8 9 ]  

has used the terms weapon e f f ec t iveness  value (WEV) and u n i t  e f f ec t iveness  

value-(UEV),  ANDERSON 151 has ca l l ed  i t  the  a n t i p o t e n t i a l  p o t e n t i a l  method, 

while HOWES and THRALL [go; 921 have r e fe r r ed  t o  it a s  t he  method of i d e a l  

l i n e a r  weights. 

The rest of t h i s  aec t ion  i e  organized i n  the following fashion. 

F i r s t ,  we w i l l  present  t he  bas i c  l j n e a r  model f o r  imputing values t o  weapon- 

system types based on t h e i r  LANCHESTER a t t r i t i o n - r a t e  coe f f i c i en t s .  Next, 

we w i l l  show how these  weapon-system-type values allow m e  t o  consider t he  

evolut ion of aggregated-force va lue  without having t o  keep t r ack  of indi-

v idua l  weapon-system types i n  d e t a i l  when i t  i s  assumed t h a t  a l l  a t t r i t i o n  

occurs according t o  the  equations f o r  a heterogeneous-force FIF LANCHESTER-

type a t t r i t i o n  process.  This r e s u l t  l eads  t o  aevera l  important i n t e r p r e t a t i o n s  

f o r  parameters of t h e  l inear-valuat ion model, including t h a t  of the  square 

root  of the  eigenvalue of maximum magnitude from an assoc ia ted  eigenvalue- 

problem ae represent ing  the i n t e n s i t y  of combat between the  aggregated 

forces .  Addit ional ly,  the evolu t ica  aver t i m e  of t h e  force  r a t i o  f o r  t h i s  

associated aggregated-force model is examined. The imputed weapon-system-type 



v a l u ~ , s  f o r  each fo rce  are only determined up t a  a c m s t a n t  multi,ple by the  

bas i c  linear-valuatLon model. Various methods f o r  s c a l i n g  the  two opposlng 

farce-value vec to r s  determined by t he  baeic  node1 a r e  revi.e%od, arid an a l t e r -

na t ive  sca1,ing scheme chat avoids  c e r t a i n  d i f f i c u l t i e s  is  suggested. 

We begin by consider ing a l i n e a r  model f o r  imputtng value8 t o  weapon- 

aystem types based on t h e i r  heterogeneous-force single-system k i l l  r a t e s  

aga ins t  cpposing enemy weapon-system types.  Let us f i r s t  c m n i d e r  a few 

h e u r i s t i c s  t o  f o s t e r  an understanding of t h e  l inear-valuatfan model's funda-

mental premise: namely, t h a t  weapon-system types  a r e  vaiued ind i r e c t  pro- 

por t ion  t o  the  rate a t  which they des t roy  the  value of opposing enemy weapon- 

system types.  Assume t h a t  you a r e  i n  combat aga ins t  an enemy coabined-arms 

team cmposed of var ious  weapon-system zypes. Would you va lue  an enemy 

machine gun more than, say,  a r.ifle2 Without doubt, one w i l l  va lue  t h e  

machine gun more than a r i f l e  because i r  i s  more "dangerous," i .e.  i t  w i l l  

hu r t  us more i n  combat by des t roy ing  more of our systems. Since d i f f e r e n t  

types of systems a r e  involved here  i n  t he  list of machine-gun k i l l s ,  one w i l l  

have t o  pick some common denominato~,  aggregate target- type k i l l s  accordingly, 

and cousider t he  o v e r a l l  value of t a r g e t s  destroy-d. Thu's, one i s  very 

n a t u r a l l y  l e d  t o  t he  following gent-ral p r i n c i p l e  f o r  ass ign ing  value t o  

weapon-system types.  

FUNDAMENTAL PRINCIPLE OF WEAPON-SYSTEE! VALUATION: The value of .- a 

weapon system i a  d i r e c t l y  propor t iona l  t o  t h e  va lue  of enemy 

weapon syetems t h a t  i t  d e s t r ~ .  



-- 

This  q u a l i t a t i v e  rusxim w i l l  now be developed i n t o  a q u a i ~ t i t a t i v emodel fo r  

dstermining weapon-system-type values .  I n  order  t o  have s cowon b a s i s  foz 

comparing d i f f e r e n t  weapon-system ; y p s  one shouk.1 consider  t he  number of 

k i l l s  by a p a r t i c u l a r  weapm-system type i n  same standard u n i t  of time, and 

thus w e  a r e  led  t o  consider  t h e  r a t e  a t  which t h e  value of enemy weapon 

aysterns is deatroyed. Thus, w e  see thar  a very n a t u r a l  and i n t u i t i v e l y  appeal- 

ing  bas i c  premise ugon which t o  b u i l d  a model f u r  determining weapon-system- 

48
type value is t he  following . 

BASIC MODELLING HYPOTHESIS FGB M U T I N G  VALUES TO WEAPON-SYSTEM ]TYPES: 

The value  of a weapon-system type is d i r e c t l j  p ropor t iona l  t o  the 

r a t e  a t  which it des t roys  t he  value of-opposing enemy wenpon-8-
-, 

types.  

We w i l l  now t r a m l a t e  t he  above i n e u i t i v e l y  appealing bas i c  hypothesis  i n t a  a 

q u a n t i t a t i v e  model.. 

Consider two opposing heterogeneous forces:  an X fo rce  c o r s i s t i n g  

of m d i f f e r e n t  types of weapon syetems (denoted a s  XI, X2, ... , Xm) 

opposed by a Y fo rce  cons i s t i ng  of n d i f f e r e n t  types of weapon systems 

(denoted PR Y1, Yp, ... , Yn) ( r e c a l l  Figure 7.11). I f  we assume t h a t  

t he  t o t a l  va lue  of a c o l l e c t i o n  of d i f f e r e n t  weapon-system types i s  a l i n e a r  

fl tnction of t he  number of each of these  d i f f e r e n t  types of systems, then 

w e  =.ane w r e s s  the madelvs bas i c  hypothesis given i n  t h e  preceding paragraph 

as follcwa 



/ value of the \ /value of \ / r a r e  a t  vhlch\  J r d u e  ( 

As we have done i n  Section 7.7,  we w i l l  always l e t  ( i f  i t  is a t  a l l  possible: 

the  subscr ip t  ir e f e r  t o  the  X fo rce  and the  subscrip2 j refer t o  t h e  

-.Y force .  Thus, i f  nothing e l s e  is sa id ,  t h e  index i w i l l  always take oa 

t he  in teger  values 1 through m, aud the i .ndey_.j w i l l  alwaye take on the 

i n t ege r  values 1 through n. I f  w e  l e t  denote the  ra te49  a? which
Ail 

one Y system k i l i s  Xi systems i n  P p x t i c u l a r  combat s i t u a t i o n  and 
j 


s i m i l a r l y  l e t  b denote the rate s t  which one Xi systems k i l l s  Y 
j1 j 


systems, then w e  cay expreaa; (7.18.1) i n  mti thmatical  terms as 

where ax denotes the  value of one Xi weapon spetem, KX denote^ a constar
i 

of propor t iona l i ty  which w i l l  be giveu an o p e r a t i m a l  i n t e rp re t az ion  below, 

Y th
and s imi l a r ly  3 denotes t h e  value of the  j- Y weapon-system type. Un-

for tuna te ly ,  our model i e  eo f a r  incomplete, s ince  not only a r e  t h e r e  m unkna 

Xvalues 8, f o r  the X weapon-system tynes but a l s o  n unknown values 
A 


eY f o r  the  Y weapon-syetem types. Thia indeterminant s i t u a t i o n  i s  readi ly  

a l l e v i a t e d  by obeerving that  an malogous system of equations holds f o r  t he  

546 
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-- 
-- 

Y weapon-systcm types.  Thus, i t  i a  convenient t o  w r i t e  the  bas i c  l inear  

model (founa.ed upon the  above bas i c  hypotheeis) f o r  imputing va lues  t o  

weaoon-system types baaed on t h e i r  hingle-eystam k i l l  r a e  a s  fol.lows 

where (on physPcal/operatiori&l grounds we  nus t  have) and bji 2 0. 

Equations (7.18.3) a r e  (nt+n) equat ions i n  t h e  (aa~aC2j unknowus 

X Ysi, S, * 5, ar.d Ky . Thus, two m r e  a q u a t i o m  must be given before  E 

detemLnant  system can b e  obtained. On t h e  other  hand, i f  we consider  t h a t  

5 a d  5 have been determined, then w e  have ( n t h )  l i n e a r  equar l .ms  

i n  (nrtn) unknoms s t  and '. On phys i ce l i ope ra t l ona l  grounds i t  only
s1 

makes sense t o  have sX and > 0, with a ze ro  va lue  meaning t h a t  t he
i -

model has  imputed abso lu te ly  no va lue  t o  t he  weapoa-system type i n  question 

Thus, w e  should i nqu i r e  whether t h e  l i n e a r  e q u a t f w s  (7.18.3) possess  such 

a nonnegati*/c so lu t ion .  Zt is  indeed remarkable t h a t  a s  1.oag a s  
aij 

and bj 2 0 w e  9re guaranteed of always being a b l e  t o  f i n d  suck dea i i ed  

nonnegative s o l u t i c a e  t o  (7.18.3) without any furt .her assumptians about the 

siogle-eyerem k i l l  rates and E., To prove t h i s  l a t t e r  a s s e r t i o n ,  

one substitutes the  second equat ion of (7.18,3) i n t o  t h e  f i r s t  t o  ob ta in  



-x 

and sfncilarly 


wtrich are mare easily to be recognized as a pair of so-called eigenvalue 


writing 


and 


s denotes a column vector of the m X-weapon-system-type values [i.e. 
NX 

X X
sT - (sl, s2, ... , s:) 1, A denotes an m x n matrix of attrition-rate 

coefficients (i.e. A [a I ) ,  AT denotes the transpose of A obtained by
il 


interchanging its rows and columns, and similarly for E~ and B (with B 

being an n x m matrix). We will see that by invoking the so-called PERRON-

PBOBENIUS theoremSo for nonnegative matrices that one can guarantee that 


(without any further assumptions about A and B) there always exiets a 


vector of nonnegative values such that, for example, (7.18.6) holds. 


B e f o r e  we state the PE,RRON-FROBENIUS theorem for nonnegative matrice 

it will be convenient to state a few basic definitions from matrix theory. 


Our discussion here follows VARGA [152, Chapters 1 and 21. For n 2 2, an 

n x n matrix C is called reducible if there exists an n x n per~lutation ma 

P such that 




where C is an r x r avbmatrix and C is an (n-r) x (n-r) submatrix 
1,l 2 ,2  

with 15 r < n. Sf no 3uch permutation matrix exists, then C is called 

irreducible. Any reducible n x n matrix C may consequently be written 

in the following nmrnal Corn 

where P is an n x n permutation matrix and each square submatrix R
1,5 


f o r  I. 5 j ( m is either i~reducible or A 1 X 1 raull matrix. Also, an n x 

matrix M = [m ] is called strictly upper triangular only if m = 0 
ij ij 


for all i L  j. Finally, the spectral radius of a square matrix is defined 


to be the maximum of the absoluee values of the matrix's eigenvalues. We 


now state here without proof the PERRON-FROBENIUS theorem for nonnegative 


mawices (see V U G A  [152] for a proof of this important theorem). 

THEOREM 5.16.1 (PEWON [121] and FROBENIUS [60]): Let C 2 0 be an 

n x n matrix. Then, 

1. C has a nonne~ative real eigenvalue equal to its spectral rndiu: 


This eigenvalue is positive unless C is reducible and the 


normal form (7.18.9) of C is n4xictly upper triangular. 

2. To the apectral radius, there corree2onds 8 xionncagatlvz eigen- 

vector. Ii C ie irreducible, then this eigenvector is 


poeitive and the correapondlng eigenvalue simple. 


3. The epectral radius of C Increases when any entry of C is in 

creased unless C is reducible, and th,un ft does not decrease. 



. The above Thenrem 5.18.1 tells us t h a t  s ince  AB LO, we can always f ind  

a uoanegative v e c t a  of weapon-system-type values & -> 0, which is  uniquc 

only up t o  a constant  m l t i p l e ,  f o r  t he  X force  such that 

Z: 
holds,  where A derrotes the  nonnegative r e a l  eigenvalue of AB with 

i a r g e s t  absolu te  value.  I f  AB i s  an i r r educ ib l e  n x n matrix,  then gx
* 

and X > 0. S h i l a r f y ,  BA -> 0 guarantees t h a t  we can a l s o  f ind  a non-

negat ive vec tor  of weapon-system-type values aY -> 0, which i s  unique onl) 

up t o  a constant  mul t ip le ,  f o r  t he  Y force  such char 

* 
and i f  BA is an i r r educ ib l e  m x m matrix,  both ay and X a r e  p o s i t i v  

It should be noted t h a t  under t he  present  scheme of th ings  zx an 

ZY a r e  each only unique up t o  a constant  mul t ip le ,  i . e .  unique up t o  a 

s c a l e  f ac to r .  In  other  words, i f  ( f o r  example) zX s a t i s f i e s  (7.18.10). 

then so  w i l l  k~~ where k i s  an a r b i t r a r y  constant .  By sca l ing  these  

va lue  vec tors  i n  some appropriate  fashion,  one can make them be uniquely 

determined, but we  w i l l  see  t h a t  t h i s  s ca l ing  is not  r e a l l y  necessary, 

although it may be convenient. 

To surnmarlze, w e  have shown t h a t  w e  can always solve (7.18.10) 

and (7.18.11) t o  determine sf and sY 0 (with,  f o r  example, si
X > 0 

;1 

i f  AB i s  an i r r educ ib l e  matr ix) ,  but t h a t  t hese  weapon-eyetern-type 

ecorce ore only unique up t o  a conetant mult iple .  Thus, t he  weapon-system 

type-valuation scheme given by (7.18.3) i e  a "reasonsble" model f o r  imputcc 



valua t ion  of weapon-systen types,  s ince  i t  does y ie ld  values t h a t  do not 

obviousiy v i ~ l a t e  any paradi jps  of r a t i o n a l i t y  (such a s  a negat ive value 

occurring).  

Let us  now consider  what happens t o  the t o t a l  va lue  of each of the 

two opposing fo rces  i n  the  s p e c i a l  case i n  which a l l  a t t r i t i o n  occurs accord- 

ing t o  a  & t @ r 0 g e n e 0 ~ 8 - f ~ r ~ e  a t t r i t i o n  process (=Sect ion 7.7), andF I F 
. 
a l i  such a t t r i t i o n  is accounted f o r  by the  A and B matr ices  of a t t r i t i o n -  

r a t e  coe f f i c i en t s .  We w i l l  aes t h a t  i n  such cases  the  t o t a l  value of each 

force  undergoes a  &mogeneous-force a t t r i t i o n  process and t h a t  t he  

k 
q u a n t i t i e s  KX, Ky, and h may be given simple opera t iona l  i n t e rp re t a t ions .  

Thus, ins tead  of having t o  analyze heterogeneous-farce combat, one can 

examine a derived homogeneo*~s-force model for t o t a l  fo rce  capab i l i t y  ( i . e .  

value) .  Addit ional ly,  we w i l l  f i n d  t h a t  c e r t a i n  model q u a n t i t i e s  a r e  

i nva r i an t  under admissibleS1 changes i n  s c a l e  f s r  E~ zy, and we w i l l-
he l ed  t o  a  very convenient s ca l ing  scheme f o r  rtiX and 23 whPch i n  many 

senses is the "beat" s ca l ing  scheme. It should be pointed out here  t h a t  

within the context of aggregated-force value,  t h e  ex is tence  of q u a n t i t i e s  

~t h a t  a r e  iuver ian t  under (admissible) changes i n  ~ca3 .e  f o r  ~ 9 , and ky 

is  of t he  g r e a t e s t  s ign i f i cance  because i t  allowe us t o  dednce system 

behavior t h a t  i s  fundamental i n  the  sense of no t  depending on the  p a r t i c u l a r  

s ca l ing  aeeumptions (d.e. sca l ing  method) adapted. RL1 o ther  q u a n t i t i e s  

( i . e  those not  i nva r i an t  under t h e  group of t ransformations e f f e c t i n g  

admisaihle changes i n  s c a l e  ror zX and 26) depend on th s  choice of 

scale f o r  %x and E ~ ,and consequently d i f f e r e n t  r e s u l t s  w i l l  be obtained 

f o r  them w i t h  d i f f e r e n t  s ca l ing  schemes. Thus, one has motivation f o r  

looking f o r  q u a n t i t i e s  t h a t  e r e  i nva r i an t  under changes i n  s c a l e  f o r  esx 



Thus, w e  w i l l  assume t h a t  t h e  X and Y Forces undergo hetero-  

genecue-force F ~ Fs t t r i t l . o n  (E Sect ion  7.7 f o r  a d i s cus s i an  of t h e  oper- 

a t i o n a l  assumptions assoc ia ted  with t h i s  a t t r i t i o n  process ) ,  i .e.  f o r  xi 

with xi(0) = xi0 , 

0
with y (0) - Yj ' 
j 


Let us consider now the  t o t a l  va lue  of the X force ,  denoted a s  VX, which 

( i f  w e  assume t h a t  t he  aggregated-force va lue  is  s l i n e a r  func t ion  of t he  

number of each component-weapon-wystsm type i n  t he  combined-arms team) 

is  given by 

S imi la r ly ,  w e  take the t o t a l  va lue  of t he  Y fo rce  Vy t o  be given by 

The reader  should recognize (7.18.13) and (7.18.14) ae t h e  u sua l  l i n e a r  

scor ing  scheme f o r  determining a s i n g l e  index number t o  represen t  t he  t o t a l  

combat c a p a b i l i t y  o r  worth of a heterogeneous fo rce  (see Sect ions 7.11 and 

7.12 f o r  f u r t h e r  d e t a i l s ) .  It f o l l w s  from (7.18.3), (7.18.13), and 

(7.18.14) t h a t  a8 long as  and x > 0 



0

with VX(0) = VX , 

0

with Vy(0) a Vy , 

where 


From (7.18.15) we sae that it is convenient to let 


C, Il/% and C, = 11% 

and write (7.18.15) as 


0

with VX(0) = VX , 

(7.18.. 


0

with Vy(0) - Vy . 

It follows from (7.18.8) sod (7.18.17) chat the -imp1 eigenvalue A* 


determining the weapon-system-type scores and zy in (7.18.10) 

and (7.18.11) is related to CX and Cy by 



-- - 

-
Thus, the square root of the PERRON-F~oBENIIJS eigenvalue 

be interpreted as the intensity of combat attriting the values of the 


aggregated X ~d Y forces (cf. our discussion in Section 2.2 of the 

intensity of ccmbat for the F 1 F attrition process). Furthermore, Cx 
and Cy may be interpreted as LANCEIESTER attrition-rate coefficients in 


the process by which aggregated-force value is diminished over time. Thus 


for example, CX may be thought of as the rate at which one unit of aggre- 


gated-X-force value (or combat capability) is destroying aggregated-Y- 


force value. 


At this juncture it is convenient to use (7.18.17) to rewrite the 


fundamental equations for weapon-system-type worth imputed by attrition as 


Although we will have no immediate use for them, it is convenient for futu 

purposes to record here the "summed results" that follow from (7.18.20) 


and 



~ ~ 

from which i t  follows t h a t  the  quant i ty  
CXCy is inva r i an t  under changes 

i n  s c a l e  f o r  s and %, i .e .  CXCy remains the  same when zx ""d-3 2y 

a r e  replaced by klzx and k s y  where kl and k2 a r e  a r b i t r a r y  pos i t ive  

constants.  

Example 7.18.1. For t h e  2 x 2 case,  i . e .  two weapon-system types on each 

s i d e  (m = n = 21, one can obta in  e x p l i c i t  (but  r a t h e r  complicated and genera 

unenlightening by themselves) r e s u l t s :  

(7.18. 

max(c 11' c 1 f o r  c ~ 0~,22 c 

or ,  equiva len t ly ,  

1 -d ) 2 + 4d12d211 f o r  d12d21 > 0,  
+i { d l l  + d22 4 1  22 

(7.18. 

max(dll, dZ2) f o r  d12d21 = 0 ,  

where 

We f ind  t h a t  



f o r  c > 0 ,
21 

(7.18. 

f o r  c = 0 and cll > c ~ ~ .
21 

X
with s l = O  f o r  c = O  and c1.1 5 C22' and21 

f o r  d21 > 0 , 

f o r  d21 = 0 and dll > d22 , 

with f o r  and 

L e t  us now turn  t o  cons idera t ion  of t h e  evolu t ion  of t he  cotal-  

aggregated-force values  VX and Vy over time. Since these  va lues  s a t i s f y  

t he  LANCHESTER-type equat ions (7.18.18) for a F I F  a t t r i t i o n  process ,  w e  can 

invoke a l l  the  r e s u l t s  t h a t  w e  developed i n  Chapter 2. In p a r t i c u l a r ,  

the  total-aggregated-X-force value a s  a funct ion of time VX(t) i s  given by 

From (7.18.27) t he  i n t e r p r e t a t i o n  of f i  as the  inten6ie.y of aggregated-

forca  combat should be obvious. However, i f  w e  consider  t he  f r a c t i o n  of 

0
the  i n i t i a l  total-aggregated-X-farce value,  denoted a s  f X ( t )  - VX(t)/VXp 

we w i l l  l e a r n  much more about t h i s  aggregated-force model. Hence, w e  considc 
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Vx( t) 
f X ( t )  '7= coeh t - -0 s inh  t ,  

V" 

from which w e  will deducle t h a t  the  normalized force  r a t i o  ? ( t ) ,  deEined by 

andi s  inva r i an t  under changes i n  s c a l e  fo r  t h e  va lue  vec tors  zX - zy by 

the  following argument. Consider t he  f r a c t i o n  of t he  i n i t i a l  totaf-aggregated- 

and observe t h a t  i t  is  inva r i an t  under changes i n  s c a l e  f o r  &X and +, 

i.e. f ( t )  remains t h e  same when zX is replaced by k h  where k is an
X 

a r b i t r a r y  pos j t i ve  constant.  Consequently, from the right-hand a ide  of 

0 0

(7.18.28) we may conclude t h a t  t he  a m =  is true f o r  (VX/Vy) - p(0)  

- Po= Thus, the same invariance must hold f o r  t he  normalized fo rce  r a t i o  

defined by (7.18.79). and aur above s s a e r t i o n  has been proven. 

I t  is insc ruc t ive  f o r  fu tu re  purpoaes t o  consider a second proof of 

the  s t a t e d  Invariance of the normalized force  r a t i o  o ( t ) .  As we have seen 

previously i n  t h l s  chapter ,  t h e  force  r a t i o  is used f o r  many key purposes 

i n  aggregated force-on-force combat modelling (e.8. caaual ty  aeeessment, 

FEU-movement determination, s imulat ion of t a c t i c a l  dec is ion  d i n g ,  e c c . ) .  

Therefore, l e t  ur consider  the  force  r a t i o  Fp(t) def ined by 



We observe t h a t  the ordinary force  r a t i o  Fp(t) is not  i nva r i an t  under 

changes in s c a l e  f o r  and _;i~, s i n c e  the  s u b s t i t u t i o n  C B ~  = k p X  and 

& k g y  t r a n s f o r m  i t  i n  t he  following way 

From (7.18.U) and (7.18.31) i t  f o l l a n  t h a t  t he  force  r a t i o  FR(t).  aa 

usual,  s a t i s f i e s  a B I C U T I  equation which i n  t h i s  case takes the  form 

d F ~  0 0- - C ( F )  2 - with F R ( 0 ) u ~ X / ~ y.d t  X R 

Let ue observe t h a t  by (7.18.21) ne i the r  of CX end Cy is inva r i an t  under 

shanges In s c a l e  f o r  and JSI. Furthermore, say quant i ty  poaaesslmg 

such invariance cannot s a t i s f y  any ( d i f f e r e n t i a l )  equation with c o e f f i c i e n t s  

t h a t  do not themselves pomaese euch Invariance. From t h i s  Last observation 

and inspect ion of (7.18.33) we a r e  led  t o  diecover t h a t  p ( t )  defined by 

posreeaes the  des i red  invariance by meeking t o  traneforpr (7.18.33) i n t o  a 

d i f f e r e n t i a l  equat ion whoae c rwf f i c i en t s  a r e  i nva r i an t  under changes i n  

r c a l r  f o r  tax and ky. Con~ide r ing  (7.18.33), we ree t h a t  an obviour thing 

t o  do is t o  m l t i y l y  both ride. of it by CX and t o  uee (7.18.19) t o  f i nd  tha,  
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with p ( 0 )  - po . 

The conjecture t h a t  p ( t )  possessee the  des i red  invariance is readi ly  

confirmed by using (7.18.22.) t o  write (7.18.34) a s  

Ir i s  c l e a r  from (7.18.35) t h a t  p ( t )  remains the  same when we rep lace  

and E~ by k1& and k*..ex 
Thus, we have p r w e n  t h a t  both CXCy and CXFR(t) a r e  i nva r i an t  

under such change8 of sca le .  Since the same must a l s o  be t rue  f o r  any func-

t ion  of these  two inva r i an t s ,  w e  have consequently s h m  t h a t  t h e  normalized 

force  r a t i o  t = C t ) pomsesses the des i red  invariance (vhicl 

we have previously shown by o ther  means). This invariance may, a£ course,  

a l s o  b e  praven d i r e c t l y  by u e h g  (7.18.13), (7.18.14). (7.18.21), and 

(7.18.29). From (7.18.29) and (7.18.33) i t  fo l lous  t h a t  the normalized forcc 

r a t i o  p ( t )  p ( s ( t ) )  s a t i e f i e e  t h e  fo l lov ing  very simple RICCATI equat ion 

where 



Invoking r e s u l t s  about t he  fo rce  r a t i o  from Sect ion 2.2, we may conclude 

the possession of the  fo l lov ing  important p rope r t i e s  by the  normalized force  

r a t i o  ~ ( t ) ,which we have shown t o  be i n v a r i m c  under changes i n  s c a l e  

(P l )  p ( t )  i s  a s t r i c t l y  decreasing funct ion of time i f  and 

oaly i f  Po < 1; 

(P2) p ( t )  is constant  over t h e  i f  and oaly i f  po 1; 

(P3) Y w i l l  win any aggregated-force fixed-force-ratio-breakpoint 

b a t t l e  i f  and only i f  po < 1; 

(P4) p ( t )  is given by 

a d  (P5) the time tf t h a t  it w i l l  take f o r  tho normalized fo rce  

r a t i o  t o  reach any specified f i n a l  voiue pf + 1 us given by 



where only one of the  following two s i t u a t i o n s  is poesib1.e: 

e i t h e r  (Sl) p f  < p o  < 1, 

It remains f o r  us t o  d iscuss  t he  normalization (or  s ca l ing )  of t he  

weapon-system-type-value vec to r s  zx and zy determined by the  l i n e a r  model 

(7.18.3). Accordingly, w e  w i l l  f i r s t  review how var ious  authors  have sca led  

these value vec tors ,  and then (baaed on being ab le  t o  circumvent c e r t a i n  

observed apparent antimonies of imputed weapon-system-type valuat ion)  w e  

w i l l  suggest an a l t e r n a t i v e  sca l ing  scheme t h a t  avoids some d i f f i c u l t i e s  

observed f o r  the  o ther  s ca l ing  schemes. 

Two add i t i ona l  condi t ions (one f o r  each vec tor )  a r e  needed t o  uniquely 

specify the  weapoa-system-type-value vectors  Ex and ,gy t h a t  have been 

each determined up t o  a s c a l e  f a c t o r  by the  l i n e a r  imputed-value model 

(7.18.3), Differen t  normalization ( sca l ing)  schemes t h a t  have been proposed 

and t r i e d  by var ious  authors  a r e  shown i n  Table 7.VII1, with the  CX and 

Cy propor t iona l i ty  constant8 of (7.18.20) [equivalent ly,  t he  aggregated-force 

LANCHESTER a t t r i t i o n - r a t e  coe f f i c i en t8  of (7.18.18)] t h a t  a r i a e  from these 

variour  s ca l ing  schemer being sham i n  Table 7.IX. It should be noted t h a t  

when the  HOL'ZEB-ANDEBSON approach t o  eca l ing  is used, the usual fo rce  r a t i o  

Pg = Vx/Vy is equ.1 t o  the  normalized force  r a t i o  p = ( ~ / T ) v ~ / v ~ ,s ince  

m e  has choaen t o  s c a l e  the  - , d u e  vec tors  i n  such a way t h a t  Cx = $. 
Coaeequently, 



TABLE 7. VIII. N o m a l i z a t  ion (Scal ing)  of Imputed Values for 

Weapon-System Types. 

DARE and .JAMES (1971) 

HWES and TNRAT.L (1972) 

HOLTER (1973) and ANDERSON (1979) 

'liere SPUDICE (1968) = the  document published by SPMICH in 1968 (see-
l i n t  of references at the end of t h i s  chapter). 



TABLE 7.IX. Proportional.ity Constants (Aggregated-Force LANCHESTER 

Attrition-Rate Coeff ic ients)  that Arise from the Various 

Normalization (Scaling) Schemes for  Lmputed Values of 

Weapon-System Types. 

SPUDICH + (1968) 

DARE and JAMES (1971) 

HOWES and THRALL (1972) 

HOLTER (1973) and ANDERSON (1979) 

cHA - cIIA= J 5
X Y 


-

' A a  i n  the preceding table, SPZIDICK (1968) = the document published by 
SPUDICH i n  1968 (E list of references a t  the end of t h i s  chapter). 



where t he  supe r sc r ip t  denotes  which sca l ing  method is being w e d  t o  uniquely 

determine t h e  value vec tors  a, and i n  conjunctfon with t he  bas i c  

model (7.18.20), and 

S - the  s ca l i ng  method of SPUDICH [134], 

D J  = t he  s ca l i ng  method of DARE and JAMES [ 4 3 ] ,  

HT = t h e  scr . l ing method of BOWES and THRALL [91] (see a l s o  [ 9 2 ] ) ,  

and HA = t he  eca l ing  method of BOLTER [ 8 9 ]  and ANDERSON [ 5 ] .  

We w i l l  a l s o  use t h i s  supe r sc r ip t  no t a t i on  f o r  r e f e r r i n g  t o  var ious  o ther  

q u a n t i t i e s  of i n t e r e s t  computed according t o  these  d i f f e r e n t  s c a l i n g  methods, 

t h  
e.g. usX w i l l  denote t h e  va lue  of t he  i- X-weapon-system type computedi 

by (7.18.20) with t he  HOLTEX-ANDERSON sca l ing  method. 

It is a l s o  i n s t r u c t i v e  t o  i nves t i ga t e  hat r e a u l t s  f o r  these  var ious  

s ca l i ng  schemes a r e  r e l a t e d  t o  one another.  IJeing (7.18.20), one can e a s i l y  

show t h a t  i f  

and 




and ( a s  w e  have already shown above) 

Recal l ing t h a t  CXCy = A* is inva r i an t  under such changes i n  scale, w e  

wcy a l s o  deduce from (7.18.42) t h a t  

and 

Using the above: 

develop relations between these var ious  q u a n t i t i e s  of i n t e r e s t  f o r  the 

d i f f e r e n t  s ca l ing  methods shown i n  Table 7.VIII. Such r e l a t i o n s  (except those 

per ta in ing  t o  SPUDICH'a sca l ing  method) a r e  given i n  Table 7.X. 

The HOLTER-ANDERSON sca l ing  method is t o  be prefer red  over the  

o the r s  mentioned above (ea l s o  Table 7.VIII) because i t  allows the X 

and Y weapon-ayattrn type8 60 be compared with each o the r ,  no t  j u s t  among 

themselves (eANDERSON (51 f o r  f u r t h e r  d e t a i l s ) .  It is the approach taken 

t o  sca l ing  weapon-syatesn-type-value vectors  determined by the  l i n e a r  model 

(7.18.20) t h a t  ie used by IDAGAW [5; 6; 1301. Consequently, we have 



TABLE 7.X. Relations Between Varioue Quantities of Interest for Different 

Normalization (Scaling) Schemes for Imputed Values of Weapon- 

System Types. 

NOTE: The aupersc,ripts denote whoea e c a l i n ~  method is being used for uniquely 

determining the value vector8 IB~ a d  *a. ulth: S - the sealing method 

of SYUDICH [ 1 3 4 ] ;  DJ = the scaling method of DARE and JAMES [ 4 3 1 ;  DJ the 

scaling method of HOWES and TKRAIJ. [91] (eta-a l so  [XI);and HA * the 

scaling method of BOLTER [ 8 9 ]  and ANDERSON [ 5 ] .  



worked out e x p l i c i t  r e s u l t s  f o r  t h e  2 x 2 case in t h e  following exauple.  

In more complex cases  wi th  more weapon-system types on each s i d e ,  t he  eigen- 

52
value problem (7.18.10) and (7.18.1Lj may be solved by i t e r a t i v e  methods 

(e.8. see HILDEBRAND [82, pp. 68-74] o r  ANDERSON (51) o r  some type of 

i t e r a t i v e  procedure may b e  used t o  solve t he  o r i g i n a l  l i n e a r  system (7.l8.20) 

s ee  BOLTER [89] f o r  f u r t h e r  d e t a i l s ) .  L-

Example 7.18.2. For t he  2 x 2 case with  the HOLTER-ANDERSON s c a l i n g  appl ied ,  

t h e  genera l  r e s u l t s  of Example 7.18.1 take t h e  p a r t i c u l a r  form 

. 
0 f o r  dZ1 = 0 and d l l ( d Z Z S  



"&5 f o r  d = 0 m d  dll > dZ2, 
[bl l (d l l -d22)  b21d12} 21  

+' i  
f o r  and 

Unfortunately,  t h i s  method of imputing va lue  wi th  t he  HQLTER-AWCERSON s c a l i n g  

s o m e t ~ sproduces r e s u l t s  t h a t  a t  f i r s t  s i g h t  seem c o u n t e r i n t u i t i v e  

(see the  nexr s ec t i on ,  however). For example, i nc r ea s ing  t h e  k i l l  r a t e  of 

a weapon-system type f a r  one s i d e  may a c t u a l l y  i nc r ea se  t h e  fo r ce  r a t i o  

i n  favor  of t he  o the r  s i d e .  This  apparent ly  paradoxical  behavior is shown 

by t h e  fol lowing example. 

Example 7.18.3. For the s p e c i a l  2 x 2 case  i n  which a21 = a22 = b12 = b2? = 

i . e .  two Y weapon-system types  aga ins t  a s i n g l e  X weapon-system type 

(seeFigure 7.18), t h e  imputed weapon-system-type va lues  determined wi th  

t h e  HOLTER-ANDERSON aca l i ng  reduce from t h e  genera l  express ions  given i n  



Figure 7.18. Diagram of heterogeneous-farce interactions 


considered in Example 7.18.3. 




X 

X
Computing t h e  fo rce  r a t i o  FR = s l x l l ( s l ~ l  + s 
Y y ) ,  w e  f i nd  t h a t  
2 2 

a 111 2a12b21Ia b x  
a F~ 12 11 1.1 '2 - -a12 (1. a11b11) y l j
---I 


Thus, we see t h a t  t he re  a r e  circumstances,  i . e .  y2/y1 

) (1 + 2a12b21/(a 11b
11

) I ,  under which increas ing  the  k i l l  r a t e  ( = l l/ a 12 

of a Y weapon-system type a c t u a l l y  increases  t h e  fo rce  r a t i o  i n  X ' s  

favor ,  i.e. aFR/aall > 0. 

Although such apparent ly  paradoxical behavior cannot e n t i r e l y  

be el iminated from the  imputed va lua t ion  of weapon-system types by the  

l i n e a r  model, i t  is el iminated i n  a few s p c i a l  cases  (such a s  t h a t  of 

Example 7.18.3) by the  following proposed s c a l i n g  system. F i r s t  l e t  u s  

r e c a l l ,  though, t h a t  t he  HOLTER-ANDERSON sca l ing  method picks one of t he  

weapon-system types (taken t o  be t h e  f i r s t  X weapon-system type here: 

a s  a re fe rence  po in t ,  and t h a t  t he  0 t h ~ ~ -  X-weapon-system-type va lues ,  

which a r e  determined by (7.18.20) only up t o  a constant  mul t ip le ,  a r e  the1 

scored ( i . e .  sca led)  r e l a t i v e  t o  t h i s  standard. The re fe rence  weapan- 

system type must be a "major system" i n  order  f o r  t h i s  s c a l i n g  method t o  

54work . The Y-weapon-systenrtgpe v a h e e ,  whtch a r e  a i s o  (of course) onl: 

determined by (7.18.20) up t o  a constant  mul t ip le ,  a r e  then ecaled by u s i ~  



the first of equations (7.18.20)'with i a 1 and the assumption that 


CY- C? (E Tables 7.VIII and 7.IX). Considering the above, we 

propose here the following scaling scheme: choose both an X and also 


a Y reference-weapon-system type; assign a value of 1.00 to the X 


weapon-system type and score the Y weapon-system type according to its 


relative effectiveness against this reference X weapon-system type in 


a 1% lduel (i.e. the ratio of single-opposing-reference-system kill rates). 


Thus, we would have 


a 
and TSY -11 


1 b,, 


The basic idea here is that for each force a weapon-system type is selected 


for scaling purposes as a reference point, the X-reference-weapon-system 


type Is assigned a value of 1.00, and the Y-reference-weapon-system type 


is scored relative to this arbitrary X-reference-weapon-system-type value. 


Example 7.18.4. For the 2 X 2 case with the above scaling method (7.18.47), 

the general results of Example 7.18.1 take the particular fora 


for c~~ > 0 , 



and 

f o r  d21 > 0,  

f o r  dZ1 0 and dll > d22* 

For t h e  s p e c i a l  case  i n  whicn a2L= a22 = bI2 = b22 = 0 (again,  see 
Figure 7.18)' t he  above imputed weapon-system-type va lues  reduce t o  

and w e  then f i n d  t h a t  

Which s c a l i n g  method is "best"? This  important quest ion should 

undoubtedly be answered by inves t i ga t ing  which scor ing  scheme [i.e. combi-

na t ion  of bas ic  model (7.18.20) and s c a l i n g  method] provides t h e  "best" 

model f o r  imputing weapon-system-type values ,  i.e. produces t he  bes t  r e su l t s  

according t o  some c r i t e r i a .  However, t h i s  type of i nves t i ga t ion  has 

apparent ly  never been completely ca r r i ed  ou t ,  and i f  does appear t h a t  

a l t e r n a t e  s ca l i ng  methods a r e  q u i t e  n a t u r a l l y  suggested. For exacple ,  

bes ides  the  above one (7.18.47), another very reasonable s c a l i n g  method 

would be t o  ass ign  a va lue  of 1.00 t o  t h e  X-reference-weapon-system tyFe 



and then sco re  t h e  Y-reference-weapon-system type on the  bas i s  of i t s  

r e l a t i v e  e f f ec t iveness  aga ins t  t h i s  weapon-system type but weighted by the  

i n t e n s i t y  of combat i n  t h i s  X x l d u e l  r e l a t i v e  t o  the  i n t e n s i t y  of combat 

i n  t he  o v e r a l l  b a t t l e .  i . e .  

However, i t  should be noted t h a t  the  HOLTER-ANDERSON sca l ing  method i s  more 

n a t u r a l  i n  the  sense of using the f i r s t  ~f  equat ions (7.18.20) with 

i = 1 and sf = 1 t o  s c a l e  2s. In  t he  l a s t  ana lys i s ,  though, the choic 

of s ca l ing  method should be based on cons idera t ion  of the p rope r t i e s  of 
h 


the  induced r e s u l t s .  



*7.19. C r i t i q u e  of Such Methodology f o r  Imputing Values t o  Weapon-System TJ 

It is  only f a i r  t o  a l e r t  t he  reader  t o  t.le f a c t  t h a t  there  is f a r  

from universa l  agreement about t he  usefulness  and v a l i d i t y  of t h e  methodolc 

described i n  the p rev iom snc t ion  f o r  imputing va lues  t o  weapon-system 

types.  Although it is  beyond t h e  scope of our cur ren t  i nves t i ga t ion  t o  

examine i n  d e t a i l  c r i t i c i s m  of and i s s u e s  assoc ia ted  with t h i s  methodology 

f o r  va lua t ing  fo rces  i n  aggregated-force analyses ,  we w i l l  t r y  t o  o u t l i n e  

the  s a l i e n t  f e a t u r e s  of such d iscourse  and i d e n t i f y  sources  of f u r t h e r  

information f o r  t h e  reader  who d e s i r e s  a d d i t i o n a l  d e t a i l s .  It should be 

born i n  mind, though, t h a t  ( i r r e s p e c t i v e  OF such c r i t i c i s m )  comparing, 

equating, o r  quant i fy ing  i n  some way t h e  r e l a t i v e  performance of d ive r se  

weapon systems is one of t h e  key t a s k s  i n  t h e  eva lua t ion  of weapon systems 

f o r  defense planning (e.g. see [149, Chapter 301 f o r  f u r t h e r  d e t a i l s ) ,  and 

frequent ly  such a n a l y s i s  must be  done within such s t r i n g e n t  resource and 

time c o n s t r a i n t s  t h a t  t he  use of any type of d e t a i l e d  combat model i s  pre-

cluded (3below f o r  f u r t h e r  d i scuss ion) .  

The above method f o r  imputing values  t o  weapon-system types based 

on t h e i r  LANCHESTER a t t r i t i o n - r a t e  c o e f f i c i e n t s  has evolved out  of previou! 

a t tempts  t o  use t h e  index-number approach t o  quant i fy  m i l i t a r y  a p a b i l i t i e r  

i t  was apparent ly  developed i n  response t o  t he  c r i t i c i s m  of t he  old f i r e -  

power-score approach t h a t  i t  d id  no t  va lue  ( a r  score)  weapon-system types 

based on t h e  circumstances ( i . e .  combat environment, f r i e n d l y  fo rce  scruct l  

and enemy fo rce  s t r u c t u r e )  of employment f o r  a  weapon system [go,  p. 11-C-: 

( see-a l s o  [39, p. 151, LESTER and ROBINSON [105],snd [150, p. 561) .  Thus, 

i n  order  t o  properly a s se s s  the  usefu lness  of t h i s  new weapon-system-valual 



methodology one should review c r i t i c a l  app ra i s a l s  of t he  old firepower-score 

methodology: t h e  i n t e r e s t e d  reader  can f i nd  c r i t i c a l  reviews of t he  firepowe 

sco re  approach i n  HONIG e t  a l .  [go, Appendix C t o  Chapter 111, BODE [ l o ] ,  and 

STOCKFISCH [135] (seea l s o  [150, pp. 54-56]). It appears t o  t h i s  au thor  

t h a t  the  model considered i n  t he  l a s t  s e c t i o n  f o r  imputing va lues  t o  weapon- 

system types  does respond favorably t o  t he  c r i t i c i s m  t h a t  t he  o ld  firepower- 

s co re  approach, which e s s e n t i a l l y  judgmentally determined the  va lues  of 

weapon-system types,  was not a t ransparen t  model of weapon-system va lua t ion  

[150, p. 561,and a l s o  did no t  r e f l e c t  changes i n  t h e  circumstances of combat 

(e.g. enemy force  mix or  d i s t r i b u t i o n  of f i r e  over enemy t a r g e t  types)  i n  

t he  va lua t ion  o f  weapon-system types.  See, however, FAKRELL [56] and 

ANDERSON [5]  f o r  c r i t i q u e s  of t h e  imputed-value method. 

No d iscuss ion  about the pros  and cons of index-number approaches used 

i n  general-purpose-force analyses  and/or models can be considered t o  be compl 

without p lac ing  it i n  t he  perspec t ive  of no t ing  t h a t  it may be viewed a s  p a r t  

of a broader deba te  over whether corps-level and thea t e r - l eve l  combat oper- 

a t i o n s  should be represented by aggregated o r  d e t a i l e d  models f o r  purposes 

of defense analysee (e.g. see STOCKFISCH [135, pp. 9-10] o r  [150, pp. 54-56]] 

It has been argued t h a t  d e t a i l e d  models a r e  t o  be preferred55 because they 

make judgment (and the  use of judgment i n  an immature f i e l d  such a s  combat 

modelling apparent ly  cannot be avoided56) e x p l i c i t  and hopefully t r anspa ren t .  

Due t o  t he  almost complete lack  of re levant  combat d a t a  t o  empir ica l ly  test 

whether d e t a i l e d  o r  aggregated combat models y i e l d  b e t t e r  p r ed i c t i ons  i a t  

least when t e s t ed  wi th in  t he  context  of pa s t  h i s t o r i c a l  combat), t he  debate  

has become essentially metaphysical, with many people seemingly arguing 



thar  more d e t a i l  is necessar i ly  b e t t e r .  A more germane quest ion is: How 

much d e t a i l  is  r e l evan t?  And an even more p r a c t i c a l  question is: How much 

d e t a i l  can one a f fo rd?  A recent  U. S. General Accounting Office (GAO) r epo r t  

[150, pp. 28-29] pa in t s  out  thar  t he re  i s  a s t rong  inconsis tency between 

people wanting more d e t a i l  i n  combat models and y e t  resent ing  having t o  pay 

f o r  i t  by spending more man-years of e f f o r t  t o  have ana lys t s  understand such 

a de t a i l ed  combat model and l e a r n  h c ~  t o  use i t .  In o ther  words, more suppar 

is  required i n  terms of people ( i . e .  ana lys t s )  t o  maintain and use a more 

de t a i l ed  model, p a r t i c u l a r l y  i f  another agency or  company developed the  model 

The t r a n s f e r  of a complex model from one i n s t a l l a t i o n  t o  another is f r e -

quently an insuperable  problem (e.g. eee SZYMCZAK [I391 f o r  f u r t h e r  d e t a i l s ) .  

Many people today f e e l  t h a t  combat models have beccme too complicated' 

and the re  has consequently been t a l k  of a "complexity c r i s i s "  ( s e e  Sect ion 7 . ,  

below). One suggested way out of t h i s  dilemma of requi r ing  both model d e t a i l  

and a l s o  ease of running and understanding has been t o  use a h i e r a r c h i c a l  

modelling approach i n  which the  output from de ta i l ed  combat models of small-

un i t  operat ions is used t o  generate var ious  combat-resu1.t~ t a b l e s  f o r  a 

large-scale  aggregated combat model. Thus, t he  output from one model is  the  

input  t o  another model. Well-developed h i e ra rch ie s  of combat models e x i s t  

i n  the United Kingdom and West Germany, and a l s o  t o  a l e s s e r  ex t en t  i n  the  

United S t a t e s  (seeSect ion 7.20 f o r  f u r t h e r  d e t a i l s ) .  Within t h i s  context 

the  above weapon-system-valuation model provides an e s s e n t i a l  i n t e r f a c e  

between a small-unit d e t a ~ l e d  model and a large-scale  aggregated one by 

converting heterogeneous-force single-syetem k i l l  r a t e s  (determined by the 

i .e.de t a i l ed  model) i n t o  firepower s ~ o r a e ~ ~  weapon-system-type values)  



t h a t  a r e  s e n s i t i v e  t o  t he  physical  and ope ra t i ona l  circumstances of b a t t l e  

(e.g.  see DARE [42, pp.294-2951). Thus, these  imputed weapon-system-type 

va lues  i n  some sense combine t he  bes t  of the de t a i l ed -  and aggregated-combat- 

modelling worlds by e x p l i c i t l y  consider ing t h e  phys ica l  and ope ra t i ona l  

f a c t o r s  of a combined-arms-team engagement but y e t  aggregat ing a l l  t h e  fo rces  

on each s i d e  i n  some geographical region. Within t h i s  contex t ,  t he se  new 

imputed weapon-system-type va lues  apparent ly  a r e  a d i s t i n c t  improvement over 

the old firepawer scores  which were e s s e n t i a l l y  judgmentally determined. 

With t h e  above a s  genera l  background, l e t  us  now b r i e f l y  t u rn  t o  

t he  problem of eva lua t ing  t h e  mer i t s  of t h e  above methodology f o r  imputing 

values  t o  weapon-system types.  Four c r i t e r i a  t h a t  one can use f o r  t h i s  

eva lua t ion  a r e  as follows: 

(Cl) i n t e r n a l  consis tency,  

(C2) e x t e r n a l  v a l i d i t y ,  

(C2a) prima-f a c i e  v a l i d i t y ,  

(C2b) empir ica l  v a l i d i t y ,  

(C3; transparency, 

and (C4) computational e f f ic iency .  

The f i r s t  c r i t e r i o n  (Cl) asks  t h a t  such a methodology i s  l o g i c a l l y  consis tent  

and produces no contrhdict iona or  paradoxes, while t h e  second (C2) r equ i r e s  

t h a t  i f  such weapon-syetem-type sco re s  (i.e. values)  a r e  used i n  a model of 
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some comhat process (e.g. a t t r i t i o n ,  FEBA movement, t a c t i c a l  dec is ion  making), 

t he  r e s u l t s  produced a r e  cons is ten t  with evidence from the  r e a l  world. In  

the  l a t t e r  ins tance  ( a s  we l l  as the  next  two), the  use t o  which the  weapon- 

system-type scores  a r e  being put must be considered. The l s s r  two c r i t e r i a  

(C3) and (C4) a r e  p a r t i c u l a r l y  important f o r  any q u a n t i t a t i v e  methodology 

t h a t  is  t o  be used f o r  defense planning/defense dec is ion  making (c.g. see 
1150, -pp. 25-31]>. They a r e  apparently p a r t i c u l a r l y  we l l  s a t i s f i e d  by the  

above methodology f o r  imputing values t o  weapon-system types In  r e l a t i o n  t o  

o ther  modelling approaches ( e spec i a l ly  t he  computational e f f i c i ency  of index-

number-based models of such combat processes a s  aggregated-force a t t r i t i o n ,  

FEBA movement, and t a c t i c a l  dec is ion  making), and consequently they w i l l  not  

be f u r t h e r  discussed here.  Thus, it rsmains t o  d iscuss  t h e  i n t e r n a l  con- 

s i s t ency  and ex te rna l  v a l i d i t y  of t ne  imputed-value method. 

R. L. FARREU [ 56 ]  has inves t iga ted  the  in t e rna l  consistency of the 

above weapon-sys tem-typevaluation scheme and concluded59 t h a t  t h i s  va lua t ion  

method does not s a t i s f y  the  elementary proper t ies  t h a t  one would d e s i r e  f o r  

a weapon- and force-evaluation methodology. Be used the  following four  

c r i t e r i a  f o r  evaluat ing the  methodology: 

(FC1) consistency, 

(FC2) r egu la r i t y ,  

(FC3) t a c t i c a l  meaningfulness, 

( F C 4 )  dependence on ef fec t iveness  parameters and independence 

of nuisance parameters. 
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FARRELL argued t h a t  the methodology f a i l e d  t o  be t a c t i c a l l y  meaningful by 

exh ib i t i ng  the  following "paradoxes": 

(Pl)  increas ing  t h e  k i l l  r a t e  aga ins t  an enemy system sometimes 

a c t u a l l y  increases  the value of t h a t  system, 

and (P2) a s h i f t  i n  f i r e  d i s t r i b u t i o n  t o  cause more a t t r i t i o n  t o  a 

higher-value enemy t a r g e t  can sometimes reduce t he  va lue  of 

t h e  f i r i n g  force .  

We w i L l  now show by consider ing a simple example t h a t  a l i t t l e  f u r t h e r  

ana lys i s  r evea l s  t h a t  ne i t he r  i n s t ance  i s  r e a l l y  a paradox. 

Example 7.19.1. Consider the  s p e c i a l  2  x 2 case i n  which a12 - a22 = b21- b22 = 0, i.e. two X weapon-system types aga ins t  a s i n g l e  Y weapon-syst 

type (zFigure 7.19). The imputed weapon-system-type values  determined 

with t h e  HOLTER-ANDERSON sca l ing  a r e  given by 

I t  is  r ead i ly  shown t h a t  



Figure 7.19.  Diagram of heterogeneous-force interactions 

coilsidered i n  Example 7 . 1 9 . 1 .  



but  t h a t  

What does no t  seem t o  have been previously noted, though, is t h a t  

Thus, t h e  va lue  of a Y t a r g e t  type i s  increased when i t  is i n f l i c t e d  with 

a higher  l o s s  r a t e  by any o the r  X weapon-system type except t he  re fe rence  

one X1, s i n c e  t h e  va lue  of t h e  f i r i n g  X system goes up and consequently 

the  Y system k i l l s  a higher  va lue  t a r g e t  type and hence increases  i n  va lue  

However, t h e  t a r g e t  type always i nc reases  i n  value l e s s  rap id ly  than the  

f i r e r  type [see (7.19.4) above], and t h i s  r e s u l t  is q u i t e  p l aus ib l e  and 

i n t u i t i v e l y  appealing. Computing t h e  force  r a t i o  FR = VX/Vy = 

Thus, ule see t h a t  t he re  a r e  circumstances,  i . e .  x2 / x  /b ) { 1 + 2 a 21 12 b
1 > (b11 1 2  

under which increas ing  t h e  k i l l  r a t e  of an X weapon-system type a c t u a l l y  

reduces the fo rce  r a t i o  aga ins t  X, 1 .e .  aFR/abll < 0. To understand why 

t h i s  has happened, l e t  us observe t h a t  



i . e .  i n c r e a s i n g  t h e  k i l l  r a t e  of X1 a g a i n s t  Y1 dec reases  t h e  va lue  of 

X2 r e l a t i v e  t o  t h a t  of X1 (see Figure  7.19). Hence, i n c r e a s i n g  t h e  k i l l  

rate of X1 can a c t u a l l y  d e c r e a s e  t1.e f o r c e  r a t i o  a g a i n s t  X when t h e r e  a r e  

n o t  enough XI systems p r e s e n t  t o  overcome t h e  decrease  i n  v a l u e  of t h e  

X2 systems. 

The above example p rov ides  much i n s i g h t  i n t o  t h e  imputed-valuation 

scheme (7.18.20) with HOLTER-ANDERSON s c a l i n g  and r a i s e s  t h e  q u e s t i o n  ( a t  

l e a s t  i n  t h i s  a u t h o r ' s  mind3 of whether t h e  "paradoxes" (PI)  and (P2) above 

a t e  r e a l l y  paradoxes a t  a l l .  Some f u r t h e r  d i s c u s s i o n  of Example 7.19.1 

w i t h i n  t h i s  con tex t  t h e r e f o r e  seems t o  be i n  o rder .  Fur the r  i n v e s t i g a t i o n  

has  revealed t h a t  more generally6'  ( a t  l e a s t  f o r  t h e  2 x 2 case )  

i . e .  i n c r e a s i n g  t h e  single-system k i l l  rate b of Xi (wi th  t h e  excep t ion  
l i  

of i - 1, t h e  reference-weapon-system type f o r  t h e  HOLTER-ANDERSON s c a l i n g  

schema) a g a i n s t  Y, i n c r e a s e s  n o t  only  t h e  va lue  of t h e  f i r e r - t y p e  weapon 
J 

Y 
aystern sX but  a l s o  t h e  va lue  of t h e  Y target-weapon-system type

i 1 ' 

This  is no t  unreasonable,  s i n c e  t h e  X
1 

system now k i l l s  a  more v a l u a b l e  Xi 



t a r g e t  type. However, the  f i r e r  type increases  i n  va lue  morc than the  

Y
t a r g e t  type, L.e. a ( s  /sX) / ab  < 0, a s  is eminently r ea sonab le ,  Further-
1 i d f  

X 
sore ,  ask/ab
li 

< 0 f o r  k + 1 o r  1, i.e. increas ing  t h e  single-system k i l l  

r a t e  of Xi again8t  any t a r g e t  type d e c r e ~ s e s  t he  va lue  s: of any o ther  

X f i r e r  type Xk (except f o r ,  of course., k = i or  1) becauoe i t  has become 

l e e s  e f f e c t i v e  r e l a t i v e  t o  Xi [cf. (7.19.6) above i n  Example 7.19.11. 

Furthermore, t h i s  l a s t  r e s u l t  expla ins  t he  second apparent paradox (PZ), 

s i n c e  

I n  p a r t i c u l a r ,  r e c a l l i n g  (7.19.5) and the subsequent d i scuss ion  i n  Example 

7.19.1, we s e e  t h a t  increas ing  the  f i r e  e f f ec t i venes s  of one wc--apon-system 

type decreases t he  r e l a : i v e  e f f ec t i venes s  of o the r  weapon-system types 

(except f o r ,  of course,  t he  X-reference-weapon-eystem type)  aga ins t  t he  

enemy weapon-system type, with t h e  a t t endan t  consequence thac t o t a l  fo rce  

value m y  a c t u a l l y  dec l ine61  i f  t h e  r e l a t i v e  numbers of these  diminishad- 

value weapon-system types a r e  s u f f i c i e n t  t o  outweigh t h e  t o t a l  value of 

t he  weapon-system type tib.ase f i r e  e f f ec t i venes s  has been increased.  It 

snould be  noted t h a t  t h i s  s i t u a t i o n  occurs  when a weapon-system type with 

r e l a t i v e l y  small  numbere on the  b a t t l e f i e l d  i s  increased i n  effect iver iess  

( i . e .  single-system k i l l  r a t e ) ,  while r e l a t i v e l y  more numerous weapon-system 

types remain a t  t h e i r  previous effectiveness and the re fo re  decrease i n  

r e l a t i v e  value.  



It consequently does seem t o  be pe r f ec t l y  reasonable t o  t h i s  author  

t h a t  increas ing  the  single-system k i l l  r a t e  of a p a r t i c u l a r  weapon-system 

type could a c t u a l l y  decrease the t o t a l  value of a fo rce  due t o  weapon- 

system types t h a t  a r e  more numerous becoming less valuable .  I n  t h i s  context ,  

i t  should be born i n  mind t h a t  increas ing  the  c a p a b i l i t y  of o s i n g l e  

p a r t i c u l a r  weapon-system type i n  a combined-arms team h i s t o r i c a l l y  has  not  

always increased to t a l - fo rce  e f f ec t i venes s .  (Here we have taken some 

l i t e r a r y  l i c e n s e  i n  t he  phrasing of t h i s  argument, but  i n  any case  t he  

model here  i nd i ca t e s  t h a t  more d e t a i l e d  ana lys i s  of i n t e r a c t i o n s  i s  required 

f o r  assess ing  to t a l - fo rce  e f f ec t i venes s . )  Thus, t he  model (7.18.20) f o r  

imputing values  t o  weapon-system types based on t h e i r  single-system k i l l  

r a t e s  no t  only does not  apparea t ly  produce any se r ious  paradoxes but a l s o  

y i e l d s  some i n t e r e s t i n g  and important i n s i g h t s  i n t o  weapon-system va lua t ion .  

I n  r e t ro spec t ,  i t  does not  seem i n t u i t i v e l y  obvious t h a t  one could i nc rease  

the value of a s i n g l e  p a r t i c u l a r  weapon-system type ( a s  t h e  o ld  judgmentally- 

based firepower-score methodology allowed) i n  i s o l a t i o n  from i t s  i n t e r a c t i o n s  

with o ther  weapon-system types. 

Thus, t h e  above paradoxes (Pl)  and (P2) produced by t h i s  model f o r  

imputing weapon-system-type values appear t o  t h i s  author  t o  b e  mare illusions 

than r e a l ,  j u s t  a s  have s o  many other  paradoxes af r a t i o n a l i t y  t h a t  have, 

62f o r  example, been noted f o r  game-theoretic models of p o l i t i c a l  behavior 

(e.g.  see BRAMS [21]) .  The b r i e f  remarks made i n  t h i s  s e c t i o n  about the 

i n t e r n a l  consistency of t h i s  methodology a r e  no t  meant t o  be d e f i n i t i v e  but 

t o  s t imu la t e  f u r t h e r  d e t a i l e d  ana lys i s  and discourse.  Thus, i t  does appear 

t o  be premature t o  dismisa t h e  weapon-system-valuation model presented i n  



the  preceding sec t ion  as c o t  being a s a t i e f o c t o r y  q u a n t i t a t i v e  t o o l  f o r  

defense planning because i t  f a i l s  t o  s a t i s f y  elementary proper t ies  t h a t  one 

would d e s i r e  f o r  such weapon-system-valuation methodology (although indeed 

one cannot guarantee t h a t  i t  may not even tua l ly - tu rn  out t o  be so ) .  Further  

i nves t iga t ion ,  thought, communication, and d iscuss ion  of such r e s u l t s  are 

d e f i n i t e l y  required.  

It remains f o r  us t o  very b r i e f l y  diecuss  t he  ex t e rna l  v a l i d i t y  of 

the  above weapon-system-valuation methodology. It seems appropr ia te  t o  

consider both the va lua t ion  methodology i t s e l f  and a l s o  the  use i n  models of 

combat processes (e.g. a t t r i t i o n ,  FEBA movement, t a c t i c a l  dec is ion  making) 

of index numbers developed from these  weapon-system-type va lues ,  Concerning 

the  va lua t ion  methodology i t s e l f ,  i t  e a s i l y  passes the t e s t  of prima-facie 

v a l i d i t y ,  but t a  da t e  no experiments about whether t a c t i c a l  commanders, 

defense planners,  b a t t l e f i e l d  s o l d i e r s ,  e t c .  a c t u a l l y  va lue  weapon-system 

types t h i s  way have been conducted t o  e s t a b l i s h  i t s  empir ical  v a l i d i t y  (sf, 

SHUBIK's [129] remarks on experimental gaming). Concerning t h e  use of index 

numbers derived from these  weapon-syetem-type values i n  combat-process 

63models, such models again e a s i l y  pass the  t e s t  of prima-facie v a l i d i t y  . 
A s  with any type of combat model, however, empir ical  v a l i d i t y  is an open 

quest ion because of t he  s c a r c i t y  of combat d a t a  ( r e c a l l  our d iscuss ion  i n  

Sect ion 1.2 above and see Sect ion 7.22 below). One point  t h a t  is r a t h e r  

i r o n i c  i n  view of t h e  cu r r en t  f a sh ionab i l i t y  of d e t a i l e d  models today and 

bears  s p e c i a l  note  is the  f a c t  the  ava i l ab l e  r e a l  combat d a t a  doea not  

support inves t iga t ing .  t he  empir ical  v a l i d i t y  of d e t a i l e d  combat models but 

only t h a t  of r e l a t i v e l y  simple, aggregated large-uni t  models (z 
Sect ion 7.22 and HUBER, LOW, and TAYLOR [95 ]  f o r  f u r t h e r  d e t a i l u ) .  



F i m l l y ,  a very important point  t h a t  has not been mentioned and appormt ly  

has been overlooked is t h a t  aggregated-force casual ty-rate  and FEBA-movement 

curves ( s ee  Sect ions 7.13 and 7.15) t h a t  were developed f o r  one s e t  of -
firepower scores  must be r eca l ib ra t ed  f o r  these  new imputed values based on 

single-system k i l l  r a t e s .  For example, i f  one uses the  A T I B  casual ty-rate  

curves a s  IDAGAM [6, p. 531 does but with weapon-syseem-type scores  developed 

by the  an t ipo ten t i a l -po ten t i a l  method, then the  casual ty-rate  curves must 

be reva l ida ted  f o r  t he  new weapon-system-type sco res ,  s i n c e  d i f f e r e n t  f i r e -  

power scores  o r ig ina l ly  produced t h e  derived da t a  poin ts  upon which the  

curves ace based (E 1841). I n  o ther  words, firepower sco res  ( ca l l ed  

t h e o r e t i c a l  l e t h a l i t y  ind ices  i n  [841) were used t o  convert r a w  h1,ntor ical  

da t a  (numbers of men and mater ia l )  i n t o  derived h i s t o r i c a l  da t a  ( force  r a t i o s  

and combat-environment desc r ip to r s )  from which the  ciiaualty-rate curves 

were developed (seeFigure 7.20 and a l s o  1841) . It c e r t a i n l y  is  not obvious 

a p r i o r i  t h a t  a d i f f e r e n t  set of firepower scores  (such a s  produced by the 

an t ipo ten t i a l -po ten t i a l  method) would lead  t o  t he  same curves,  and t h i s  

point  regarding the v a l i d i t y  of empirically-based func t iona l  r e l a t i o n s  

developed f o r  one s e t  of firepower scores  when d i f f e r e n t  scores  a r e  l a t e r  

used t o  compute force  r a t i o s  should be f u r t h e r  inves t iga ted .  

Thus, we have exposed the  reader  t o  a number of ob jec t ions  t h a t  

have been ra i sed  aga ins t  t h i s  new weapon-system-valuation methodology. 

The in t e re s t ed  reader can f ind  f u r t h e r  discussions of t h i s  matter i n  the  

references c i t e d  I n  t h i s  sec t ion .  However, the  author does not  be l i eve  

t h a t  these objec t ions  are any more se r ious  than can be r a i s ed  aga ins t  

e s s e n t i a l l y  any other  combat-modelling methodology. Furthermore, 
d 

t he re  a r e  times when aggregated-force models based on index numbers must be 

ueed, and t h i s  new methodology appears t o  overcome many of t h e  shortcomings o 

the  old 2urely-judgmentally-based firepower-score method. 



Figure 7.20.  Process of developing casualty curves from raw 

historical data via valuation of weapon-system 


types. 




7.20. g r a r c h i c a l - M o d e l l i n g  Approaches. 

A s  we have eeen above, one can e i t h e r  model t he  force-on-force combat 

a t t r i t i o n  process i n  d e t a i l  o r  use some type of aggregat ion approach t a  model 

i t  i n  no t  s o  much d e t a i l .  Each approach has  i ts  s t r e n g t h s  and weaknesses. 

Modelling i n  d ~ t a i l  produces very complex models t h a t  a r e  more credible64 t o  

many people, apparent ly  mainly because they do conta in  more d e t a i l .  However, 

f o r  many (of t he se  very same) people such d e t a i l e d  models of large-scale  combat 

operat ions a r e  f a r  too  complicated t o  be understood, requi re  too  much input  

da ta ,  and ( i n  general)  are j u s t  no t  responsXve enough. On t h e  o the r  hand, 

aggregated combat models a r e  f a s t  running, do no t  r equ i r e  a s  l a rge  d a t a  bases ,  

and a r e  much more responsive. However, they do lack  a c e r t a i n  amount of c r e d i b i  

and many of t h e i r  inputs  a r e  not  der ivable  from phys ica l ly  measurable q u a n t i t i e s  

[14]. But y e t  f o r  many defense-planning purposes t h e r e  is a need f o r  l a rge-  

s c a l e  (e.g. thea te r - leve l )  fast-running models (e.g. -DARE [42,pp. 286-2871) 

How can one represen t  large-scale  combat i n  an aggregated fashion and 

s t i l l  maintain c r e d i b i l i t y ?  The hierarchical-model l ing approach at tempts  t o  

-so lve  t h i s  formidable problem by combining the  s t r e n g t h s  of high-resolut ion 

d e t a i l e d  combat models of small-unit  operat ions with those  of low-resolution 

aggregated models of large-scale  combat operat ions.  The bas i c  i d e a  is t o  run 

the  d e t a i l e d  modal (o r  models) t o  generate  d a t a  f o r  es t imat ing  parameters ( i . e .  

input  da ta )  f o r  an aggregated model. In  t h i s  way, the  output  d a t a  of a high-

r e so lu t fon  combat model is used ae t h e  input  d a t a  f o r  a low-resolution combat 

model. This is a l s o  t he  bas i c  i dea  behind t h e  f i t ted-parameter  a n a l y t i c a l  model 

which w a s  discussed i n  Sect ione 5.1 and e spec i a l l y  5.15 above (seeFigures 5 .1  

and 5.12 again) .  



i 

Although ( t o  the bes t  understanding of t h i s  au thor )  t he  i d e a  of such a 

h ie ra rchy  of models has been around f o r  some t i m e ,  r ecen t  i n t e r e s t  i n  the  Unite 

S t a t e s  and an a t tendant  a n a l y t i c a l  framework apparent ly  da t e s  from t h e  Ph.D. 

t h e s i s  of G. CLARK [34] i n  1969 (see,a l s o  [351). Subsequently, CLARK'S ideas  

have been used by a couple of o rganiza t ions  i n  t he  United S t a t e s .  For example, 

Research Analysis Corporation (RAC) ( l a t e r  GRC) has employed t h i s  approach (see 
STOCKTON [137]) t o  use output  from CARMONETTE t o  develop combat-results t a b l e s  

f o r  assess ing  engagement outcomes i n  t h e  Divis ion B a t t l e  Model (DBM) [47] (9 

a l s o  [64]) .  

Apparently, however, such a h i e r a r c h i c a l  approach has been much more 

wldely used i n  NATO coun t r i e s  f o r  a v a r i e t y  of reasons.  There a r e  well-develop 

h i e r a r c h i e s  of models i n  both tho United Kingdom (UK) and a l s o  t he  Federal  

J Republic of Germany (FRG) [ 4 l ]  (seea l s o  DARE [42] ,  FISCHER and HUBER [ 5 7 ] ,  and 

NIEMEYER [119]). In f a c t ,  the  b e s t  conceptual d i scuss ion  of the  h i e r a r ch i ca l -  

combat-modelling approach known t o  t h i s  author  is t h e  recent  one by D. P. DARE 

[42] of t h e  UK (see [64, Appendix A], however). 



7.21. S ign i f i can t  Modelling I ssues .  

We have b r i e f l y  touched upon the conceptual bases ( i . e .  methodolc 

f o r  a s se s s ing  c a s u a l t i e s  i n  t a c t i c a l  engagements i n  war games and other  

combat s imulat ions i n  t h e  above sec t ions .  However, t he re  remain a numbe 

of s i g n i f i c a n t  problems involved with the  implementation of such methodc 

and bui ld ing  ope ra t i ona l  modele of combat (cf. our  d i scuss ion  of t he  a r t  

of modelling i n  Sect ion 7.1 above). Here we w i l l  b r i e f l y  i n d i c a t e  what 

some of t h e  i s s u e s  a r e .  The following i s  the re fo re  a l ist  of what appez 

t o  t h e  author  t o  be some of t he  s i g n i f i c a n t  modelling i s sues :  

(1) s c a l e  of  opera t ions  t o  be  represented,  

(2)  s i g n i f i c a n t  f a c t o r s  ( i .  e va r i ab l e s )  t o  b e  represented,  

(3) degree of r e so lu t ion  versus  amount of d e t a i l ,  

(4) represen ta t ion  of time and space, 

(5) assessment of b a t t l e  outcomes. 

Time p roh ib i t s  any d e t a i l e d  discussion of a l l  these  important i s s  

so l e t  us focus on one a r e a  t h a t  holds p a r t i c u l a r  promLse but (unfortuna 

has apparent ly  not  been appreciated by m i l i t a r y  OR workers a s  much a s  i t  

should have been: namely, t h e  i d e n t i f i c a t i o n  and c l a s s i f i c a t i o n  of t he  

s i g n i f i c a n t  va r i ab l e s  i n  combat. The American m i l i t a r y  h i s t o r i a n  and 

combat ana lys t  COL TREVOR M. DUPUY [86]  (U. S. Army, r e t . )  has developed 

the following c l a e s i f  i c a t i o n  of combat va r i ab l e s  : 



(1) environmental  va r iab les - those  which a f f e c t  t h e  e f f e c t i v e n a s s  

o f  weapons, 

(2 )  o p e r a t i o n a l  va r iab les - those  which i n f l u e n c e  t h e  employment 

of weapons and f o r c e s ,  

A. t a n g i b l e  

B. i n t a n g i b l e .  

DUPUY [ 4 8 ;  491 has  developed methodology f o r  s y s t e m a t i c a l l y  app ly ing  t h e  

e f f e c t s  of such v a r i a b l e s  (see Table 7.XI) t o  h i s  own fire-power-score 

method of combat a n a l y s i s ,  which h e  c a l l s  t h e  Quant i f i ed  Judgment Method 

of Analysis  (QJMA). H e  h a s  t h e  advantage of a p p a r e n t l y  be ing  e s s e n t i a l l y  

t h e  only  person i n  t h e  United S t a t e s  t o  have genera ted  new primary combat 

d a t a  from h i s t o r i c a l  r ecords ,  and combat model lers  and a n a l y s t s  should 

g e t  many new i d e a s  from h i s  work. 



TABLE 7.XI. The Si.gnificant Combat Variables of T. W. 13UPU'l [ 8 6 ] .  

Environmental 

Variables 

Operational 

Variables 

A. Weapons e f fec t s  

B .  Terrain factors 

C. Weather factors 

D. Posture factors 

E .  Mobility e f f e c t s  

1 F. Tactical decision-making effect^ 

I 
G .  Vulnerability factors 

H .  Tactical a ir  e f f e c t s  

I .  Intengible factors 



7.22. H i s t o r i c d  Validat ion of A t t r i t i o n  Models. 

What confidence do we have t h a t  our  models can a c t u a l l y  pre- 

d i c t  what might happen i n  fu tu re  poss ib le  combat? What i s  the  b a s i s  

of our knowledge about m i l i t a r y  combat t h a t  i s  represented by these  

models? Following STUART CHASE [ 2 9 ] ,  i t  is  poseible  f o r  us t o  i d e n t i  

a t  l e a s t  seven methods f o r  obtaining sirch knowledge: 

(MI) appeal  t o  t h e  superna tura l ,  

(M2) appeal  t o  worldly m i l i t a r y  a u t h o r i t y  -- t h e  higher 

ranking the  b e t t e r  , 

(M3) l i s t e n  t o  t h e  claims of t h e  most compelling con- 

t r a c t o r  o r  advisor  ( i .  e. t h e  best  "snake-oil 

salesman"), 

(M4) i n t u i t  ion, 

(M5) common sense, 

(M6) pure log ic ,  

and (M7) t h e S c i e t i t i f i c M e t h o d ,  

'L'hese approaches a r e ,  of course,  not mutually exc lus ive  and o f t en  

overlap, Unfortunately,  t he  S c i e n t i f i c  Method has not always been 

the  source of knowledge i n  defense-planning work65, end the simple 

f a c t  is t h a t  i f  we a r e  honest,  t he re  a r e  some severe l i m i t a t i o n s  on 

the cur ren t  state-of-the-art  a s  f a r  as how l i t e r a l l y  we should he l i ev  



model ou tpu t s .  The main problem i s  t h a t  t h e  n a t u r e  and q b a l i t y  

of the  a v a i l a b l e  combat d a t a  is s o  extremely poor66 t h a t  we have no 

r e l i a b l e  "bench mark" a g a i n s t  which t o  " c a l i b r a t e "  our  combat models 

Compared w i t h  t h e  p h y s i c a l  s c i e n c e s ,  t h e r e  is  an  almost complete l a c  

of h i s t o r i c a l  combat d a t a  (see Sec t ion  1.2 above). Although f u t u r e  

combat may be q u i t e  u n l i k e  t h a t ' o f  t h e  p a s t  due t o  t h e  i n t r o d u c t i o n  

new technologies  and weaponry, i t  does seem d e s i r a b l e  t o  ( i n  some se, 

c a l i b r a t e  our  models wi th  p a s t  m i l i t a r y  opera t ions .  

Does such a  model ( n e c e s s a r i l y  a n  a b s t r a c t i o n )  a g r e e  (o r ,  a t  

least, n o t  d i s a g r e e )  w i t h  t h e  r e a l i t i e s  of t h e  p h y s i c a l  world ( e i t h e  

now o r  i n  a p o s s i b l e  f u t u r e ) ?  Thus, t h e  combat s c i e n t i s t  is faced 

w i t h  t h e  v e r y  p r a c t i c a l  problan of v e r i f y i n q  a  combat model, perhaps 

w i t h  r e s p e c t  t o  f u t u r e  p o s s i b l e  c i rcumstances  and not  even t h e  r e a l i  

t ies of today.  I n  g e n e r a l ,  t h e  problem of v e r i f y i n g  models of man/ 

machine systems is q u i t e  d i f f i c u l t  (e.g. see NAYLOR and FINGER [118 

o r  VAN HORN [151] ) , and  combat models i n  p a r t i c u l a r  p r e s e n t  a  number 

s p e c i a l  s u b t l e t i e s  (E a l s o  HUBER, LOW, and TAYLOR [95, Appendix C ]  

a l though  t h e  p rocess  of model v e r i f  i ce t ion6 '  f r e q u e n t l y  appears  t o  

t h e  u n i n i t i a t e d  t o  be s t ra ight- forward.  We w i l l  now d i s c u s s  a  few o  

t h e s e  s u b t l e  p o i n t s ,  but  more c a r e f u l  r e f l e c t i v e  d i s c u s s i g n  is need-

ed on t h i s  d i f f i c u l t  s u b j e c t .  

S p e c i a l  rmbt le t  i e a  p r e s e n t  i n  t h e  e c i e n t f f  i c  v e r i f i c a t i o n  

of combat models a r e  a s  fol lows:  

I 



(1) p r i n c i p l e  of uniformitar ianism does no t  hold,  

(2)  systems a r e  on1.y p a r t i a l l y  observable ,  

(3)  conceptual b a s i s  of knowledge i s  more l i k e  t h a t  i n  t h e  

s o c i a l  sc iences  than t h a t  i n  t h e  phys ica l  sciences .  

Thp, phys ica l  sc iences  a r e  e s s e n t i a l l y  based on t h e  p r i n c i p l e  o f  

uniformitar ianism,  which holds  t h a t  phys ica l  and b io log i ca l  process- 

es ,  condi t ions ,  and opera t ions  do not  change over t ime (i.e. uni-

formity over t ime).  For example, in geology t h e  d o c t r i n e  of uniform- 

i t a r i an i sm holds  t h a t  t h e  presen t  is t h e  key t o  t h e  pas t  [112]. This 

p r inc ip l e ,  of course,  does  no t  hold f o r  planning models of new fu- 

t u r e  environments (e.8. s e e  BOWLAM) [ 9 3 ] ) .  Thus, t h e  combat model- 

let f a c e s  a s p e c i a l  problen (which has gone l a r g e l y  unnoticed) i n  

ve r i fy ing  h i s  models: t h e  empir ical  d a t a  base f o r  t h e  t e s t i n g  of 

such a model i s  from t h e  r e a l  world ( ~ a s t ) ,  whereas t he  p red i c t i on  

from t h e  model is  f o r  t h e  r e a l  world ( fu tu re ) .  What i s  meant by 

t h e  v e r i f i c a t i o n  of such a planning model i s  in need of c r i t i c a l  

examination. Addi t iona l ly ,  i n  cont rasc  t o  t he  modelling of purely 

physical  sys tens ,  combat models involve (1) hardware (e.8. weapons) 

and phys ica l  processes ,  (2) people,  and (3 )  organiza t iona l  s t r u c t u r e s  

Although h u ~ a n  behavior in combat may not  chan,e apprec iab ly  over 

t ime, weapons ( i .  e. hardware) and organiza t iona l  s t r u c t u r e s  have and 

w i l l  cont inue t o  change apprec iab ly .  Thus, t h e  p r i n c i p l e  of uniform-

i ta r lan iem does not hold f o r  combat ana lybie ,  and we cannot use t h e  

pas t  by i t s e l f  t o  p red i c t  t h e  f u t n ~ e  f o r  combat opera t ione .  



Furthermore, s i n c e  wars a r e  fought f o r  reasons o ther  than 

j u s t  f o r  c o l l e c t i n g  combat d a t a ,  wen our knowledge a s  t o  what 

has occurred i n  pas t  combat is imperfect a d  incomplete. One might 

even say i n  t echn ica l  jargon that m i l i t a r y  sys t aa s  in combat a r e  

only " p a r t i a l l y  observable.  " F i n a l l y ,  s i n c e  combat models resemble 

social-science models more than physical-science ones,  t h e  s tandards 

of knowledge about combat should be more l i k e  those  of t h e  s o c i a l  

sc iences  than those  of t h e  physical  sc iences .  Unfortunately,  t h i s  

has  caused d i f f i c u l t i e s ,  s i n c e  t h e  backgrounds of most m i l i t a r y  OR 

workers a r e  most c l o s e l y  r e l a t e d  t o  t h e  l a t t e r  f i e l d  (i,.e. t he  

phys ica l  sc iences) .  It appears  t h a t  e p i s t m o l o g i c a l  concepts :ram 
t h e  s o c i a l  sc iences  should be q u i t e  u se fu l  and p o s s i b i l i t i e s  i n  t h i s  

d i r e c t i o n  should be f u r t h e r  explored i n  the  fu tu re .  

Before we consider  t h e  s p e c i f i c s  of t h e  v e r i f i c a t i o n  of come 

ba t  models, it s e a s  app rop r i a t e  f o r  US t o  b r i e f l y  consider the 

sources,  na ture ,  and a v a i l a b i l i t y  of combat F i r s t l y ,  one 

should d i s t i n g u i s h  between two types  of combat da ta :  

(TI) r e a l  combat da ta ,  

(T2) simulated combat da t a  ( i . e .  da t a  generated i n  a simulated 

combat environment by f i e l d  experiments, f i e l d  exe rc i s e s ,  

war games, machine s imulat ions,  e t c  .) 

The two basic  primary sources  of r e a l  combat da t a  a r e  (seeMcQUIE e t  a 1  

[I101 o r  McQUIE [ log ]  f o r  fu r the r  d e t a i l s )  : 



(S l )  a rch ives ,  

(S2 )  o f f i c i a l  m i l i t a r y  h i s t o r i e s .  

Unfortunately,  q u a n t i t a t i v e  d a t a  t h a t  is  needed from these primary 

sources f o r  v e r i f i c a t i o n  of mathematical models of combat i s  not  

r ead i ly  ava i lab le :  t he  ex t r ac t ion  of such q u a n t i t a t i v e  da t a  from 

archives  r equ i r e s  g rea t  investment i n  manpower of a highly spec i a l i zed  

nature (one e s s e n t i a l l y  needs a m i l i t a r y  h i s t o r i a n ) ,  while the o f f i c i a l  

h i s t o r i e s  ( a t  l e a s t  those f o r  the  U. S.  Army) a r e  purely n a r r a t i v e  and 

do not contain t a b l e s ,  graphs, o r  appendices with da t a  [log].  (Moreover, 

a glance a t  Russian works l i k e  SIDORENKO [131] i nd ica t e s  t h a t  such 

quan t i t a t i ve  h i s t o r i c a l  s t u d i e s  have been undertaken with vigor  i n  the  

Soviet Union.) COL T.  N. DUPW (U. S. Army, r e t . )  and h i s  a s soc i a t e s  

a t  the H i s t o r i c a l  Evaluation and Research urganizat ion (HERO) a r e  

some of the few people t o  have conducted research on the a rch iva l  d a t a  

(e.g. s e e  [ 8 4 ]  or  [ 8 5 ] ;  --see  a l s o  DUPUY [49]) and must be considered the  

only bona f i d e  exper t s  on i t .  Moreover, HERO has provided (from 

winter 1975 u n t i l  spr ing  1978) a "Combat Data Subscript ion S ~ r v i c e , "  

whose volumes conta in  q u a n t i t a t i v e  d a t a  ( labor ious ly)  ex t rac ted  from 
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archives , Fina l ly ,  secondary sources of r e a l  combat d a t a  a r e  d i s -  

cussed i n  many of the papers mentioned l a t e r  i n  t h i s  sec t ion .  

Af te r  a thorough study of the sources,  na ture ,  and a v a i l a b i l i t y  

of r e a l  combat da t a ,  McQUlE et a l .  [I101 concluded t h a t  f o r  the purposes 

of s t a t i s t i c a l  ana lys i s ,  the  da t a  ava i l ab l e  on World War I1 and Korea 

a r e  "inadequate, incomplete, and probably biased." Incompleteness is 

a p a r t i c u l a r  problem with da t a  measured f o r  one engagement 



f requent ly  not ava i l ab l e  f o r  o the r s  [110]. Moreover, the  ava i l -  

a b l e  real combat d a t a  is e s s e n t i a l l y  of an  aggregated ( a s  opposed to  

d e t a i l e d )  na ture ,  i.e. %can counts" f o r  t h e  l a r g e r  combat u n i t s  (see 

McQUIE e t  a l .  [110] o r  McQUIE 11091 f o r  f u r t h e r  d e t a i l s ) .  In o ther  

words, t h e  a v a i l a b l e  h i s t o r i c a l  records  do not  provide d e t a i l e d  com- 

ba t  d a t a  such as the  pos i t i ons  of ind iv idua l  weapons, t a r g e t s  en-

gaged, engagement condi t ions  f o r  i nd iv idua l  t a r g e t  -f irer combinat ions 

( including t h e  number of rounds expended a t  each t a r g e t ) ,  e t c .  Thus, 

t h e  a v a i l a b l e  r e a l  combat da t a  does  not  support v e s f f i c a t i o n  of de-

t a i l e d  combat models, but i t  only suppor t s  such inves t i ga t ions  of 

r e l a t i v e l y  simple aggregated l a r g e - u n i t  models (E Sect ion 7.3 ( a l so  

TAYLOR [I45 1) f o r  a  d i scuss ion  of d e t a i l e d  ve r sus  aggregated combat- 

a t t r i t i o n  models). 

However, using simulated combat da t a ,  one can in p r i n c i p l e  

v e r i f y  e i t h e r  d e t a i l e d  smal l -un i t  (or even many-on-many) models o r  

t h e  submodels used in such models. There have apparexitly been some 

e f f o r t s  along t h e s e  l i n e s  (e.g. by t h e  U.S. Army's Combat Dwelop- 

ments Experimentation Command (CDEC)) but i n f o m a t i o n  disseminat ion 

about them i s  poor t o  nonexis tent .  The author  can supply no ~ p e c i f i c  

r e f e r ences  ou t a ide  of mentioning t h e  r e l a t i v e l y  recent  TETAM (Tact i c s l  

Ef fec t iveness  of Anti tank Miss i les )  s tudy by the  U.S. Army 131-33 1 

(seea l s o  ERYSON 1261 and THORP [1471). 

There have been some (but su rp r i e ing ly  few) a t tempts  t o  ve r i -  

f y  combat modela. To p lace  t h i s  work in proper perspec t ive ,  i t  is  

convenient t o  conceptual ly  f a c t o r  t h e  o v e r a l l  combat process  i n t o  

t h e  following four  components (E HUBER, LOW, and TAYLOR 195 1 far 

f u r t h e r  d e t a l l e )  : 



(1) a t t r i t i o n ,  

(2)  movement, 

(3) 3
C I (command, con t ro l ,  communications, and i n t e l l i g e n c e ) ,  

(4 )  support.  

Ve r f f i ea t ion  e f f o r t s  have concentrated on t h e  f i r s t  of these  four pro-

cesses, and f o r  present  purposes s o  w i l l  we. We may a l s o  consider 

t h a t  t h e r e  a r e  d i f f e r e n t  organiza t iona l  l e v e l s  a t  whish combat can be 

represented.  One example of such a set of l e v e l s  i s  as follows: 

I(e) l a rge  scale, 
(1) force-on-force 1 (b) small sca le ,  

(2)  many-on-many, 

(3) f ew-on4 ew, 

( 4 )  one-on-one, 

( 5 )  engineering design. 

The a v a i l a b l e  ( r e a l )  combat data6'  i s  only on Level 1 of the  

above c l a s s f f  i c a t  ion schene, i.e. force-on-force opera t ions ,  and 

then apparent ly predominantly f o r  large-scale  operar lone. Generally 

spurking, one can develop both d e t a i l e d  and a l s o  aggregated models 



-
of combat processes a t  each of t hese  f i v e  ( c i .  Ssct ion  7 . 3  

above) . Model ver f f  i ca t fon  off o r t  s, moreover, have pr imar i ly  con- 

sidered t h e  a r f r i t  ion f o r  such large-scale  f orce-on-force 

combat. E'urt hermore, t h e r e  a r e  eosent i d l y  only two genera l  approach- 

e s  f o r  ver i fy ing  72  (or t e s t i n g )  m c h  l a r g e  la rge-sca le  a t t r i t i o n  

models: 

( A l )  "replay" some p a r t i c u l a r  h i s t o r i c a l  b a t t l n ( s )  6 t o  s e e  

whecher or  not  t h e  model e a t  i s f  ac tor  i l y  "reproduces" 

t h e  h i s t o r i c a l  outcome(s), 

and (A2) find r e g u l a r i t i e s  o r  "patterns" i n  h i s t o r i c a l  b a t t i e  

da t a ,  and then determine whether o r  not t h e  l n ~ d e l  ex-

h i b i t s  a s imi l a r  t , . .  

The first approach has gene ra l ly  involved large-scale de t a i l ed  models 

and Large-scale aggregated d a t a  (e.g. see FAIN e t  a l e  [541, and one 

can r a i s e  s r r i o u e  objec t  ions about i t s  s c i e n t i f i c  v a l i d i t y  (2below) 

The second approach has genera l ly  involved la rge-sca le  aggregated 

models and large-scale  aggregated da t a  and has by and l a r g e  only con- 

s idered the  c l a s s i c  constant-cc4ef f i c  i e n t  LANCHESTEX-type equat ions 

f o r  modern warfare. v i th  r a t h e r  mixed r e s u l t s  being reported (see 
below f o r  f u r t h e r  d e t a i l s ) .  To t h i s  au thor ,  t h e  general  consensus 

seems t o  be that such a simple func t iona l  form is  not  v i o l e n t l y  

contradicted by the ava i l ab l e  combat d a t a  but  t h a t  t h e  consequent 

model p r e d i c t h n s  a r e  s t a t i s t i c a l l y  too inaccura te  f o r  p r a c t i c d  use  

[ 7 7 1  (& McUuie e t  a l .  [110, p.  931). A c a r e f u l  review and in te -  

g ra t ion  of wrch pas t  work is lacking and seems t o  be i n  order  before 

plowing any new ground. 
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Now t h a t  w e  have e s t ab l i shed  the contex tua l  s e t t i n g  f o r  the 

h i s t o r i c a l  v a l i d a t i o n  of combat models, le t  u s  consider  a few par- 

t i c u l a r s .  A number of s t u d i e s  (=Table 7 XI^) have considered 

v e r i f i c a t i o n  of very simple WCHESTER-type models, i.e. LANCHESTER' s 

c l a s s i c  formulationra (2.2.1) and (2.4.1) and simple v a r i a t i o n s  there-  

o f .  I n  Table 7.XIIwegive t h e  au thors '  names and pub l i ca t i on  d a t e  

of every empir i c a l -ve r  i f  i c a t  ion examinat ion appearing in t h e  open 

l i t e r a t u r e  and known t o  t h e  author .  The exact r e f e r ence  t o  each 

p i e c e  of work may be obtained by consul t ing t h e  l ist  of r e f e r ences  

at t h e  end of t h i s  chapter .  A l l  t h i s  work has considered secondary 

sources and combat d a t a ,  i . e ,  d a t a  a v a i l a b l e  from o t h e r  sources  

such as h i s t o r y  books. Usually consider ing only  i n i t i a l  and f i n a l  

s t r eng ths  in numbers, i t :  has generated r e s u l t s  t h a t  a t  be s t  may be 

c a l l e d  inconclusive.  This  r e s u l t  i s  not  too su rp r i s ing ,  s i n c e  

"aggregated" f o r c e s  were constdered without any type  of "scoring" 

( i . e .  weighting) of t h e  va r ious  different weapon-system types  com- 

pr i s i ng  t h e  opposing heterogeneous forces .  

P o s i t i v e  r e s u l t s  ( i . e .  r e p o r t s  of t h e o r e t i c a l  consequences 

not a t  va r i ance  wi th  t h e  a v a i l a b l e  combat da t a )  have been reported 

by ENGEL [ 5 2 ] ,  WEISS [158; 1601, HELMBOLD [74-76; 79-80], SCHMIEMAN 

[1261, BUSSE [27],  and SAMZ [124]. For example, WEISS [I581 r e p o r t s  

t h a t  t h e r e  is some j u s t i f i c a t i o n  f o r  using UNCHESTER-type equat ions 

of modern warfare  (2.2.1) "as a point  of departure" i n  modelling 

combat. On t h e  o ther  hand, a f t e r  a r a t h e r  lengthy and comprehensive 

ana lys i s ,  WILLARD [162,p. 41 concluded t h a t  h i s  a n a l y s i s  d id  no t  

justify t h e  u se  of  LANCHESTER's c l a s s i c  equat ions (2.2.1) and 

(2.4.1) f o r  modelling large-scale  combat. This  conclusion is not  

a t  a l l  su rp r i s ing ,  s i n c e  heterogeneoue f o r c e s  were aggregated on t h e  



TABLE 7 .XII .  AuthorsWhoHave Investigated the Empirical Verification 

of LANCHESTER-Type Models of Warfare. 

J .  H .  ENGEL (1354) 

H .  K .  WEXSS (1957,  1966) 

R .  L. HELMBOLD' (1961a,  1961b. 1964a,  1964b, 1969, 1971a, 1971b) 

D.  WILLARD (1962) 

W .  A. SCHMIEMAN (1967) 

W. W .  FAIN, J .  B .  FAIN, L. FELDMAN and S .  SIMON (1970) 

J .  J .  BUSSE (1971) 

R .  W .  SAMZ (1972) 

J .  B .  FAIN (1977) 

'liere HELMBOLD (L961b) = the second paper published by H E W O L D  in 1961 
(E list of references a t  the end of this  chapter). 
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b a s i s  of numbers a lone  without any "scoring" of t h e  va r ious  d i f f e r e n t  

weapon-syst em types. Moreover, when such "scoring" is  used, much 

more p o s i t i v e  r e s u l t s  have been reported CE FAIN [53, pp. 38-39]). 

A s  we have previously discussed above, HELMBOLD (80, pp. 1-31 

has a p h a s i z e d  t h a t  t h e r e  a r e  only t h e  two genera l  approaches (Al) 

and (A2) f o r  ve r i fy ing  combat models: (All t h e  approach of "replay-

ing" some p a r t i c u l a r  b a t t l e ( s )  , and (A2) t h e  approach of looking f o r  

r e g u l a r i t i e s ,  o r  "pat terns ,"  in t h e  h i s t o r i c a l  b a t t l e  d a t a .  The 

usua l  d f f f  i c u l t y  with t h e  first appraach (At) is t h a t  i n s u f f i c i e n t  

da t a  i s  a v a i l a b l e  on any one h i s t o r i c a l  b a t t l e  t o  c a r r y  o u t  t h e  pro- 

posed comparison (see -HEWOLD (80] ; a l s o  McQUIE [I09 ]) . Even when 

s u f f i c i e n t  da t a  is a v a i l a b l e ,  r a t h e r  r e s t r i c t i v e  assumptions must 

be made about t h e  conduct of b a t t l e ,  and c r i t i c a l  a p p r a i s a l  of t he se  

assumptions leads  one t o  r a i s e  s e r ious  ob j ec t ions  about genera l iza-  

t i o n s  based on such an  examination (E HELMBOLD [go,  pp. 1-2 I f o r  

f u r t h e r  d e t a i l s ) .  The work by ENGEL [52], FAIN et a l .  [541, BUSSE 

[27],  and SAM2 [I241(E a l s o  BOULTON e t  al. [I911 f a l l s  i n t o  t h i s  

f i r s t  category (Al), while  t h a t  by WEISS [158; 1601, HELMBOLD [74-77: 

79-811, and SCHMIEMAN [ 1 2 6 ] f a l l s  i n t o  t h e  second category (A2). 

This  second approach (A2) is nothing more than t h e  Sc i en t i f  i c  Method 

of ve r i fy ing  a  model i n d i r e c t l y  through checking t e s t a b l e  conse-

quescee aga ins t  observat ions,  t h e  so-called hypothet ico-deduct i v e  

method ( see-MORRIS [113,pp. 101-1031). 

ENGEL'a work [521' g e t s  more a t t e n t i o n  from the  u n i n i t i a t e d  

than i t  probably should. Its weakness is t h a t  he estimated para- 

meters and a l s o  t e s t e d  t h e  model wi th  t h e  same set of d a t a  and forced 

a f i t  through t h e  i n i t i a l  and f i n a l  f o r c e  l e v e l s  f o r  t h e  b a t t l e  of 
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Iwo Jha. I n  f a c t ,  a l l  such a t tempts  a t  model v e r i f i c a t i o n  by 

method (MI) , I.e ,  h i s e ~ r i c a l  "replay,  " s u f f e r  from such d e f i c i e n c i e s  

(aee HEIJfEOLD [80, pp. 1-21 f o r  a f u r t h e r  d i scuss ion) .  On t h e  o ther  

hand, HELMBOLD'S work [74-77; 79-81] has  been much more comprehen- 

s ive .  He ha8 sought t o  i n d i r e c t l y  t e s t  LANCHESTER-type combat models 

aga ins t  t he  a v a i l a b l e  h i s t o r i c a l  d a t a  by empir ica l ly  examining t h e  

t e s t a b l e  consequences of such models (mFootnote 40 of Chapter 2 

f o r  f u r t h e r  d e t a i l s ) .  H e  has  appl ied  t h i s  approach not  only t o  

ground b a t t l e s  [74-761 but a l s o  t o  a i r  b a t t l e s  [a01 and has reported 

p o s i t i v e  r e s u l t s  concerning t h e  v a l i d i t y  of LANCHESTER-type combat 

models. More r ecen t ly ,  he [81] has  ercamined t h e  v a l i d i t y  of "break-

point-type" hypotheses (=Chapter 3) and found t h a t  "the breakpoint 

hypothesis  y i e l d s  t h e o r e t i c a l  impl ica t ions  t h a t  are a t  var iance  wi th  

t h e  a v a i l a b l e  b a t t l e  terminat ion da ta  in seve ra l  e s s e n t i a l  respec ts . "  

On t h e  o the r  hand, T. N. DUPUY [83-861 has  exmined combat 

da t a  from primary sources  and has i n  some sense shown t h e  v a l i d i t y  

of t h e  f irepower-score approach (see a l s o  [69 1) . H i s  work apparen t ly  

is t h e  o r i g i n a l  empir ical  b a s i s  f o r  both t he  ATLAS and a l s o  TBM (e 

11641) casua l ty- ra te  curves.  Subsequently, J. FAIN [ 5 3  1 has analyzed 

EERO (H i so t r i ca l  Evaluation and Research Organization) World War IT 

da ta  on 60 engagements in four  major I t a l i a n  campaigns and has repor- 

t ed  p o s i t i v e  r e s u l t s  concerning t h e  s c i e n t i f i c  v a l i d i t y  of LANCHESTER-

type  models of warfare  ( p a r t i c u l a r l y  when a "scoring" system is  used 

t o  aggregate  the heterogeneous fo rces ) .  She [53, p. 341 has anpha-

s ized  that the HERO d a t a  (of which she  examined only a small p a r t )  

is t h e  moat nea r ly  complete and accura te  k o l l e c t i o n  of combat da t a .  

Most r ecen t ly ,  DUPUY [ 4 9 !  has published a book Numbers, P red i c t i ons  



and War, which may be considered t o  h e  t he  culmination of about f i f  a-

teen years of h i s t o r i c a l  research  by DUPW and h i e  a s s o c i a t e s  a t  IIERO 

and makes t h e i r  work a v a i l a b l e  t o  t h e  genera l  publ ic .  Much more work 

should be done i n  t h i s  area. It i s  encouragfng t h a t  today HERO of-

f e r s  a "Combat Data Subscription ~ e r v i c e " ' ~  and a journa l  e n t i t l e d  

History, Numbers, and War. 



7.23. The Complexity Crisis. 

I t  appears t h a t  t he  t rend f o r  t he  f u t u r e  is f o r  t he  development and 

use of more d e t a i l e d  and complex combat models. This trend has,  however, cau 

an unant ic ipated r e s u l t :  i t  has c rea ted  a complexity c r i s i s .  In  f a c t ,  t h i s  

complexity c r i s i s  was even the theme of the  U. S. Army's Fi f t een th  Annual 

Operations Research Symposium held i n  1976 ( s ee  -HARDISON [71]) .  The complexi 

c r i s i s  has  manifested i t s e l f  i n  s e v e r a l  s i g n i f i c a n t  and far-reashinq ways suc 

a s  the  i n a b i l i t y  of var ious  DoD agencies t o  use t h e i r  complicated computer- 

based models t o  t h e i r  maximum p o t e n t i a l ,  o r  by the i n a b i l i t y  of m i l i t a r y  OR 

ana lys t s  t o  comsunicate model methodology (and hence the  q u a l i t y  of study-gen 

information) t o  dec is ion  makers74. This communication problem i s  e s p e c i a l l y  

acu te  because of t he  high degree of l abor  d i f f e r e n t i a t i o n  and s p e c i a l i z a t i o n  

DoD ana lys i s  a c t i v i t i e e  (s.g. IL'PPER [97] i d e n t i f i e s  t he  following d i f f e r e n t  

pa r t i c ipan t s :  users ,  des igners ,  developers,  producers, and managers of model 

and da t a  bases ,  and dec is ion /pol icy  makers; see a l s o  BREWER and SHUBIK [24]. 

The opera t iona l  combat models t h a t  we have mentioned i n  Sect ions 7.9 

and 7.17 above o re  very complex, p a r t i c u l a r l y  d e t a i l e d  models. Such cnmplica 

combat models must be implemented on a  d i g i t i a l  computer, and without thn 

modern high-speed large-scale  d i g i t i a l  computer they would be impossible.  

Consequently, d e t a i l e d  combat models (not  only the  Lanches ter-type ones w e  

have discussed above but  a l s o  high-resolut ion Monte Carlo s imulat ions)  a r e  

q u i t e  c o s t l y  t o  bu i ld ,  c o s t l y  t o  run, and generate  q u i t e  demanding data-base 

requirements ( see  [ 9 ]  f o r  f u r t h e r  d e t a i l s ) .  I n  o ther  words, such complicated 

opera t iona l  combat models are r a t h e r  demanding i n  resources  ( e spec i a l l y  

highly t echn ica l ly  q u a l i f i e d  peopole t o  maintain,  exe rc i s e ,  and modify them). 



In  f a c t ,  j u s t  evaluat ion75 of such complex models is a s i g n i f i c a n t  end by 

no means completely solved problem (e.g. see GASS [62] ) .  Addi t iona l ly ,  

t he  complexity of a model limits onc's a b i l i t y  t o  conduct u s e f u l  s e n s i t i v i t y  

and o ther  parametric analyses .  Thus, t h e r e  is  a d e f i n i t e  p r i c e  t o  pay f o r  

complexity, and those who demand more d e t a i l  a r e  f requent ly  no t  w i l l i n g  t o  pay 

t h e  p r i ce  f o r  i t  (e.g.  see t h e  d i scuss ion  by BONDER [14] ) .  

How should one go about r e so lv ing  t h i s  complexity c r i s i s ?  This  i s  a 

very d i f f i c u l t  and s u b t l e  quest ion t h a t  is f a r  beyond t h e  scope or  our modest 

e f f o r t s  here .  If t he  reader  has become aware t h a t  more d e t a i l  i s  not  always 

b e t t e r ,  t h a t  too  much d e t a i l  can cause a problem, and t h a t  s e r ious  thought 

should be devoted t o  t h i s  problem, then t h i s  s e c t i o n  has achieved its goal.  

Now t h a t  the  modelling community has proven t h a t  i t  can bu i ld  very d e t a i l e d  

and complicated combat models, how should i t  manage t h e i r  use? This is  n e t  

purely a t echn ica l  ques t ion ,  but one with o rgan iza t iona l ,  p ro fe s s iona l ,  

managerial, and soc io log ica l  aspect8 (2.STOCKFISCH [135; 1361, BREWER [22] ,  

and BREWER and SHUBIK [24]. 

The hierarchical-model l ing appzoach ( see  -Sect ion  7.20) may be thought 

one poss ib le  way t o  overcome the  complexity c r i s i s :  a d e t a i l e d  model is used 

t o  support a plore aggregated model. Along the sane l i n e s ,  a coll.eague of the  
b 
I 

author76 has suggested t h a t  t he  complex model should be used t o  educate t he  

m a l y s t ,  while a simple model should be used t o  c o m i n i c a t e  with the  dec i s ion  

maker. I n  o the r  words, complex combat models should be used as research too l s  

t o  determine bas i c  r e l a t i o n s  t h a t  can b e  presented t o  d e c i ~ i o n  makers with 

simple, t ransparen t ,  eaeily-understood model.+. The d e t a i l e d  coabat model coul  

be used as a device f o r  developing confidence i n  t h r  a b i l i t y  of t he  simple mod 



t o  r e f l e c t  the same t rends  a s  the  complex one and cohsequently f o r  g iv ing  

c r e d i b i l i t y  t o  t h e  simple model. I n  t h i s  context  t h e  complex model senres a s  

t he  "back-up" f o r  t h e  simple model7'. The reader  w i l l ,  of course,  recognize 

t h i s  approach a s  being e s s e n t i a l l y  t he  coordinated use of t he  large-scale  

complex opera t iona l  model with a simple auxilAary model (E Sect ion  7.1 

above; a l s o  IGNALL, KOLESAR, and WALKER [ 9 6 ]  f o r  a Lucid d i scuss ion  not i n  a 

defense contex t ) .  It should be c l e a r  t o  the reader  t h a t  more work on such 

modelling s t r a t e g i e s  f o r  large-scale  systems is  despera te ly  needed. 



FOOTNOTES FOR CHAPTER 7 


A s  t he  au thor ' s  col league Professor  C.  J. ANCKER of the  Universi ty  of 

Southern Ca l i fo rn i a  has  pointed ou t ,  i t  is not  genera l ly  t r u e  t h a t  a so-

c a l l e d  mean-value model (obtained by rep lac ing  a random v a r i a b l e  i n  a  

s t o c h a s t i c  model with i ts  mean value)  y i e l d s  a good approximation t o  

the  mean value of t h e  corresponding s t o c h a s t i c  process.  However, t he  

r e s u l t s  of Sec t ion  4.16 i n d i c a t e  t h a t  i f  t h e  i n i t i a l  f o r ce  l e v e l s  a r e  

"not small' ' and t h e  fo rces  a r e  "not near  pa r i t y , "  a de t e rmin i s t i c  

LANCHESTER-type combat model may be considered t o  approximately y i e l d  

the  mean course of combat i n  the  sense t h a t  i r  y i e l d s  very near ly  the 

same expected values  f o r  t he  fo rce  l e v e l s  as does t he  corresponding 

continuous-parameter MARKOV cha in  (;seeSect ion  4,2) f o r  the same va lues  

of model inputs .  Thus, i n  t h i s  very s p e c i a l  case  of exponentially-dis-

t r i bu t ed  times between c a s u a l t i e s ,  such a de t e rmin i s t i c  LANCHESTER-type 

model may indeed be considered t o  y i e l d  t he  mean course of combat (see 
Sect ion 4.16 f o r  f u r t h e r  d e t a i l s ) .  In  o the r  cases  (e .g.  some o the r  

d i s t r i b u t i o n  f o r  t h e  t imes between c a s u a l t i e s ) ,  however, t h i s  i s  not  

always t rue .  Thus, without the appropr ia te  q u a l i f i c a t i o n s  being observec 

i t  is scmply not t r u e  t h a t  such a de t e rmin i s t i c  model i nva r i ab ly  y i e l d s  

the  same r e s u l t s  f o r  the  mean course of combat n9 do correspmdrng 

atochastFc a t t r i t i o n  models (e.g. a Monte Carlo s imula t ion) .  Hopefully, 

w e  w i l l  s ee  f u r t h e r  c l a r i f i c a t i s n  of t h i s  important po in t  i n  the I r t e r a t t  

i n  the fu tu re .  



2 .  The Leverse process of s t a r t i n g  with a simple model and then e labora t ine  

upon + t  and enr ich ing  i t  i n  d e t a i l s  is, of course,  t he  approach usual ly  

used by madei developers t o  b u i l d  t h e i r  modela. gez W. T. MORRIS [I141 

f o r  a l uc id  d i scuss ion  of t h i s  enrichment process.  It is discussed l a t e  

i n  t h i s  s ec t i on .  

3. Ocr d iscuss ion  here  fol lows t h a t  i n  TAYLOR [143],  where these  i deas  w e r e  

apparent ly  f i r s t  a r t i c u l a t e d .  

4 .  GEOFFIUON [65] has suggested a s i m i l a r  conceptual approach of using a 

simple a u x i l i a r y  model t o  generate  t e n t a t i v e  hypotheses t o  be t e s t e d  i n  

a f u l l - s c a l e  ope ra t i ona l  model and thus t o  provAde guidance f o r  f u r t h e r  

(computerized) higher-resolut ion inva t%g&cions .  We a l s o  have f e l t  (E 

TAYLOR [140]) t h a t  the use of r e l a t i v e l y  simple a u x i l i a r y  models i n  con- 

junc t ion  with complex ope ra t i ona l  models has  much t o  o f f e r  f o r  t he  ana l j  

of m i l i t a r y  opera t ions  (see a l s o  NOLAN and SOVEREIGN [120] and WEISS 

Il591) 

5. Documentation about these models has been discussed i n  Chapter 1 (see 
Footnote 23 of Chapter 1 ) .  For the  r eade r ' s  easy re fe rence ,  however, It 

us point  out  t ha t  information about ATLAS may be found i n  KERLZN and 

COLE [gel  o r  [64].  Also, information about EOM)ER/IUA and its various 

de r iva t ive  models may be found i n  [9; l.5-16; 72; 1531, while  t h a t  about 

VECTOR-% may be found in (391 ( f o r  VECTOR-1, set 11541 or /117]) .  

6. See Footnote 1 above. Further  information about the comparison of de te?  

min i s t i c  and s t o c h a s t i c  LANCHZSTER-type models ( i n  p a r t i c u l a r ,  about thc 

comparison of a deterministic force- level  t r a j e c t o r y  with the  mem cour! 

of combat f o r  a currespsnding WOV-cha in  model) is t o  be found fn Sec 



7. VECTOR-2 promises [ I551 d e t a i l e d  r e p r e s e n t a t i o n  of 3t h e  C process ,  combat 

i n t e l l i g e n c e ,  and f u r t h e r  r e f inements  i n  t a r g e t  a c q u i s i t i o n  ( s e e  (391 f o r  t h e  -
f i n a l  p roduc t ) .  These p r o c e s s e s  were a p p a r e n t l y  n o t  modelled i n  d e t a i l  i n  

VECTOR-1 ( s e e  [117; 1541) b u t  r e q u i r e  user-suppl ied  - t a c t i c a l  d e c i s i o n  r u l e s  

f o r  t h e i r  r e p r e s e n t a t i o n .  Also ,  see TIEDE and LEAICE [ l 4 8 ]  f o r  some r e l a t e d  

i d e a s  concerning t h e  model l ing of t a c t i c a l  in fo rmat ion  systems.  

8 .  The command and c o n t r o l  system t r i e s  t o  avoid  wast ing f i r e  by engaging 

k i l l e d  t a r g e t s  o r  f a l s e  ones .  The uniform d i s t r i b u t i o n  of f i r e  over  

s u r v i v i n g  enemy t a r g e t s  r e f l e c t s  t h i s  miss ion.  

9.  Thus, t h e  t a r g e t - a c q u i s i t i o n ,  a l l o c a t i o n ,  and a t t r i t i o n  p rocesses  a r e  r epre -

.cc sen ted  by a n a l y t i c a l  submodels, whi le  movement (which c a u s e s  changes i n  

t h e  p o s i t i o n s  of weapons) is  represen ted  i n  a s imula to ry  manner. Bonder 

[13]has consequent ly  r e f e r r e d  t o  a model l i k e  BONDER/IUA o r  one of i t s  

many d e r i v a t i v e s  as a hybr id  a n a l y t i c a l - s i m u l a t i o n  model. 

10. Th i s  i s  t h e  approach a p p a r e n t l y  taken i n  AMSWAG (a  d e r i v a t i v e  of BONDER/IUA) 

[72] .  A more s o p h i . s t i c a t e d  approach would b e  t o  a l s o  modify t h e  a p p r o p r i a t e  

M C H E S T E R  a t t r i t i o n - r a t e  c o e f f i c i e n t s  t o  r e f l e c t  dec reased  v u l n e r a b i l i t y  

of suppressed combatants.  

11. The f i repower-score  approach h a s  been brief1.y d i s c u s s e d  i n  Chapter 1, and 

we w i l l  d i a c u s s  i t  f u r t h e r  i n  t h i s  c h a p t e r .  I n d i c e s  of  t h e  r e l a t i v e  combat 

c a p a b i l i t i e s  of m i l i t a r y  u n i t s  (based on a  " scor ing  system" f o r  t h e  weapons 

employed i n  t h e  u n i t s )  have b w n  used by m i l i t a r y  gamer9 and f o r c e  p l a n 2 e r s  



-- 

, .,>,.._ .. 
i n  the  United S t a t e s  f o r  a t  l e a s t  t h i r t y  f i ~ r e  years .  We a r c  tiere 

g e n e r i c a l . 1 ~  r e fe r r ing  t o  both such Indices  and the  associated scores  aa 

firepower scores .  (See Section 1 .3 ,  STOCKFISCH [ U S ,  pp. 7-91 , and 

Section 7. l lbelow f o r  a d i scuss ion  of the d i f f e r ence  i n  rnenning between 

the  words score and index a s  general ly  used i n  defenne a n a l y s e ~ ) .  Members 

of t h i s  family of scores  and ind ices  a r e  firepower score/ index of combat 

e f fec t iveness  (FSITCE), firepower p o t e n t i a l l u n i t  firepower po ten t i a l  

(FP!UPP) , firepower p o t e n t i a l  score/index of f ircpower p o t e n t i a l  (FPSIIFP), 

weapon ef fec t iveness  indexlweighted u n i t  value (WEI/WUV), weapon ef fec t ive-  

ness va lue /uni t  e f f ec t iveness  value (WEV/'UEV), ant ipocent j .a l  p o t e n t i a l ,  e t c .  

-.(see STOCKFZSCH 11351 f o r  f u r t h e r  references and a guide t o  the  l i t e r a t u r e  

-about firepower scozes; a l s ~  see  HONTG e t  a l .  [90,Appendix C t o  Chapter 11] 

and HOLTER [89]) .  When two names (separated by a "slash") a r e  giq~en above, 

the  f i r s t  name (e.g. FS) demt.es the scoring system f o r  weapon-system types,  

while the  second (e.g. ICF) i d e n t i f i e e  the index nurcber f o r  a u n i t ' s  capa-

b i l i t y .  The firepower-more approach has a l s o  Seen used i n  NATO coun t r i e s  

(e.g. =WOLF [163], WJDER e t  a l .  1941, or DARE [42]). 

12. We a r e  c a l l i n g  both di2ferent ial-equat ion and a l s o  difference-equation 

models LANCHESTER-type models. 35 pxact ice,  a l l  opera t iona l  models of 

combat systems of any degree of complexity use f in i t e -d i f f e r ence  methods 

f a r  computation and churr a r e  really difference-equat ion models. Iiowever, 

f o r  purposes of model bui lding,  i t  i s  much more convenient t o  th ink  

i n  terms of d i f f e r e n t i a l  e q u a t i a n ~ .  

13. Again (a l so  see Footnote 5 above), r n c s t ~ f  these models have been discussed 

i n  Chapter 1 ( w e  Fuotnotes I7 and 23 of Chapter 1). However, infomat.fon 

about T3M-68 (as w e l l  au a discuesion of t h e  concept of a thea te r - leve l  

"quick game") may be found i n  [ 1641 . 
612 



a n a l y s i s  neg lec ted  many important f a c t o r s  of g u e r r i l l a -

c o u n t e r g u e r r i l l a  o p e r a t i o n s  ( p a r t i c u l a r l y  t h e  e f f e c t  of t h e  a t t i t u d e  and 

support  of t h e  l o c a l  populat ion,  f o r  which t h e  two s i d e s  must contend by 

p o l i t i c a l ,  economic, and psycho log ica l  as w e l l  as m i l i t a r y  means). However, 

such f a c t o r s  may be represen ted  i n  t h e  model 's  parameters  (e .g .  f i g h t i n g  

e f f e c t i v e n e s s  o r  s i z e  o f  t h e  group) .  Also,  t h e y  might be expressed i n  

p r o b a b i l i s t i c  terms, bu t  DEITCWN d i d  no t  considex t h i s  a s p e c t  ( s e e  

KISI and HIROSE [ 1 0 3 ] f o r  an examination of t h e  p r o b a b i l i t y  of winning 

f o r  t h e  MARKOY-chain analogue of DEITCHMAN1s ambust model). 

15. Thus, DEPTCKMAN1s [ 4 4 ]  model i s  p u r e l y  d e t e r m i n i s t i c .  S t o c h a s t i c  a s p e c t s  

have been i n v e s t i g a t e d  by KISE and HIROSE [103] ,  who considered t h e  MARKOV-

c h a i n  v e r s i o n  of DE1TCHMAN1s ambush model and determined express ions  (bo th  

exac t  and a POISSON approximation) f o r  t h e  p r o b a b i l i t y  of winning a 

fixed-force-levei-breakpoint b a t t l e .  

16. The concept of phases  of insurgency i s  a p p a r e n t l y  due t o  MA0 TSE-TUNG 

(seeSCWFER [125,p. 4581). There  a r e  t h r e e  such phases,  w i t h  Phase 111 

being t r a d i t i o n a l  n a t i o n a l  war fa re .  The f i r s t  two phases of insurgency 

a r e  c h a r a c t e r i z e d  by smal l - force  ground-yielding o p e r a t i o n s  by t h e  

I n s u r g e n t s  b u t  o v e r a l l  m i l i t a r y  s u p e r i o r i t y  of t h e  coun te r insurgen t s .  

During Phase X I  t h e  i n s u r g e n t s '  o p e r a t i o n s  e s c a l a t e  i n  m i l i t a r y  c h a r a c t e r  

but  remain b a s i c a l l y  smal l - force  g u e r r i l l a  a c t i v i t i e s  designed t o  cause  

t h e  d t f e n s e  t o  fragment ( i . e ,  t h e  engagements arc l o c a l i z e d  and 

r e l a t i v e l y  i s o l a t e d ) .  During Phaae 111 t h e  insurgen t3  t a k e  t h e  s t r a t e g i c  

o f f e n s i v e  and o p e r a t e  wi th  l a r g e r ,  more convent ional  f o r c e s  i n  more 

t r a d i t i o n a l  m i l i t a r y  ways (see a l s o  1701 o r  (1081). 



17- Thus, one o b t a i n s  v a l u a b l e  guidance f o r  s e l e c t i n g  numerical  va lues  f o r  

t h e  c o e f f i c i e n t s  i n  (7 .6 .2) :  p ick  l a r g e r  v a l u e s  f o r  t h e  c o e f f i c i . c n t s  

p and q corresponding t o  t roops  t h a t  a r e  poorer i n  mot iva t ion  and 

d i s c i p l i n e .  

18. To determine whether o r  n o t  t h e  s o l u t i o n  t o  a p a r t i c u l a r  d i f f e r e n t i a l  

equa t ion  i e  e x p r e s s i b l e  i n  terms of "elementary" f u n c t i o n s  i s  a very 

d i f f i c u l t  advanced-mathematica.1 t a s k  ( s e e- Footnote  5 of Chapter 6 f o r  a 

f u r t h e r  d i s c u s s i o n ) .  Here a l l  w e  mean i s  t h a t  (based on our mathematical  

exper ience and I n t u i t i o n )  we f e e l  t h a t  t h e  s t a tement  i s  v e r y  l i k e l y  t o  

be t r u e .  

19. Here we mean "primary" ( a s  opposed t o  "supporting") weapons system. The 

r e a d e r  may t h i n k  of a f o r c e  composed e n t i r e l y  of primary weapon systems 

as being i n f a n t r y  ( s e e  -WEISS [159,p. 1801 f o r  f u r t h e r  d e t a i l s ) .  

20. SCHAFFER [125,p. 4701 s t a t e d  t h a t  (7.6.8) ho lds  approximately i f  
Cu 


C 0.2% and t h a t  a "more exac t  formulbl accounting; f o r  over lapping
'%"I." 

e f f e c t s  would be" 

where Tv deno tes  t h e  "time i t  takes t o  f i r e  v rounds." SCHAFFERU 


a l s o  gave a more p r e c i s e  d e f i n i t i o n  of 
a%' 



21. E s s e n t i a l l y  a l l  c o m p l e x ~ o p e r a t i o n a l  LAMCHESTER-type combat models t h a t  

r e p r e s e n t  engagements i n  d e t a i l  ( i . e .  do not  aggrega te  f o r c e s  wi th  f i r e -  

power s c o r e s )  and a r e  i n  c u r r e n t  o p e r a t i o n a l  u s e  i n  t h e  United S t a t e s  

have been developed by t h e  p r i n c i p a l s  of Vector Research,  Inc .  The 

d i s c u s s i o n  here  fo l lows  t h a t  of BONDER and FARRELL [15 ,  pp. 11-17]. 

22 .  The v a l u e  o f  such an a l l o c a t i o n  f a c t o r  may, of course ,  change dur ing  an  

engagement, and t h u s  we should denote  i t  a s  being a f u n c t i o n  of t i m e ,  

e.g.  $i, = $ p . 

23.  We a r e  j u s t i f i e d  i n  doing s o  because each of t h e  v a r i a b l e s  upon which 

such an a t t r i t i o n - r a t e  c o e f f i c i e n t  d i r e c t l y  depends (see Sec t ion  5.11) 

may be considered t o  be a f u n c t i o n  of t i m e .  Hence, i t  is p o s s i b l e  t o  

e x p l i c i t l y  determine t h e  v a l u e  of such a n  a t t r i t i o n - r a t e  c o e f f i c i e n t  

as a f u n c t i o n  of time (cf.Sec t ion  6 .2) .  

24. Actua l ly ,  t h e  r e s u l t s  were a p p a r e n t l y  obta ined by o t h e r s  and summarized 

by SNOW 1 1 3 % ~ .i i i ] .  

25. Documentation about t h e s e  models have been d i scussed  above i n  Footnote  5 

( s e e  a l e o  Footnote  23 of Chapter 1, BOSTWICK e t  a l .  [ 183 , CORDESMAN [ 401,-
and FARRELL [ 551 ) . 

26. Here w e  mean a model t h a t  r e p r e s e n t s  some of t h e  complex i t i e s  of a c t u a l  

combat o p e r a t i o n s .  Such a model may be used t o  a d d r e s s  o p e r a t i o n a l  

problems. 



2 7 .  Our d i s c u s s i o n  h e r e  f o l l o w s  t h a t  of BONDER and FARRELL [ 1 5 ,  pp. 11-12]. 

28. M i l i t a r y  p lanners  have a p p a r e n t l y  used t h e  f i repower-score  approach 

( s e e-below i n  t h e  main t e x t )  f o r  a t  l e a s t  t h i r t y  y e a r s  (sea MULHOLLAKD 

and SRECHT [ I 1 6 1  t o  p l a n  o p e r a t i o n s  and t o  p l a n  and c o n t r o l  t a c t i c a l  

e x e r c i s e s .  Although t h e  o r i g i n s  of u s i n g  f i repower  s c o r e s  f o r  t h e s e  

purposes  a r e  somewhat o b s c u r q t h e y  a r e  s t i l l  i n  u s e  today (25% t h e  

U .  S .  Army's f i e l d  manual FM 105-5 [ 7 3 ] ) .  Furthermore,  i t  s p p e a r s  as 

though such u s e  of f i repower  s c o r e s  i n  p lanning was t h e  o r i g i n  of t h e i r  

u s e  by OR workers f o r  model l ing l a r g e - s c a l e  ground combat. 

2 9 .  Examples of  such s c o r e s l i n d i c e s  a r e  g iven i n  Foo tno te  11 above. BODE [ l o ]  

h a s  g iven a n  e x c e l l e n t  d i s c u s s i o n  of  t h e  u s e  of  such index numbers i n  

general-purpose f o r c e  a n a l y s i s ,  whi le  PLDRICH and BODE [ l ]  have given a 

l u c i d  d i s c u s s i o n  of t h e  concep tua l  problems of aggrega t ion  i n  t h e a t e r - l e v e l  

combat mod.els 4 

30. The one excep t ion  is t h e  a n t i p o t e n t i a l  p o t e n t i a l  o r  WEV/UEV ( s e e  -
Footnote 11 above, HOWES and THRALL [92] ,  and ANDERSON [ 3 - 4 1 ;  

s e e  ALSO S e c t i o n  7.18),  which may be  e x e r c i s e d  i n  t h e  running of -
IDAGAM (E ANDERSON e t  a l .  [ 6 ] ) .  ATLAS and o t h e r  models t h a t  

employ t h e  f i repower-score  approach have,  however, been i n  t h e  r e c e n t  

p a s t  much more widely used i n  t h e  United S t a t e s  than IDAGAM (see [ 9 ] ) .  

31. Our d i s c u m i o n  h e r e  f o l l o w s  t h a t  a l r e a d y  given i n  Sec t ion  1 .3 ,  bu t  we have 

repea ted  p a r t  of  it h e r e  i n  o r d e r  t o  g i v e  t h e  reader  a complete  and u n i f i e d  

overview of  t h e  t o p i c  of a g g r e g a t i o n  of  f o r c e s .  



32. Many times the first aeaeasment (i.e. determination of engagement outcome) 


is omitted. For example, ATLAS and IDAGAM only do the last two assessments. 


However, some models (e .g .  Theater Battle Model (TBM-682 [164]) determine 

the outcome of an engagement (e.g. whether or not an attack is successful) 


before assessing casualties. In this case, the ca~ualty-assessment curves 


depend an the engagement's outcome Figures 4 through 7 of [164]), 


33. For a slightly different discussion of the developments of this section, 


see TAYLOR (1421.
-

3 4 .  Examples of such casualty-rate curves may be found in the documentation 

for the following large-scale ground-combat models (seealso Footnote 5 

above): ATLAS 118; 981; CEM [25 ;  1061, TBM-68 [164] and TAGS [50-,511. 

.-See HONIG et aL. [go]  for a general discussion about such large-scale 

models (but for the period before 1971). Although IDAGAM does not use 

firepower scores (see Footnotellabove), it uses the same casualty-rate 
-
curves as ATLAS (see [6, p. 531). In fact, it is statd on p. 53 of [6] 


that until bet,ter historical data is available, the standard functional 


relationships (used in ATLAS) between force ratios and percent casualties 


must still be used. Finally, models used for NATO planning also employ 


the firepower-score approach and similar casualty-rate curves (e.g. see
-
[ 9 4 ,  pp. 287-2981 ) . 

32. -See Footnote 32 and also Footnote 5. 


33. For example, as shown in Figure 7.14, ATLAS [ 6 4 ]  distinguishes between 

seven different types of engagements. 




37. Subsequent r e s e a r c h  by t h e  au thor  (E TAYLOR [ I44  1) has  shown t h i s  assumpa 

t i o n  t o  be necessary .  I t  w a s  not  o r i g n a l l y  given by TAYLOR and PAKRY [141 

( s e e-a l s o  S e c t i o n s  6.6 and 6.13 above).  

38. Here, aga in ,  f o r c e  r a t i o  means t h e  r a t i o  of f i repower  ind iceo  (A/D). 

39. I n  CEM [25,  p. 21; 1 0 6 , p .  351, f o r  example, t h e  type of engagement i s  

determined by t h e  miss ions  of opposing f o r c e s  and, where a p p r o p r i a t e ,  t h e  

type  of d e f e n s i v e  p o s i t i o n .  I n  t h i s  f a s h i o n  t h e  t a c t i c a l  d e c i s i o n s  ( i . e .  

miss ion ass ignments)  of commanders i n f l u e n c e  FEBA movement through t h e  

de te rmina t ion  of engagement type  (see t h e  l a s t  paragraph of Sec t ion  7.12 

f o r  f u r t h e r  d e t a i l s ) . ,  

40. Ra tes  of advance f o r  s imulated l a r g e - s c a l e  ground-combat a p e r a t i o n s  a r e  

u s u a l l y  given as t a b l e s  o r  c u r v e s  (e.g.  see [ 25; 46; 64; 90; 106; 1641 

WAINSTEIN [156-157land n o t  as mathematical  r e l a t i o n s .  See EMERSON [ 511, 

however, f o r  aome o t h e r  f u n c t i o n a l  r e l a t i o n s .  An e x c e l l e n t  survey of r a t e -

advance modell ing (wi th  some European p e r s p e c t i v e s )  is t o  be found i n  GOAO 

41. -See a l s o  TAYLOR [142]. 

42. With t h e  excep t ion  of t h a t  f o r  TACWAR [ l o o ]  ( formerly  c a l l e d  TACNUC [102]) 

( a l s o  see KERLIN e t  a l .  [ l o l l ) ,  r e f e r e n c e s  t o  documentation about t h e s e  

models h a s  a l r e s d y  been given i n  Footnotes  5 ,  13,  and 34 above ( s e e  a l s o  -
Footnote 23 of Chapter 1 ) .  



a 4 3 .  It should be emphasized t o  the reader  here t h a t  we  a r e  generica1l.y using 

t.he term firepower-score approach t o  r e f e r  t o  any one of a family of index-

number approaches f o r  determining the  va lue  (o r  score)  of an i nd iv idua l  

weapon-system type and then the  combat c a p a b i l i t y  (or  value)  of t he  

m i l i t a r y  u n i t  employing them (see Footnote 11 above).  A simple l i n e a r  mode 

is  used t o  aggregate the firepower c a p a b i l i t i e s  of a l l  the  d i f f e r e n t  

weapons i n  the  u n i t  ( r e c a l l  t he  example given i n  Table 1.11).  

44. In IDACAM [6 ]  (9a l s o  SHUPACK [130]) t a c t i c a l  dec is ions  such a s  a l l o c a t i o  

and movement of reserve  d iv i s ions ,  t o  a t t a c k  (or  no t )  and where, and with- 

drawal of d iv i s ions  from a s e c t o r  a r e  haudled by the  thea te r -cont ro l  model. 

Force r a t i o s  (based on some type of scor ing  f a r  weapon-system types) a r e  on 

a£ s e v e r a l  f a c t o r s  considered i n  a lgori thms modelling these  t a c t i c a l  

decis ions.  Moreover, t he re  a r e  a  number of d i f f e r e n t  op t ions  ( i n  a l l  13) 

ava i l ab l e  t o  t he  u se r  of IDAGAM ( s ee-SHUPACK [130, pp. 86-97]), a l l  but 

one of which use fo rce  r a t i o s  t o  s c a l e  t h e  magnitude of combat l o s se s .  

It is  the re fo re  pos s ib l e  t o  use TANCHESTER-type e q u a t i o t s  LYy themselves 

without any such s c a l i n g  ( i . e .  use tht h e  13-- a t t r i t i o n  opt ion)  t o  model 

combat l o s s e s  and use fo rce  r a t i o s  only f o r  modelling t a c t i c a l  dec is ions .  

The CEM model [25;  1061 does something s i m i l a r  i n  no t  using fo rce  r a t i o s  

f o r  the  assessment of c a s u a l t i e s  but using them only i n  t h e  madelling 

of t a c t i c a l  dec is ions .  Thus, t h e  p o s s i b i l i t y  e x i s t s  of using a  d e t a i l e d  

(e.g. WCHESTER-type) model of a t t r i t i o n  i n  conjunct ion wi th  a  t a c t i c a l -
* 

dec i s ion  model t h a t  uses  fo rce  r a t i o s .  JIt is i n t e r e s t i n g  t o  no te  t h a t  

the  need f o r  some aggregation method f o r  quant i fy ing  t h e  m i l i t a r y  
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c a p a b i l i t y  of f i g h t i n g  u n i t s  fo r  uee i n  a t ac t i ca l -dec i s ion  algorithm i n  

a c losed ( i . e .  no human in t e rven t ion )  model of large-scale  combat operationr 

is never mentioned by c ' i t i c s  of the firepower-score approach. 

45. This i d e a  wae apparent ly  independently proposed by SPUDXCH [134], DARE 

and JAMES [43],  and HOWS and THRALL [91] (see a l s o  [92] ) .  Early work 

was done by ANDERSON [2 ]  (see a l s o  [5] )  and HOLTER [89].  Some f u r t h e r  

references t o  work done by U. S. Army ana lys t s  is t o  be found i n  [149]. 

See a l s o  ANDERSON [3; 4 )  f o r  ome f u r t h e r  background ma te r i a l  and -
references.  

46. Here we a r e  using t h e  term LANCHESTER a t t r i t i o n - r a t e  c o e f f i c i e n t  i n  i t s  

broadest sense  t o  denote t he  k i l l  rate of a s i n g l e  weapon-system type again6 

a p a r t i c u l a r  enemy weapon-system type. Consequently, no assumption a t  a l l  

is being h:de here  t h a t  any LANCHESTER-type model be used o r  even represents  

t he  a t t r i t i o n  f o r  such an engagement. For example, i u  s e v e r a l  U.  S. Army 

s t u d i e s  [89; 149, Chapter 301 the  Divis ion B a t t l e  Model (DBM) was used t o  

generate  t h e  "casual ty  data" from which single-system k i l l  rates were 

computed. In o the r  casee,  d e t a i l e d  Monte Carlo combat s imulat ions have been 

used t o  generate  "k i l le r -v ic t im scoreboard" (i.e. a matr ix  whose elements 

show how many of each weapon-system type were destroyed i n  a b o t t l e  by 

each weapon-system type on t h e  opposing s ide )  i n  so-cal.led weapon-aquivalenc 

s t u d i e s  (E [149, Chapter 301 f o r  f u r t h e r  d e t a i l s ) .  Further  information 

.-. on approaches f o r  determining single-syetem k i l l  r a t e e  is  t o  be found i n  

Chapter 5. 



47. IDAGAM is a thea ter - leve l  combat model t h a t  is  widely used i n  the United 

S t a t e s  and elsewhere (see Section 7.17). I t  is one of the major models o 

thea ter - leve l  combat and i s  p r i n c i p a l l y  used a t  the  jo in t - serv ice  l e v e l  

of s tud ie s  and analyses.  

48. Some a l t e r n a t i v e  hypotheses f o r  imputing values t o  weapon-system types a r  

discussed i n  HOWES and THRALL [91; 921. These au thors ,  however, recornmen1 

the  one we have given here.  

49. For no ta t iona l  convenience, we have denoted here  a s  an a t t r i t i o n -  

r a t e  coe f f i c i en t  t h a t  include8 t h e  e f f e c t s  of t h e  f i r e - a l loca t ion  process 

and t h a t  we have denoted above a s  A 
i j  

Thus, t h e  reader  should bear  i n  

mind t h a t  such an a t t r i t i o n - r a t e  c o e f f i c i e n t  a s  
a i j  

changes when the  

d i s t r i b u t i o n  of f i r e  by a Y f i r e r  type changes. 
j 

50. For f u r t h e r  information and background about the  PERRON-FROBENIUS theorem 

which goes back t o  r e s u l t s  af PERRON [I211 and FRUBENIUS [60], see 
GANTMACHER [61, Chapter 131, VARGA [152, Chapter 21, and SENETA [128]. 

I 
I 

51. Here we have used the  term "admissible", s ince  we must l i m i t  ourselves 

t o  those transformations of s c a l e  t h a t  preserve the fundamental requireme 

t h a t  ex and E,~ must always be nonnegative. Henceforth we w i l l  omit 

the  word " a d d s e i b l e "  when r e f e r r i n g  t o  such transformations of s c a l e ,  

but t he  reader  should keep the above r e s t r i c t i o n  i n  mind. 



52. A l l  modern computer cen te r s  have "canned" algori thmic rou t ines  avai lable  

f o r  numerically so lv ing  such eigenvalue problems and determining the  

eigenvector assoc ia ted  with a p a r t i c u l a r  eigenvalue. 

53. Such apparent antimonies a s  discussed here  are ,  unfortunately,  inherent  

t o  t h i s  l i n e a r  model f o r  imputing values t o  weapon-system types.  Howeve 

the  choice of s ca l ing  method ev ident ly  does inf luence  which p a r t i c u l a r  

cases  w i l l  be plagued by such apparent ly anomalous behavior. Purfhermor 

(and more important ly) ,  w e  show i n  Sect ion 7.19 t h a t  such antimonies are  

more apparent than r e a l .  

54. In  the  2 x 2 case (E Example 7.18.2), one must have (allbll + a12b21) 

> (a21b12 + a22b21) ?.n order  t h a t  s: be defined when aZlbll + a22b21 

55. I n  real-world s tud ie s ,  t he  time and resources ava i l ab l e  invar iab ly  d i c t a  

whether o r  not a de t a i l ed  model can be used. A d e t a i l e d  model l i k e  

VECTOR-2 requi res  approximately f i v e  t o  ten  times the  number of da t a  

i npu t s  a s  does an aggregated model l i k e  IDAGAM ( see  [150, p. 531). 

Even a r e l a t i v e l y  simple thea ter - leve l  model a s  ATLAS requ i r e s  a f a i r  

amount of resources j u s t  t o  be prepared f o r  a new s e t  of production runs 

i t  requi res  2-4 months t o  acquire  a f r e sh  d a t a  base and 1 man-month 

t o  s t r u c t u r e  t h i s  d a t a  i n  the  model's input  format [ 9 ,  p. 381. A 

de t a i l ed  model l i k e  VECTOR-2 requi res  i n f i n i t e l y  more time f o r  t he  prepa 

t i o n  of inputs .  Thus, t he re  i s  a need f o r  thea ter - leve l  modela t h a t  a r e  

Isrt running ( including data-base preparat ion)  and e a s i l y  modified, i . e .  



so-called "quick games" (E [X64]). It has always s t ruck  t h i s  au thcr  

as being r a t h e r  unfa. i r  t o  c r i t i c i z e  ATLAS because i t  is  a r e l a t i v e l y  

s imple model t ha t  does not  demand a l o t  of t i m e  and resources  t o  be run. 

Such c r i t i c s  appear t o  have fo rgo t t en  t h a t  ATLAS was developed a s  a 

"quick-gameo' model (see [ 1 6 4 ] )  ( i t  evolved out  of a model c a l l e d  

ccmputerizad QUICK GAME [ 9 9 ]  (B a l s o  LOW [107, Appendix Dl)) and t h a t  

i t  was not developed f o r  d e t a i l e d  in vestige ti^^.^ of t hea t e r - l eve l  combat 

[98, P* 51. 

5 6 .  STOCKFISCIi [ 1 3 5 ,  p. 61 has used the  term immaturity t o  denote t h e  s t a t e  

of a f f a i r s  i n  which t h e  phenomenological bases of t h e  f i e l d  a r e  no t  w e l l  

e s t ab l i shed .  In  such a  f i e l d  ( a s  combat o r  c o n f l i c t  a n a l y s i s ) ,  epistemolc 

quest ions abound (ofter,  i n  t h e  guise  of quest ions about methodology) becau 

the  correspondence between the r e a l  world and the  model world has not  been 

i r r e f u t a b l y  e s t ab l i shed .  This s i t u a t i o n  should be cont ras ted  t o  t h a t  f o r  

c l a s s i c a l  physics i n  which (within t h e i r  realm of a p p l i c a b i l i t y )  phys ica l  

laws a r e  s o  wel l  e s t ab l i shed  t h a t  one does no t  suggest t he  use of a l t e r n a t  

paradigms ( i . e .  ques t ions  a b o ~ c  methodology do not  a r i s e ) .  STUUCH [138, 

pp. 13-15] has pointed ou t  t h a t  i n  an immature f i e l d  l i k e  defense ana lys i s  

t h e  app l i ca t i on  of q u a n t i t a t i v e  methodology t o  a problem (denoted by him 

as a squishy problem) d i f f e r s  fundamentally from that f o r  a r igorous ly  

q u a n t i f i a b l e  problem i n  a  mature f i e l d  because t he  ana lys t  must exe rc i s e  

judgment (E, i n  p a r t i c u l a r ,  1138, p. x i i i ] )  t o  a b s t r a c t  a formal p r ~ b l e n  

and a t tendant  mathematical model from an i l l - de f ined  problem regarding 

phenomena not well understood (seea l s o  1138, pp. 3-20]). 



I 

Besides being difficult and costly just to maintain and run, complex 


models are particularly difficult to evaluate (E GASS [62! (also 
I

[63]) for a funther discueaion), especially when documentation is 


lacking (zi150, pp. 25-31] for a particularly lucid discussion of 

documentation and other related management problems). As we have 


already noted many times, documentation is a particular problem for 


combat models (-see SZYMCZAK [I391 for not only a lucid discussion of 

problems within the defense-analysis community but also some interestj 


suggestims for improving current documentation practices). 


See Footnote 43 above. 
-

However, there is Ear from univereal agreement concerning many of the 


details of FARRELL's investigation (e.g. -see ANDERSON [ 5 ,  pp. vii-viii 

The statements made here are based on further investigations that time 


and space do not permit us to document in complete detail.. 

ANDEWON [5, p. vtii] has pointed out that (if desired) there are 

straightfoward ways of preventing such behavior, for example, with 


the antipotential-potential method in IDAGAM (seeSHUPACK [I301 for 

further details) . 

The author would like to thank his colleague G. OWEN for exposing him 


to the literature of p~rad02rea of rationality. Professor OWEN has 

emphasized that the oecutrence of such paradoxes did not result in 
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researchers  abandoning t ry ing  t o  apply game theory t o  problem of 

r a t i o n a l  behavior but ins tead  provided r a t i o n a l e  for f u r t h e r  (more 

sophis t ica ted)  ana lys i s .  He has added t h a t  what appears t o  be a 

beginner as a paradox invar iab ly  appears t o  the  seamned game t h e o r i s t  

a8 pe r f ec t ly  i n t u i t i v e l y  obvious behavior,  

63. Frequently,  such models a r e  challenged because they a r e  too simpla, but 

any experienced modeller can take the  basic paradigm and bui ld  a more 

complicated model through the  process of model enrichment (see. 

Sect ion 7 . 1  above and MORRIS [114] f o r  f u r t h e r  d e t a i l s ) .  

64. It is i n t e r e s t i n g . t o  na t e  t h a t  determination of whether such a model 

i s  ltconvincinggl o r  "crediblet '  i s  apparent ly based on l o g i c a l  gromds  

and not based on t e s t i n g  aga ins t  any empir ica l  data .  In  Sect ion 7.22 

we w i l l  d i scuss  the problem of h i s t o r i c a l  va l ida t ion  of combat models. 

To t h e  bes t  of t h i s  author 's,  knowledge, no de t a i l ed  combat model has  

ever  been va l ida t ed  aga ins t  h i s t o r i c a l  d a t a ,  e s s e n t i a l l y  because of t hc  

qua l i t y  of ava i l ab l e  h i s t o r i c a l  combat d a t a  (seeSect ion 7.22, McQUIE 

e t  a l .  [l10!, McQUIE [ log ] ,  and/or HUBER, LOW, TAYLOR [ 9 5 ]  f o r  f u r t h e r  

d e t a i l s )  . 

65. A recent  U. S. General Accounting Office (GAO) [150] study has emphasized 

tha t  empir ica l  study is necessary t o  s t rengthen the  s c i e n t i f i c  foundation 

and o b j e c t i v i t y  of defense decieion making (see a l s o  BREWER and HALL 

[23], STRAUCH [138], STOCKFISCH [135; 1361, and BREWER and SHUBIK [24j ) .  



See HELMBOLD 1771, McQUIE e t  a l .  [llOl, and McQUZG [I091 for  discus~fons66. -
of the  l imi ted  a v d l a b i l l t y  o f  h? . s to r i ca l  combat d a t a ,  H E M O L D  ddscusae 

t he  na ture  of d a t a  avai1abl.e from secondary sources  (e.g.  h i s t o r y  books), 

while McQUIE [ l og ]  ({Ea l s o  (1101) d i scusses  t he  nat ure of d a t a  ava i l ab l  

from primary sources (e.g.  u n i t  r e p o r t s  and o f f i c i a l  m i l t i a r y  h i s t o r i e s ) .  

Addit ional ly ,  McQUiE discuuses  t he  shortcomings of t he  h i s t o r i c a l  combat 

d a t a  t h a t  does e x i s t .  H e  provides an outs tanding discussion of t he  natur  

a v a i l a b i l i t y ,  and q u a l i t y  of h i s t o r i c a l  da t a .  

67.? We a r e  here  using the  words "ve r i f i ca t i on"  and "val idat ion" i n t e r c t ~ m g e -

ably. Many authars d i s t i n g u i s h  Setween the  v e r i f i c a t i o n  and t h e  v a l f d a t i  

of a model, but t he re  i s  apparent ly  no cons i s t en t  use of these terms i n  

t h e  l i t e r a t u r e  (E, f o r  example, MORRIS [113],  FISHMAN and KIVIAT [58 ] ,  

BONDER [ l l ,  pp. 68-70], VAN HORN [151], and NAYLOR and FINGER [118]).  

For our present  purposes, however, such a d i s t i n c t i o n  does no t  seem warra 

espec i a l l y  s ince  t he re  i s  no t  cons i s t en t  use of these. t e r n  i n  the  

l i t e r a t u r e .  

68. Unfortunately,  t h i s  unique se rv i ce  had t o  be terminated a f t e r  only two 

volumes of (quar te r ly)  publ ica t ion ,  apparent ly  due t o  Lack of support.  

69.  Simulated combat d a t a  of one form o r  another  e x i s t s  on e s s e n t i a l l y  a l l  

l e v e l s ,  p a r t i c u l a r l y  t h e  lower l e v e l s  (i.e. few-on-few and below). 

70. BONDER [I31 has  considered models of d i f f e r e n t  combat processes a t  t h r ee  

d i f f e r e n t  l eve l s :  (1) i nd iv idua l  f i r e r  aga ins t  a  passive uarget ,  

(2) small-unit  combat ( b a t t a l i o n  and below), and (3) large-scale  combat 

626 




H e  has discuaaed the v e r i f i c a t i o n  of models a t  these three  system 

l e v e l s ,  Based on our knowledge of ;he ava i l ab l e  combat data, nuch 

ver l . f ico t ion  can only pe r t a in  t o  airnulared (and not r c a l )  combat: 

da t a  (here some of f i e l d  experimentation),  but t h i s  f a c t  i a  not 

e x p l i c i t l y  pointed out t o  the  reader .  No references are givcn by 

BONDER [131, 

71. Some niltable exceptions have been the HERO ORALFORE study [85] and work 

by COCKRELL [J!5], GOAD [ 6 7 ]  (see e l s o  [ 6 8 ] ) ,  and GRAVES [69], which have 

inves t iga ted  h i s t o r i c a l  FEBA movement (see a l s o  [46; 491). Again, large-

u n i t  o p e r a t i u u ~ ;  ware considered. 

72. Our d iscuss ion  here follows HELMBOLI) [SO, pp. 1-31. There &re,  of course,
cP 

other  pos i t i ons  t h a t  one can take concerning the  v e r i f i c a t t o n  of models 

(see,- espec ia l ly ,  NAYLOR and FINGER [lla]). I n  the main t e x t  we have 

presented the two t h a t  a r e  moot germane t o  combat models. 

73. See Footnote 68 above. 

74. The author  would l i k e  t o  thank LTC Richard S. Mi l le r ,  U. S. A r m y ,  of 

t he  Naval Postgraduate School f o r  marry of the  Ldeas discussed here,  

a s  wel l  a s  elsewhere i n  this sec t ion .  The author is ,  of course,  so l e ly  

responsible  f o r  the views expressed tere. 



75. GASS [62 ]  (see a180 [63])  has considered tire eva lua t ion  of computerized 

complex models t o  c o n s i s t  of the  i n t e r r e l a t e d  tasks  of model 

-:er fFiea t ion  asid %val,idation. Here, v e r i f i c a t i o n  is  taken t o  mean the 

attempt t o  ensure t h a t  a u1~d81behaves as the  ana lys ts  ( i . e .  model 

formulators and computer programmers) intended, while va l ida t ion  is 

the t e s t i n g  of the  agreamnt between the behhvfor of the  model and 

t h e  rsal-world sys  tern Being modelled (seeFISHMAS and i?WIAT [58]  ; 

see also, however, F o o t ~ o t e67 above). As we have ind ica led  above i n-
Section 9.22, the v a l i d n t u m  o f  even slnple c m b a t  models against 

h i s t o r i c a l  d a t s  is a p a r t i c u l a r i y  d i f f i c u l t  tsok.  

16 .  LTC Richard S. Milcr ,  U. S ,  Army,  of the  Eaval Postgraduate School 

see also Footnote 74 above).(--

For exmples of the a c t u a l  use of: this approach, ~ N T W E Y E B[3.19], 

WIEGAfill) [161], and ASBm [ 7 1 ,  Each of t he  f?.rst  two West German 

authors  [119; 1611 has b r i e f l y  discussed one so-called TRBND model, 

which is  a structurally r a t h e r  s imple  aggregated de t e rmin i s t i c  

s imulat ion model. that reprodi~cesr e s u l t s  of the more deca i led  in t e r -  

ac t ive  computerized theatwy-level war game RELACS (- a l s o  DARE [411). 

A S E D  [ 7 ]  has s i d h r i y  reported about t h e  development of d r c i a r i v e l y  

simple aggregated a d e l  and the cmpar i son  of i t s  r e s u l t s  with thass 

obtained from IDAGAK (a much %re de ta i l ed  theater- level  modelj. 



REFERENCES f o r  Chapter 7 

1. J. R. Aldrich and J. R.  Bode, "The Aggregation Problem i n  Models of 
R e n t e r - L e v e l  Warfare," BDMIW-77-129-BR, The BDM Corporat ion,  McLean, 
V i r g i n i a ,  September 1977. 

2 .  L. B. Anderaon, "A Method of Determining Linear  Weighting Values f o r  
I n d i v i d u a l  Weapons S y s t e m , "  Working Paper WP-4, P r o j e c t  23-04, I n s t i -
t u t e  f a r  Defense h a l y s e s ,  Ar l ing ton ,  V i r g i n i a ,  December 1971. 

3. I,. 8. Andergon, "References on Ant i -Po ten t ia l  P o t e n t i a l  (The Eigen- 
v a l u e  Met h ~ d  f o r  Computing Weapon Values) ," Working Paper WP-2, 
P r o j e c t  23-31, I n s t i t u t e  f o r  Defense Analyses,  Ar l ing ton ,  V i r g i n i a ,  
March 1974. 

4. L. B. Anderaon, "A B r i e f i n g  on Ant i -Po ten t ia l  P o t e n t i a l  (The Eigen- 
valuc? Methiid f o r  Computing Weapon v a l u e s ) ,  " Working Paper WP-2, 
P r o j e c t  23-71, I n s t i t u t e  f o r  Defense Analyses,  Ar l ing ton ,  V i r g i n i a ,  
November 1977. 

5. L. 5. .4nderson, " A r ~ t i p o t e n t i a l  P o t e n t i a l , "  N-845, I n s t i t u t e  f o r  Defense 
Analyoes, A.rl.inpron, V i r g i n i a ,  A p r i l  1979. 

6. i. 8. Andcroon, J. Eracken, J. G. Healy, M. J. HutzXer, and E. P. Ker-
l i n ,  "IDA Ground-Air Model I (IDAGAM I ) ,  Volume 1: Comprehensive 
Descxtpt ion,"  R-199, I n s t i t u t e  f o r  Defense Analyses,  Ar l ing ton ,  
V i r g i n i a ,  Qc tober  1974. 

7. N. Asbed, "Comparison of R e s u l t s  from IDAGAM w i t h  an  Aggregated Com-
bat Model," pp. 122-129 i n  "Theater-Level Gaming and Analysis  Workshop 
f o r  Force Planning,  Volume I - Proceedings," SRI I n t e r n a t i o n a l ,  
Menlo Park, C a l i f o r n i a ,  September 1977. 

8. B. Barr, "Techniques f o r  I n c l  uding Suppress ive  E f f e c t s  i n  Lanches t e r -  
Type Combat Models," M.S. Thesis  i n  Operat ions  Research, Naval Post-
g radua te  School,  Monterey, C a l i f o r n i a ,  March 1974 (AD 918 847L). 

9.  D. J. Berg and M. E. S t r i c k l a n d ,  "Catalog of War Gaming and M i l i t a r y  
Simulat ion Models ( 7 t h  E d i t i o n ) , "  SAGA-180-77, S t u d i e s ,  Ana lys i s ,  and 
Gaming Agency, Organizat ions  of t h e  J o i n t  Chiefs  of S t a f f ,  Washington, 
D. C., August 1977. 

10. J. R. Bode, " lnd ices  of E f f e c t i v e n e s s  i n  General  Purpose Force Ana lys i s ,  
BDMIW-74-070-TR, The BDM C' ,rporation,  Vienna, V i r g i n i a ,  October 1974. 

11. S. Bonder. "Overations Research and M i l i t a r y  Planning,"  Tab A i n  
Topics i n - M i l i t a r y  Operat ions  Research, he- ~ n i v e r s i ~ ~of Michigan, 
Ann Arbor, Michigan, August 1969. 

.l2. S. Bonder, "Operations Research Education: Some Requirements and 
Def ic ienc ies , "  Opns. Res. 21, 796-809 (1973). 



13. S. Bonder, ''An Ovenriew of Land Bat t l o  Modelling i n  t h e  U. S .," 
pp.  73-88 i n  Proceeding8 of t h e  T h i r t e e n t h  Annual U.S. Army Opera- 
t i o n s  Reeearch Symposium, F o r t  Lee, V i r g i n i a ,  19 74. 

14.  S. Bonder, "Theater-Lava1 Models," pp. 30-39 i n  Theater-Level Gaming 
and Analysis  Workshop f o r  Force Planning,  Volume I - Proceedic:gs," 
SRI I n t e r n a t i o n a l ,  Menlo Park, C a l i f o r n i a ,  1977. 

15.  S. Bonder and R. L. F a r r e l l  ( E d i t o r s ) ,  "Development of Models f o r  
Defense Systems Planning,"  Report No. SRL 2147 TR 70-2, Systems 
Research Laboratory ,  The Univers i ty  o f  Michigan, Ann Arbor, Michigan, 
September 1970 (AD 714 677).  

16.  S. Bonder and J. Honig, "An A n a l y t i c a l  Model of Ground Combat: D e s i g ~  
and Appl ica t ion ,  I' pp .~~ 319-394 i n  P  r o 
Army Operat ions  Research Symposium, Durham, North Carol inn,  19 71. 

17. H. E. Boren and G.  W. Corwin, "CURVES: A Cost Analysis  Curve-Fit t ing 
Program," R-1753-PR, The RAND Corporat ion,  San ta  Monica, C a l i f o r n i a ,  
December 19 75. 

18. S. Bostwick, F. Brandi ,  C. Burnhhm, and J. Hurt ,  "The I n t e r f a c e  
between DYNTACS-X and Bonder-IUA," pp. 494-502 i n  Proceedings of t h e  
T h i r t e e n t h  Annual U.S. Army Operat ions  Research Symposium, For t  Lee, 
V i r g i n i a ,  1974. 

19. M. a. F. Boulton,  N. J. Hopkins, J. B. Fain,  and W. F. Fa in ,  "Com-
p a r i n g  Resu l t s  from a War Came and a Computer Simulat ion,"  pp. 739-
755 i n  Proceedings of t h e  Four th  I n t e r n a t i o n a l  Conference on Opera-
t i o n a l  Research,  D. B ,  Her tz  and J, Melese ( E d i t o r s ) ,  Wiley-Inter-  
s c i e n c e ,  New York, 1966. 

20. H. Brackney, "The Dynamics o f  M i l i t a r y  Combat," Opns. Res. 7, 30-44 
(1959). 

21. S .  J.  Bra-, Game  Theory and P o l i t i c s ,  Free  Press ,  New York, 1975. 

22. G. D. Brewer, "What Ever Happened t o  Profess ional ism?",  INTERFACES 8, 
NO. 4 ,  63-72 (1978). 

, 23. G. D. Brewer and 0. P. H a l l ,  "Pol icy Analysis  by Computer Simulation: 
The Need f o r  Appraisa l ,"  P-4893, The RAND Corporation,  San ta  Monica, 
C a l i f o r n i a ,  August 1972. 

24. G .  D. brewer and M. Shubik, War Game: A C r i t i q u e  of Military 
Problem S ~ l v i n a ,  Halrvard Univers i ty  Press ,  Cambridge, 1979. 

4 



J. A. Bruner and 11 o t h e r  a u t h o r s ,  l 'Theater Force Performancm i n  
CONAF XI, Volume I - Methodology, P a r t  1," OAD-CR-1, General  Research 
Corporat ion,  McLean, V i r g i n i a ,  May 1973. 

M. R. Brvson. "Data Generat ion f o r  Model ~ a l i d a t i o n , "  pp. 319-331 i n  
M i l i t a r y  S t r a t a w  and T a c t i c s ,  R. K.  Huber, L. F. Jones ,  and E, Reina 
( E d i t o r s ) ,  Plenum P r e s s ,  New York, 1375. 

J. J. Busse. "An Attempt t o  Ver i fy  Lanchas te r ' s  Equdtions," pp. 587-5 
i n  ~ e v c l o ~ m ; n t s  i n  ope;ations ~ e s e a r c h ,  Vol . 2 ,  B. Avi-Itzhak ( E d i t o r  
G x d o n  and Breach, New York, 1971. 

M. W .  Chase, "A Lnnchaster-Type Model wi th  Logis t i c s  Cons idera t ions ,  " 

M.S. Thes i s  i n  0 7 e r a t i o n s  Research,  Naval Pos tg radua te  School,  Monter 
C a l i f o r n i a ,  September 1973 (AD 769 802).  

S. Chase, The Proper Study of Mankind..., Revised E d i t i o n ,  Harper,  
New York, 1956. 

W. P. Cherry, "The Role of D i f f e r e n t i . a l  Models of Combat i n  F i r e  Sup- 
p o r t  Analyses," Appendix 4 i n  Fire Support  Requirements Methodolagy 
Study Phase 11, Proceedings of t h e  F i r e  Support  Methodology Warkshop, 
R. M. Thackeray ( E d i t o r ) ,  Ketron, I n c . ,  Ar l ing ton ,  V i r g i n i a ,  December 
1975. 

A. R. Chr f s tensen  and E. D. Arendt, "TETAM Model V e r i f i c a t i o n  Study, 
Volume 11: Modified Represen ta t ions  of I n t e r v i s i b i l i t y , "  Tech. Repor 
5-76, U.S. Army Combined A r m s  Combat Developments A c t i v i t y ,  F o r t  
Leavenworth, Kansas, February 1976. 

A. R. Chr i s t ensen ,  J. R. S t a t z ,  E. D. Arendr, W. J. Looney, 8. K. P i c  
and H. 0 .  Westmoreland, "TETAM Model V e r i f i c a t i o n  Study, Volume 111: 
Dynamic B a t t l e  Comparisons," Tech. Report 6-76, U.S. Army Combineu Ar 
Combat Developments A c t i v i t y ,  F o r t  Leavenworth, Kansas, February 1976 

A. R. Chr i s t ensen ,  J.  B. S t a t z ,  D.  K. Hugus, R. L. Burroughs, J. F. P 
J. E. Gahan, and K. A. Wells ,  "TETAM Model V e r i f i c a t i o n  Study, Volume 
Represen ta t ion  of I n t e r v i s i b i l i t y ,  I n i t i a l  Comparisons," Tech. Report 
4-76, U.S. Army Combined A m Combat Developments A c t i v i t y ,  F o r t  Leav 
worth,  Kansan, February 1976. 

G. M. Clark ,  "The Combat Analysis  Model," Ph.D. Thes i s ,  The Ohio S t a t  
U n i v e r s i t y ,  Columbus, Chio, 1969 ( a l s o  a v a i l a b l e  from Univers i ty  Micr 
f i l m s  I n t e r n a t i o n a l ,  P.0, Box 1764, Ann Arbor, Michigan 48106, as 
P u b l i c a t i o n  No. 69-15,905). 

G. M. Clark ,  "The Combat Analysis  Model,'' Chapter 11 in "The Tank 
Weapon Sywtem," A. B. Bishop and G. M. Clark  ( E d i t o r s ) ,  Report No. 
AIR 69-2B, Syateme Research Group, The Ohio S t a t e  Univers i ty ,  Columbus 
Ohio, September 1.969. 



36. J. K. Cockre l l ,  "Pred ic t ion  of Advances i n  Ground Combat," pp. 153-: 
i n  M i l i t a r y  S t r a t e g y  and T a c t i . ,  H. K. Huber, L. F .  Jones ,  and 
E. Reine ( E d i t o r s ) ,  Plenum Press ,  New York, 1975. 

37. J. K. Cockre l l  and T. Ball, "F ina l  Technical  Report on Study t o  Devc 
an IFP Manual,'' Con t rac t  No. S-71-9 w i t h  Corna l l  Aeronaut ical  Labo- 
r a t o r y ,  Inc . ,  The Ver tex Corporat ion,  October 1971. 

38. E. A. Coddington and N. Levinson, Theory of O r d i n ~ r y  D i f f e r e n t i a l  Ec 
t i o n s  McGraw H i l l ,  New York, 1955.--' 

39. Command and Control  Technical  Center ,  "VECTOR-2 System f o r  Sirnulatic 
of Theater-Level Combat," TM 201-79, Washington, D. C. , January 19 79. 

40. A. Cordesman ( E d i t o r ) ,  "Developments i n  Theater  Level War Games, I' 

unpublished m a t e r i a l s  f o r  C-5 Working Group of 35th M i l i t a r y  Operatl  
Research Symposium, 1975. 

41. D. P. Dare, "NATO Operat ions  Research Establ ishment ,"  NATO Operation 
Research Establishment," pp. 59-67 i n  Proceedings of t h e  F i f t e e n t h  
Annual U.S. Asmy Operat ions  Research Symposium, F o r t  Lee, Vi rg in ia ,  
19 76. 

42. D. P. Dare, "On a Hierarchy of Models," pp. 285-307 i n  Operationsans 
l y t i s c h e  S p i e l e  f 6 r  d i e  Ver te idigung,  R. K. Huber, K. Niemeyer, and 
H .  W. Hsfmann ( E d i t o r s )  , Oldenbourg Verlag,  ~ Z n c h e n ,  1979. 

43. D. P. Dare and B. A. P. James, "The Der iva t ion  of Some Parameters f o  
a Corps/Divis ion Model from a B a t t l e  Group Model," M7120, Defence 
Opera t iona l  Analysis  Establishment , West Byf l e e t ,  United Kingdom, 
J u l y  1971. 

44. S. J. Deitchman, "A Lanchester Model of G u e r r i l l a  Warfare, " Opns. Re 
-10, 818-827 (1962). 

45. Department of t h e  Arm], "Report o f  t h e  A m y  S c i e n t i f i c  Advisory Pane 
Ad Boc Group on Suppression," O f f i c e  of t h e  Deputy Chief of S t a f f  fo 
Research, Development, and Acquis i t ion ,  Washington, D. C. , J u l y  1975 
(AD A017 784). 

46. L. J. Dondero, D. W. Mader, and R. S. Stockton,  "NATO Combat Capabi l  
t ies Study, Volume V I  - Rates of Advance f o r  Theater  Forces," 
RAC-CR-56, Reeearch Analysis  Corporat ion,  McLean, V i r g i n i a ,  June 197 
(AD 901 744). 

47. L. J. Dondero and 11 o t h e r  a u t h o r s ,  and Combat Systems Study (LCS- 
Voltdma 11 - The Div i s ion  Battle Model 71 (DBM 71)," CR-53, Research 
Analysis  Corporat ion,  McLean, V i r g i n i a ,  March 1972 (AD 894 502).  



T. N .  Dupuy, "Appl icat ion of t h e  Q u a n t i f i e d  Judgment Method of Analysis  
of H i s t o r i c a l  Combat t o  Current  Force Assesamerits," pp. 133-151 i n  
l U l i t a ~ y  S t r a t e w  and T a c t i c s ,  R. R. Huber, L. F. Jones ,  and E, Reine 
( E d i t o r s ) ,  Plenum P r e s s ,  New York, 1975. 

T. N. Dupuy, Numbers, P r e d i c t i o n s ,  and War, Bobbs-Merrill,  Indianupol iv  
New York, 1979. 

D.  E. Emerson, "TAGS-V: A T a c t i c a l  Air-Ground Warfare Model," 
R-1242-PR, The RAND Corporat ion,  San ta  Monica, C a l i f o r n i a ,  June 1973. 

D. E. Emerson, "The New TAGS Theater  Air-Ground Warfare Model ( I n c a r p o -
r a t i n g  I n s t r u c t i o n s , "  R-1576-PR, The RAND Corporat ion,  Santa  Monica, 
C a l i f o r n i a ,  September 19 74. 

J. H. Engel, "A V e r i f i c a t i o n  of Lanches ta r ' s  Law," Opns. Res. 2 ,  163-
171 (1954). 

J .  B .  Fain ,  "The Lanchester  Equations and H i e t o r i c a l  Warfare: An 
Analysis  of S i x t y  World War I1 Land Engagements," His to ry ,  Numhera, 
and War 1, 34-52 (1977). 

W. W .  Fain ,  J .  B. Fa in ,  L. Feldman, and S. S:imon, "Val idat ion of Com-
b a t  Models Against  H i s t o r i c a l  Data," P rof .  Paper No. 27, Center f o r  
Naval Analyses,  Ar l ing ton ,  V i r g i n i a ,  A p r i l  1919 (PD 704 744).  

R. L. F a r r e l l ,  "VECTOR 1 and BATTLE: Two Veralons o f  a High-Resolution 
Ground and A i r  Theater  Campaign Model," pp. 233-241 i n  M i l i t a r y  S t r a t e g  
and T a c t i c s ,  R.  K. Huber, L. F. Jones ,  and E. Reine ( E d i t o r a ) ,  Plenum 
P r e s s ,  New York, 1975. 

R. L. F a r r e l l ,  "Paradoxes i n  t h e  Use o f  Eigenvalue Methods i n  t h e  Valu- 
a t i o n  of Weapon Systems," paper p resen ted  a t  t h e  ORSA/TIMS Las Vegas 
Meeting, Las Vegas, Nevada, November 1975 ( a b s t r a c t  appears  i n  --ORSA 
w e t i n  29, Suppl. 2 ,  B-319, (1975)).  

D .  P. F i scher  and R. K. Huber , "Bewertung von S t r e i t k r h f  te-S t rukr .uren,  " 

Truuvenuraxis 1 2 ,  857-863 (1975) . 
6. S. Fishman and P .  J. K i v i a t ,  " D i g i t a l  Computer Simulat ioa:  S t a t i s -
t i c a l  Considerat ions ,"  RM-5387-PR, The RAND Corporat ion,  San ta  Monica, 
C a l i f o r n i a ,  November 1967. 

R. A. F r a z e r ,  W. J. Duncan, and A. R. C o l l a r ,  Elementary Mat r ices ,  
Cambridge Univers i ty  P r e s s ,  Cambridge, 1937. 

G. Frobeniue , "ijber Matrizen aus nI  c h t  negat ive* Elementen, I' 

S.-B. Preuss .  &ad. Wiss. zu B e r l i n ,  456-477 ( '912) ( a l s o  pp. 546-567 
i n  Ferdinand Georn Frobenius.  Geeammelts Abhandlungen, Band 111, 
J.-P. S e r r e  ( ~ d i t o r ) ,  Springer-Verlag,  B e r l i n ,  1968).  



61. F. R. Gar;tmacher, ,To Theory of MatAces ,  Vol, Xl, Chelsea Pub l i sh ing  
Co ., New Yocck, 195!4, 

62.  S. T. Gase, " E v a l u ~ t i u n  of Complex Models," Comput. and Opns. Ree. 4 ,  
27-35 ;J.Y7?). 

63. S.  X .  Gasa and B.  Y. Thonyson, "GuidePinas f o r  Model Evaluation: An 
Abridged Vers ion of t h e  U.S. General  Accounting O f f i c e  Exposure D r a f t , "  
Opna. ---R t r ~ .-28, 431-433 (1930). 

b6. General  Research Corporatfon,  "A Hierarchy of Combat Analyeis Models," 
McIaan , V i r g i n i a ,  January 1973. 

65. A. M. Geoffr ion,  "The P ~ r y o s eof Mathematical Programming is Tnsight ,  
Not Numbera," INTERFACES 7 ,  No. 1, 81-92 (1978). 

66. L. A - Giamboni, A. S.  Mengel, and R. Dishington,  "Simplified Model of 
e. Symmetric Air War," RM-711, The RAND Corporat ion,  San ta  Monice., 
C a l i f o r n i a ,  Abgust 19.51. 

67 .  R ,  Goad, " P r e d i c t i v e  Zquatl.ons f o r  Opposed Movement and Casual ty  Rates  
f o r  Land Forces ,"  pp. 26'7-285 I n  M i l i t a r y  S t r a t e g y  and T a c t i c s ,  

K. Huber, L. F. Jones ,  and E. Reine ( E d i t o r s ) ,  Plenum P r e s s ,  New 
York, 1975. 

68. U. Goad, "The Modalli.ng of M G V ~ ~ ~ X I ~i n  T a c t i c a l  Games," pp. 190-214 i n  
Operat ionsenaly  t i s c h e  ~ p i e l e  f:uLdie Vexteidigung, R. K.. Huber , K. Nie-
msger, and 8. W. Hofmann ( E d i t o r s ) ,  Oldenbourg Per lag ,  ~ c n c h e n ,  1979. 

69. K. A. Graves, "FEBA Movement and A t t r S t i o n  Process ,"  pp. 1853-1066 i n  
P s o c e e d t n g s - c t . i ~ e  Four teenth  h r t u a l  U.S. Army o p e r a t i o n s  Research -
p p a s i u m ,  F o r t  Lec, V i r g i n i a ,  1975. 

70. 5 .  B. Cr f f  f i t h ,  .Mno Tse- tun^ on G u e r r i l l a  Warfare, ~ r e d e r i c kA. Praeger ,  
Inc., Mew York, 1961. 

7 1 .  D. C. Hardison,  "Keynote M d r m s , "  pp. 1-20 i n  Proceedings of t h e  Fif-
t e e n t h  Anr.ua1 U.S. Army 9 ~ e ~ a t t o n sResearch Symposium, F o r t  Lee, 
Vi rg in ia ,  1976. 

72. .J. Hawkins, "The AMSAA W a r  Game (AMStlAG) Computer Combat Simulat ion,"  
M A A  Tech. keport Nu. 169, U.S. A m y  M a t e r i e l  Systems Analysis  Activ- 
it y  , Aberdeen Pro vdna Ground, Maryland, J u l y  19 76. 

73.  Headquarters,  Department of t h e  Army, FM 105-5, Maneuver Control ,  
Washington, D.C., Decezbar 1973. 

74. R, L. Helmbold, "Eanchaster Parameters f o r  Some Battles of t h e  Las t  
%o-Hundred Years," CORG-SP-122, Combat Operations Research Group, 
Technical  Operat ions ,  Tric., F o r t  Be lvo i r ,  V i r g i n i a ,  February 1961 
{AD 481 201). 



R. L. Helmbold, "His tor- lcal  Data and Lanches t e r ' s  Theory of Combat, I' 

CORG-SP-128, Combat Operat ions  Research Group, Technical  Opera t ions ,  
Inc., For t  Be lvo i r ,  V i r g i n i a ,  J u l y  1961 (AD 480 975). 

R. L. Helmbold, " H i s  t o r ~ . c a l  Data and Lanches t e r ' s  Theory of Combat, 
P a r t  XI, 'I CORG-SP-190, Combat Operat ions  Research Group, Technical. 
Operat ions ,  Inc . ,  For t  Be lvo i r ,  V i r g i n i a ,  August 1964 (AD 480 109).  

R. L. Helmbold, "Some Observat ions  on t h e  Use of ~ a n c h e s t e r ' s  Theory 
f o r  Pred ic t ion , "  Opns. R e u .  12,  778-781 (1964). 

R. L. Helmbold, "A 'Universa l '  A t t r i t i o n  Model," Opns. Res. 14, 
624-635 (1966). 

R. L. Helmbold, " P r o b a b i l i t y  of Victory  i n  Land Combat a s  Rela ted t o  
Force Rat io ,"  P-4199, The RAND Corporat ion,  Santn Monica, C a l i f o r n i a ,  
October 1969. 

R. I;. Helmbold, "Air B a t t l e s  and Ground Battles--A Colnrmon P a t t e r n ? " ,  
P-4548, The RAMD Corporat ion,  Sanea Monica, C a l i f o r n i a ,  January 1971. 

R. L. Helmbold, "Decision i n  Battle: Breakpoint  Hypotheses and Engag 
ment Termination Data," R-772-PR, The RAND Corporat ion,  Santti Monica, 
C a l i f o r n i a ,  June 1971. 

F. B. Hildebrand, Methods o f  Applied Mathematics, Prentice-Mall ,  
Englewood C l i f f s ,  1952. 

H i s t o r i c a l  Evaluat ion and Research Organizat ion,  " H i s t o r i c a l  Trends 
Rela ted t o  Weapon L e t h a l i t y , "  Dunn Loring,  V i r g i n i a ,  October 19b4 
(AD 458 760). 

H i s t o r i c a l  Evaluat ion and Research Organizat ion,  "Average Casual ty  
Rates f o r  WP.~ Games, Based on H i s t o r i c a l  Combat Data," Dunn Loring,  
V i r g i n i a ,  February 1967. 

H i s t o r i c a l  Evaluat ion and Research Organizat ion,  "Opposed Rates  of 
Advance of Large Forces  i n  Europe (ORALFORE) ," Dunn Loring,  V i r g i n i a ,  
August 1972 (AD 902 830L). 

H i s t o r i c a l  Evaluat ion and Research Organizat ion,  "The Fundamentals of 
Land Combat f o r  Developing Computer Simulat ion Models o f  Ground and 
Air-Ground Warfare," unpublished seminar n o t e s ,  Dunn Loring,  Vi rg in ia  
1976. 

C. Hodgman ( E d i t o r ) ,  C. R. C. S tandard Mathematical Tables (Eleventh  
E d i t i o n ) ,  Chemical Rubber P u b l i s h i n g  Ca., Cleveland, Ohio, 1957. 

D. R. Holdswo-th,  "The Force-Oriented Defanse: An Expected-Value 
Approach," M.S. Thesis  i n  Operat ions  Research,  Naval Pos tg radua te  Sct 
Monterey, C a l i f o r n i a ,  September 1973 (AD 769 864).  



89. W .  H .  H o l t e r ,  "A Method f o r  Determini,ng I n d i v i d u a l  and Combined Wea 
one E f f e c t i v e n e s s  Measures U t i l i z i n g  t h e  Xesu l t s  o f  a High-Resoluti 
Combat Simulat ion Model," pp. 182-196 i n  Proceedings of the Twelfth 
Annual U.S. Army O p r r a t i o ~ s  Research Symposim, Durham, Nnrth Carol  
1973. 

90. J. Honig, K. Blum, H. Holland,  D. Howas, D.  L e s t e r ,  K. Myers, and 
R.  Zimmerman, "Review of S e l e c t e e  A m y  Models ,"A s s i s t a n t  Vice Chie 
of S t a f f  (Army), Washington, D.C., May 1971 (AD 887 175) .  

91. D. R. Howes and R.  M. T h r a l l ,  "A Theory of I d e a l  Linear  Weights f o r  
Heteroge~loous Combat force^,^' pp. 27-47 i n  "Final  Report  of Robert 
T h r a l l  and Assoc ia tes  t o  U.S. Army S t r a t e g y  and T a c t i c s  Analysis  
Group (STAG)," R. M. T h r a l 1 , d .  R. Thompson, R. A. Tapia,  G. &an, 
and D. R. Howes, Robert  M. T h r a l l  and Assoc ia tes ,  Houston, Texas, 
May 1973. (AD 759 279). a 

92. D. R .  Howes and R. M. T h r a l l ,  "A Theory of I d e a l  Linear  Weights far  
Heterogeneous Combat Force::, " Naval Res . Log. Q u a r t .  20, b45-659 
(1973). 

93. D. Howland, "The Trade-off Problem i n  Weapon System Pesign,"  Milita 
Review -43, No. 10 ,  72-78 (1963). 

94. R. K. Huber, L. F. Jones ,  and E. Reine ( E d i t o r s ) ,  M i l i t a r y  S r r a t o g x  
and T a c t i c s ,  Plenum P r e s s ,  New York, 1975. 

95. R. K. Huber, L. J. Low, and J. G. Taylor,  "Some Thoughts on Develop 
a Theory o f  Combat," Tech. Report NPS 55-79-014, Naval Pos tg radua te  
School, Monterey, C a l i f o r n i a ,  J u l y  1979 (AD A072 938).  

96. E. J. I g n a l l ,  P. Kolesar ,  and W. E. Walker, "Using Simulat ion t o  
Develop and Val idace A n a l y t i c a l  Models: Some Case S t u d i e s , "  Opns. 
Res . 26, 237-253 (1978) . 

97. F. Kapper, "Opening Remarks, Sess ion  I - Gaming U t i l i t y  from t h e  Us1 
Viewpoint," pp. 8-9 i n  "Theater-Level Gaming and Analysis Workshop 
f o r c e  Planning,  Volume I - Proceedings," S R I  I n t e r n a t i o n a l ,  Menlo P, 
C a l i f o r n i a ,  September 1977. 

98. E. P. K e r l i n  and R. H. Cole, "ATLAS: A T a c t i c a l ,  L o g i s t i c a l ,  and A: 
S imulat ion:  Documentation and User 's Guide, " RAC-TP-338, Research 
Analyeis Corporat ion,  McLean, V i r g i n i a ,  A p r i l  1969 (AD 850 355). 

99. E ,  P. K e r l i n ,  D. W. Mader, and D. H .  Edwards, "Computerized QUICK GA 
A Theater-Level Combat Simulat ion,  Volume I - Models," RAC-TP-266, 
Research Analysis  Corporat ion,  McLean, V i r g i n i a ,  A p r i l  1967 (AD 387 



100. E, P. R e r l i n ,  J .  W. Blankenship,  0. L. Moody, and L. A. Schmidt, "The 
I D A  T a c t i c a l  Warfare ?lodcl: A Theater-Level Model of Conventional,  
Nuclear,  and Chemical Warfare, Volume I11 - Documentation, P a r t  I -
The C'hemical Model-and Other Modi f ica t ions , "  R-211, I n s t i t u t e  f o r  
Defense Analyses,  Ar l ing ton ,  V i r g i n i a ,  November 1977. 

101. E. P. K e r l i n ,  J. Blankenship,  P. O l s ~ n ,  and A. Rolfe ,  "The IDA TACNUC 
Model Study," pp. 182-193 i n  Proceedings o f  t h e  Four teenth  Annual U.S. 
A r m y a p - a t i o n s  Research Symposium, Fozt Lee, V i r g i n i a ,  1975.-

102. E. P. K e r l i n ,  D. Bennet, J, W. Blankenship,  M. J. Hutz le r ,  and A. A. 
Rolfe ,  "The IDA TACNUC Model: A Tlleater-Level Assessment of Conven-
t i o n a l  and Nuclear Combat, Volume I1 - D e t a i l e d  Descr ip t ion , "  R-211, 
I n s t i t u t e  f a r  Defense Analyses,  Ar l ing ton ,  V i r g i n i a ,  October 1975 
(AD BOO3 692L). 

103. T. Kid. and T. Hirose ,  "Winning P r o b a b i l i t y  i n  a n  Ambush Engagement," 
-Opns. Xes. 14 ,  1137-11.38 (1966). 

1 0 .  P. W. Lanchester ,  " k d r c r a f t  i n  Warfare: The Dawn of t h e  Four th  A r m  -
No. V ., t h e  P r i c c i p l e  of Concentration, " Engineering 98, 422-423 (1914 
( r e ~ r i n t e don pp. 2138-2148 of The World clf m ~ h e m a t i c s ,  Vol. I V ,  
J. Yewman ( E d i t o r ) ,  Simon and ~ c h u s t e r ,  New YO&, 1956).  

105. D. A. 1.es ter  and R .  F. Robinson, "Review o f  Index Measures of Combat 
E f f e c t i v e n e s s , "  O f f i c e  of t h e  Deputy Under S e c r e t a r y  of t h e  Army 
(Operat ions  Research) and U.S. A i r  Force,  A s s i s t a n t  Chief of S t a f f ,  
S t u d i e s  and Ana lys i s ,  Washington, D . C . ,  1973. 

106. P. T. Lsuer ,  R. E. F o r r e s t e r ,  R. W. Parker ,  J. E. Shepherd, J .  E. Tun-
o t a i l ,  and H.  A. Willyard,  "Conceptual Design f o r  t h e  Army i n  t h e  Fie1 
A l t e r n a t i v e  Force Evaluat ion,  CONAF Evaluat ion Model I V ,  P a r t  L -
Model Descr ip t ion , "  OAD-CH-60, General  Research Corporat ion,  McLean, 
V i r g i n i a ,  September 1974 (AD 923 WIL) .  

107. L. J. Low, "Theater-Level Gaming and Analysis  Workshop f o r  Force Plaa-
ning ,  Volume I1 - Summary Discuss ions  o f  I s s u e s  and Requirements f o r  
Research, " SRI I n t e r n a t i o n a l ,  Menlo Park,  C a l i f o r n i a  ( t o  appear)  . 

108. Mao Tsetung, S e l e c t e d  Militan Wri t ings  0 f - e ~  Tsetung, Foreign Langua; 
P r e s s ,  Peking, 1972. 

109. R. McQuie, " M i l i t a r y  H i s t o r y  and Mathematical Analysis ,"  M i l i t a r y  Re-
view 50, No. 5, 8-17 (1970). 

110. R. McQuie, G. Caseaday, R. Chapman, and W. Montweiles, " M u l t i v a r i a t e  
Analysis of Combat (A Q u a n t i t a t i v e  Ana lys i s ) ,  " PRC R-114 3, Planning 
Research Corporat ion,  Washington, D.C.,  J u l y  1969. 



I 111. L. Mirsky, An Introduction to Linear Algebra, 0:cford University 

London, 1955. 


112. R. C. Moore, Introduction to Historical Geology, Second Edition, 

Hill, New York, 1958. 


113. W. T. Morris, Management Science in Action, Richard D. Irwin, Inc 

Homewood, Illinois, 1963. 


114. W. T. Marris, "On the Art of Modelling," Maasgement Sci. 13, B-7( 

B-717 (1967). 


115. P. M. Morse and G. E. Kimball, Methods of Operatiuns Research, TI 

M.I.T. Press, Cambridge, Massachusett3, 1951. 


116. R. P. Mulholland and R. D. Specht, "The Rate of Advance of the FI 

Line in Some World War 11 Campaigns," RM-1072, The RAND Corporat: 

Santa Monica, California, April 1953. 


117. National Military Command System Support Center, "VECTOR-1 Syscer 

Simulation of Theater-Level Combat," TM 109-75, Washington, D.C.! 

December 19 75. 


118. T. H. Naylor and J. M. Finger, "Verification of Computer Simulat: 

Models," Management Sci. 14, B-92 - B-101 (1968) . 

119. K. Niemeyer, "~6glichkeiten der Planspieltechnik," Truppenpraxis 

870-876 (1975). 


120. R. L. Nolan and M. G. Sovereign, "A Rrtcursi-ge Optimization and SJ 

tion Approach to Analysis with an Application to Transportation ! 
tems," Management Sci. 18, B-676 - B-690 (1972). 

121. 0.Perron, "Zur Theorie der Matrizen," Math. Ann. -64, 248-263 (15 

122. W. T. Reid, Ordinary Differential Equations, John Wiley, New York 


lL3. H. Samelson, An Introduction to Linear Algebra, John Wiley, New 1 
19 714. 


124. K. W. Samz, "Some Comment5 on Engel's 'A Verification of Lanchesl 

Law'," Opns. Res. ;?z,
43-52 (1972). 


125. M. 8 .  Gchaffer, "Lancheeter Models of Guerrilla ~ngagements," 0 3  

16, 457-488 (1968j. 


126. W. A. Schmieman, "The Us* of Lanchester-Type Equations in the An; 
of Past Military Engagements," Ph.D. Thesis, Georgia Institute 01 
Techi~ology, Atlanta, Georgia, August 1967. 




127. T. S .  S c h r e i b e r ,  "Note on t h e  Combat Value of I n t e l l i g e n c e  and 
Command Control  Systems," .Opn~.  Reu. 12,  507-510 (1964).  

128. E .  Seneta .  Non-Negative Mat r ices ,  John Wiley, New York, 1973. 

129. M. Shubik,  Games f o r  S o c i e t y ,  Business and War, E l s e v i e r ,  New Yark, 
1975. 

130. S .  L. Shupack, "An Examination of t h e  Conceptual Bas i s  of t h e  A t t r i -
t i o n  Processes  i n  t h e  I n s t i t u t e  f o r  Defense Analyses Ground-Air Model 

I'(LDAGAM) , M. S. Thesis  i n  Operat ions  Research,  Naval Pos tg radua te  
School,  Monterey, C a l i f o r n i a ,  March 1979 (AD B035 539L). 

131. A. A. Sidorenko, The Offensive ,  M i l i t a r y  Pub l i sh ing  House, MinLstry of 
Defense U.S.S.R., Moscow, 1970 ( t r a n s l a t e d  and publ ished under t h e  
ausp ices  of t h e  U.S. Air Force a s  Stock Number 0870-00329, U.S. Govern-
ment P r i n t i n g  O f f i c e ,  Washington, D.C.  20402'. 

132. C .  P.  S i s k a ,  L. A. Giamboni, and J. 8 .  Lind, "Ana1ytl.c Formulation of 
a Theater  Air-Ground Warfare System (1953 Techniques),"  RM-1338, The 
RAND Corporat ion,  San ta  Monica, C a l i f o r n i a ,  September 1954. 

133. !l.N.  Snow, "Contr ibut ions  t o  Lanchester  A t t r i t i o n  Theory, " Report 
RA-15078, The RAND Corporat ion,  San ta  Monica, C a l i f o r n i a ,  A p r i l  1948. 

134. J .  Spudich, "The R e l a t i v e  K i l l  P r o d u c t i v i t y  Exchange Ra t io  Technique," 
Booze-Allen Applied Research,  I n c . ,  Combined Arms Research Off ice ,  
For t  Leavenworth, Kansas, no d a t e  given [ s i m i l a r  mazer ia l  appears  a s  
Tab E of Appendix I1 t o  Annex L, "Cost-Effectiveness Evaluat ion t o  
Tank, Anti-Tank Assau l t  Weapons Requirements Study, Phase I11 (TATAWS 
I I I ) , "  U.S. Army Combat Developments Command, F o r t  Ba lvo i r ,  V i r g i n i a ,  
Decenber 1968 (AD 500 6 3 5 ) l .  

135. J. A. S t o c k f i s c h ,  "Models, Data,  and War: A C r i t i q u e  of t h e  Study of 
Conventional Forces ,"  R-1526-PR, The RAM) Corporat ion,  San ta  Monica, 
C a l i f o r n i a ,  March 1975. 

136. J.  A. S t o c k f i s c h ,  " Incen t ives  and Informat ion Q u a l i t y  i n  Defense Manage- 
ment," R-1827-ARPA, The W D Corporat ion,  San ta  Monica, C a l i f o r n i a ,  
August 1976. 

137. R .  G .  S tockton,  "CARMONETTE-Division Battle Model I n t e r f a c e , "  pp. 23-32 
i n  Proceedings of t h e  Twelfth Annual U.S. Army Operations Research 
Symposium, Durham, North Caro l ina ,  1.973. 

138. L E. St rauch ,  "A C r i t i c a l  Assessment of Q u a n t i t a t i v e  Methodology a s  a 
Po l icy  Analysis  Tool,"  P-5282, The RAND Corporat ion,  San ta  Monica, 
C a l i f o r n i a ,  August 1974. 



R.  W. Szymczak, " T r a n s f e r a b i l i t y  of Combat Models: L i m i t a t i o n s  Impos 
by Documentation P r a c t i c e s , "  M.S. Thesis  i n  Operat ions  Research, Nava 
Pos tg radua te  School, Monterey, C a l i f o r n i a ,  September 1979 (AD A078 50 

J. G .  Taylor ,  "Lanchester-Type Models of Warfare and Optimal Control ,  
Naval Res. Log. Q u a r t .  21, 79-1C6 (1974) . 
J. G. Taylor ,  "Optimal Fire-Support S t r a t e g i e s , "  Tech. Report NPS 
55Tw76021, Naval Pos tg radua te  School,  Monterey, C a l i f o r n i a ,  February 
(AD A033 751).  

J. G. Taylor ,  "Overview of a Lanchester-Type Aggregated-Force Model o 
Conventional Large-Scale Ground Combat," pp. 551-562 i n  Proceedings o 
t h e  Seventeenth Annual U.S. Army Operat ions  Research Symposium, For t  
Lee, V i  r g i n i a ,  19 78. 

J. G .  Taylor ,  "Recent Developments i n  t h e  Lanchester  Theory of Combat 
pp. 773-806 i n  Opera t iona l  Research '78, Proceedings of t h e  Eighth 
I F O S  I n t e r n a t i o n a l  Conference on Opera t iona l  R e s e a s ,  K. B. Haley 
( E d i t o r ) ,  North-Holland, Amsterdam, 1979. 

J. G. Taylor ,  "Some Simple Victory-Predic t ion Condit ions f o r  Lanchest 
Type Combat between Ztro Homogeneous Forces w i t h  Supporting F i r e s , "  
Naval Res. Lon. Q u a r t .  26, 365-375 (1979).  

J.  G .  Taylor ,  Force-on-Force A t t r i t i o n  Modelling, M i l i t a r y  Appl ica t io ;  
S e c t i o n  of t h e  Operat ions  Research Soc ie ty  of America, Ar l ing ton ,  
V i r g i n i a ,  1980. 

J.  G .  Taylor and S. H. Pa r ry ,  "Force-Ratio Considerat ions  f o r  Some 
Lanchester-Type Models of Warfare," Opns. Res. 23, 522-533 (1975). 

K. D. Thorp, "Comparison o f  t h e  CARMONETTE Model w i t h  t h e  TETAM F i e l d  
Experiment," pp. 873-881 i n  Proceedings of t h e  Four teenth  Annual U.S. 
Army Operat ions  Research Symposium, F o r t  Lee, V i r g i n i a ,  1975. 

R .  V.  Tiedi? and L. A. Leake, "A Method f o r  Evaluat ing t h e  Combat Effe ,  
t i v e n e s s  of a T a c t i c a l  Informat ion System i n  a F i e l d  Army," Opns. Res 
19,  587-604 (1971).-
U.S. Army M a t e r i e l  Development and Readiness Command, Engineering Des 
Handbook,,DSyetemElCOM-P 706-102, 
Alexandria,  V i r g i n i a ,  October 19 79. 

U.S. General  Accounting O f f i c e ,  "Models, Data, and War: A C r i t i q u e  o 
t h e  Foundation f o r  Defense Analyses," PAD-80-21, Washington, '3.C., 
March 1980. 

R. L. Van Horn, ' V a l i d a t i o n  of Simulat ion R e s u l t s , "  Management S c i .  1' 
247-258 (1971). 



152. R. S .  Varga, Mat r ix  I t e r a t i v e  -, Prent ice-Hal l ,  Englewood 
C l i f f s ,  New J e r s e y ,  1962. 

153. V e c t ~ - -Research,  Inc . ,  "Analytic Models o f  A i r  Cavalry Combat Opera- 
t i o n s , "  Report No. SAG-1 FR 73-1, Ann Arbor, Michigan, May 1973. 

154. Vector Research,  I n c . ,  "VECTOR-1, The Theater  B a t t l e  Model," WSEG 
Report 251, Vol. I and 11, Ann Arbor, Michigan, J u l y  1974. 

155. Vector Research, Inc . ,  "A Summary Descr ip t ion  of t h e  VECTOR-2 Theater  
Level Campaign Model," p resen ted  a t  C-5 Working Group of 37th M i i i t a r y  
Operat ions  Research Symposium, Jurle 19 76. 

156. L. Wainstein,  "An Examination of t h e  Parsons and Hulse Papers  on Rates 
of Advance," P-991, I n s t i t u t e  f o r  Defense Analyses,  Ar l ing ton ,  V i r g i n i a ,  
December 1973 (AD 779 848). 

157. L. Wainstein,  "Rates of Advance i n  I n f a n t r y  Div i s ion  At tacks  i n  t h e  
Normandy-Northern France and S i e g f r i e d  Line Campaigns," P-990, I n s t i -
t u t e  f o r  Defense Analyses,  Ar l ing ton ,  Vi rg in ia ,  December 1973 
(AD 779 882) .  

158. H. K.  Weiss, "Lanchester-Type Models of Warfare," pp. 82-98 i n  Proceed- 
i n g s  F i r s t  I n t e r n a t i o n a l  Conference on Opera t iona l  Research, M. Davies,  
R. T. Eddison, and T. Page ( E d i t o r s ) ,  Operations Research Soc ie ty  of 
America, Bal t imore ,  Maryland, 1957. 

159. H. K. Weiss, "Some D i f f e r e n t i a l  Games 01 T a c t i c a l  I n t e r e s t  and t h e  
Value of a Support ing Weapon Syutes , "  Opns. Res. 7 ,  180-196 (1959). 

160. H. K. Weiss, "Combat Models and H i s t o r i c a l  Data: The U.S. C i v i l  War," 
Opns. Res. 14,  759-790 (1966).  

161. G. Wiegand, "An A n a l y t i c a l  Approach t o  a Q u a n t i t a t i v e  Assessment of 
Force c a p a b i l i t y , "  pi.263-266 i n  M i l i t a r y  S t r a t e w  and T a c t i c s ,  R. K.  
Huber, L. F. Jones ,  and E. Reine ( E d i t o r s ) ,  Plenum P r e s s ,  New York, 1975. 

162. D. Wi l l a rd ,  "Lanchester as Force i n  His tory:  An Analysis of Land B a t t l e s  
of t h e  Years 1618-1905," KAC-TP-74, Research Analysis  Corporat ion,  
Bethesda,  Maryland, November 1962 (AD 297 375). 

163. H. Wolf, "Das Forachungskr iegspie l ,"  Truppenpraxis 9 ,  935-941 (1972). 

164. R. E. Zimerman, C. A.  Bruce, H. J. Vander Heide, and N. W. Parsons ,  
"Theater Battle Model (TBM-68), Volume V l I ,  Technical  Report ,"  R-36, 
Research Analysis  Corporat ion,  McLean, V i r g i n i a ,  January 1968 
(AD 755 5 3 4 ) .  



APPENDIX E: FINITE-DIFWRENCE APPROXIMATIONS TO 

LANCHESTER-TYPE EQUATIONS 

1. In t roduc t ion  

A s  w e  have seen above i n  Chapters 6 and 7 (e.g.  r e c a l l  Figure 

6,11) ,  i t  is impossible f o r  a l l  p r a c t i c a l  purposes t o  so lve  a n a l y t i c a l l y  

the d i f f e r e n t i a l  equations f o r  any but  the most simple LANCHESTER-type 

combat models. I n  order  f o r  such models t o  have any p r a c t i c a l  value,  

there  must be some convenient way t o  extract .  from them information 

t h a t  is needed f o r  defense-planning purposes. Moreover, t he  so lv ing  

of the d i f f e r e n t i a l  equat ions f o r  t h e  dynamics of  the force-on-force 

combat provides force- level  information which many times forms t h e  

b a s i s  f o r  exLracting any f u r t h e r  des i red  information from the  model. 

Since a n a l y t i c a l  nrethods a r e  usual ly  of no a v a i l  i n  so lv ing  these d i f f e r ,  

e n t i a l  equations ( a t  l e a s t  f o r  models wi th  any degree o f  ope ra t i ona l  

realism) , numerical methods f o r  ob ta in ing  approximate r e s u l t s  mus t be 

resor ted  to .  

Thw, i n  t h i s  appendix we w i l l  consider so-called f i n i t e -

d i f fe rence  = t h o 6  f o r  developing approximate so lu t ions  t o  LANCHESTER- 

type d i f f e r e n t i a l  combat equat ions.  We w i l l  see  how LANCHESTER-type 

d i f f e r e n t i a l  equations may be  approximated by so-called d i f fe rence  

equat ions,  which can then be conveniently numerically solved by an 

automated computational procedure implemented on, f o r  example, a modern 

digi ta l .  computer. Moreover, the modern high-speed, large-scale  couputer 



hag made such r e c u r s i v e  e o l u t i o n  procedures  computat lonol ly  f e a s i b l e ,  

and wi thou t  i t  c u r r e n t  o p e r a t i o n a l  modele l i k e  tho BONDERIIUA and i ts 

many d e r i v a t i v e s  o r  t h e  VECTOR s e r i e a  o f  models would be i p p o s s i b l e .  

I n  t h i s  appelrdix, w e  w i l l  focus on the deve?spmetrr of s imple  f i n i t e -  

d i f f e r e n c e  approxianat.:lone, wi th  t h e  mntnamatical  proof of answers t o  

at:enda.n t numerical -analys is  quos t i o n s  such as convergence and s t a b i l i t y  

of t h e s e  approximations be ing  beyond t h e  scope of our examination h e r e .  

Thus, the  reader  is r e f e r r e d  t o  t h e  numerical -analys is  l i t e r a t u r e  f o r  

a complete mcrthemstical j u s t i f S c a t i o n  of the methoas p resen ted  h e r e  

(see t h e  l a a t  s e c t i o n  of  t h i s  appendix) . 

2. A Simple Fini te-Dif  f e rence  Approximar ion.  

Le t  us cons ider  the! fol lowing genera l  LANCHESTER- t y p e  homo- 

geneous f o r c e  equa t ion  f o r  t 2 0 

wi th  x(0) = xo , 

where x ( t )  and y ( t )  denote  t h e  X and Y f o r c e  l e v e l s ,  t denotes  

t i m e ,  and G and H denote  force-change r a t e s  (which a r e  n e t  l o s s  

r a t e s  when G and H 2 0 ) .  I n  t h i s  s e c t i o n  w e  w i l l  show how t o  genera te  

an approximate s a l u e i o n  20 03.1) by f i r s t  developing a s imple  f i n i t e -  

d i f f e r e n c e  approximat i o n  to  t h e s e  LANCHESTER-type equa t ions .  Thus , we  



w i l l  approximate the system of ord inary  d i f  f e r e n r i a l  equations (0.D .E .a) 

(E.l)  by a eyetem of d i f fe rence  equat ions ( i . e ,  equation8 t h a t  connect 

the fo rce  l e v e l s  between only d i e c r e t e  pointe  i n  time) ,which may then 

be r ecu r s ive ly  solved w i t h  t he  he lp  o f ,  f o r  example, a modern automatic 

d i g i t a l  computer (o r  even a cantemporary programmable hand-held ca1,culato 

For any system o f  0,D.E .s such a s  (E.1). t i m e  i s  i n  essence 

allowed t o  vary continuously,  i.e. i n  p r i n c i p l e  an a n a l y t i c a l  so lu t ion  

provides us with  t h e  X and Y force l e v e l s  x ( t )  and y ( t )  a t  

any des i r ed  t i m e  t 2 0. For example, the 8uccessive-approximation solu-

t i on  (6.5.6),  (6.5.16). and (6.5.18) t o  the F I F  LANCHESTER-type 

equat ions (6.1.1) ,  i . e .  equat ions (E.1) wi th  G(t,x,y) - a ( t ) x  and 

H(t,x,y) = h ( t ) y ,  i n  p r inc ip l e  provides us with  x ( t )  and y ( t )  a t  

any time t during the  coulee o f  s l i d  a hmogeneous-force b a t t l e .  We 

v i l l  now consider an approach f o r  numerical.ly generat ing an approximation 

t 2  t h e  fo rce  l e v e l s  a t  only d i s c r e t e  po in ts  i n  time. 

Thus, we w i l l  coneider a numerical-solution method t h a t  w i l l  

enable u s  t o  genera te  approximate values  f o r  the force  l e v e l s ,  bu t  only 

st d i s c r e t e  po in ts  i n  t i m e  (as  opposed to  a poin t  i n  time t h a t  can vary 

c o n t i n u o u s P ~over the course of  the b a t t l e )  . Acc3xdingly, we d i s c r e t i z e  

time by in t roduc ina  a f i n i t e  number of so-called mesh po in t s  tn f o r  the 

f ixed  i n t e r v a l  [O, T! 

and 

t = t  + A t  f o r  n 1,2,  ..., N,
n n-1 



(E.3) 

I t  then follows t h a t  (see Figure E.1) 

th
The time is  commonly r e f e r r e d  t o  as the  IF- t i m e  s t e p  ( i . e .  the 

tn 
th

pos i t i on  of  the  n-- s t e p  i n  time), and the  increment A t  is r e f e r r e d  to  

a s  the time-seep s i z e  (here uniform). It is now convenient t o  introduce 

the no t a t i on  

The s implest  way t o  genera te  a discrete- t ime approximation to  

the  continuow-time equat ions (E.1) i s  t o  r e c a l l  t he  & f i n i t i o n  of a 

d e r i v a t i ~such a s  * ( t ) ,  i . e .
d t  

x ( t  + At) - x ( t )  
d t  

( t )  = l i m  
A t  , 

A t + O  

and upproximate t he  r a t e  of change of t h e  X force  l e v e l  a s  

~ ( tAt) - x(t ;* (f.) '- + 
d t  A t  





A 
d x Here ."- ( t )  denotes tin opproxd.mtion t o  the value of t he  de r iva t ive  
d t  

urt time E, I . e .  the value of the r a t e  of changc! cf the  X fo rce  lev@ 

at: time t .  I f  we use euck an tbpproxim~kios for the reta of change of 

f o r  example, t he  X fo rce  level. a t  the b a t t l e  po in t  ( t n r \ , y , ) ,  w e  o' 

the following equat ion f o r  an approximate value f o r  the X force  leve 

a t  a t  the (nail-- t i n e  s t e p  i n  t e rns  of previously determined npproxlmate 

t h  force- level  values a t  the  n-- time s t e p  

1 A 

where x and y denote approximate values  f o r  the X and Y forcc n n 
A 

l e v e l s  a t  t im tn, e .g. x represen ts  an approximate value for 
C 

x x ( t  1. However, i t  is more cowen ien t  t o  write th is  l a t t e r  finita n n 

df f fa rence  equat ion as 

Thus, by applying such approximations t o  our  %ntinuous-time combat moc 

(E.l) ,  w e  ob ta in  a discrete-time combat model (E.lO) f o r  which values  1 

the  approximate force  l e v e l s  Gn and $n may be  generated recursfvel!  

a t  a f i n i t e  number of  meah po in t e  tn f o r  t h e  f i xed  i n t e r v a l  [O,T] t 

the  following formulas f o r  n = 0,1,2,..*,N-L 

with yo I Yo 



I n  the  parlance o f  numerical ana lys i s ,  the  equat ions (E.10) a r e  the 

d i f fe rence  equat ions of  the EULEH-CAUCHY method. As  we w i l l  s ee  below, 

there  a r e  not only s eve ra l  methods f o r  developing such f i n i t e -d i f f e r ence  

approximations, bu t  there  a r e  a l s o  many o the r  such approxinat ions possibl  

For convenience, we! have assumed a uniform time-s tep s i z e  A t  , and i t  is  

an easy matter  t o  extend these developments t o  cases  of a v a r i a b l e  time- 

s t e p  s i z e  A t n  = t - tn-l*n 

The most s i g n i f i c a n t  aspec t  about the  f i n i t e -d i f f e r ence  equation 

(E.10) is not  t h a t  they a r e  any e a s i e r  t o  a n a l y t i c a l l y  s o l v e  than the  

o r i g i n a l  dif  f e r e n e i a l  equat ions (E.l)  ( i n  mat ter  of f a c t ,  they a r e  not:) 

bu t  t h a t  they m y  be recurs ive ly  solved f o r  any p a r t i c u l a r  numerical valu 

a procedure t h a t  can be e a s i l y  automated f o r  use on, f o r  example, a kigh- 

speed d i g i t a l  computer. As we w i l l  see below i n  Example E . 1 ,  automation 

is ( i n  f a c t )  q u i t e  necessary because although such recurs ive  computation 

may be  very s t ra igh t forward  t o  do, i t  is very tedious t o  ca r ry  o u t  when 

i t  must be  repeated a very l a rge  n u d e r  of times. Thus, the approximatio 

(E.10) may be  considered t o  be the  b a s i s  f o r  a sttp-by-step so lu t ion  

procedure, which marches t he  b a t t l e  r e s u l t s  ahead i n  time: with the  
A 

approximate force l e v e l s  xn and yn known a t  the o l d  t i m e  s t e p  n,  

equat ions (E.lO) allow one t o  r ead i ly  compute approximate values f o r  the  

force  l e v e l s  and >n+l a t  the new time s t e p  n+l and thus t o  n+l 

"march ahead i n  time" (zFigure E. 1)  . 
We should now observe t h a t  s i nce  our o r i g i n a l  LANCHESTER-type 

equat ions (E.1) only hold f o r  x and y 2 0 ,  we must do some precaut iona 

bookkeepir~g t o  prevent nagative approximate force  l eve l s .  This is r e a d i l  

done by i n t e r p r e t i n g  ( a s  w e  should) equat ions (E.10) as meaning f o r  

n - 0,1,2, .  .., N-1 

648 



-X(O, xn - Gn(xn,y,)At) with xO XO 9 

For s i m p l i c i t y ' s  sake, w e  w i l l  henceforth  w r i t e  an approximation i n  t h e  

form (E.lO) with the  understanding t h a t  an  approximating system i n  t he  

form (E.11) is meant. 

From (E.6) i t  should be c l e a r  t h a t  the "goodness" of the appro. 

mate fo rce  l e v e l s  k and depends on the time-step s i z e  A t  i n  
n n 

the approximating f i n i t e -d i f f e r ence  equat ions (E. 10) , which converge t o  

the o r i g i n a l  LANCHESTER-type equat ions (E.l) a s  A t  + 0 .  Indeed, i t  is 

not  s u r p r i s i n g  t h a t  i t  may b e  shown ( s imi l a r  t o  how i t  is  done i n  t e x t s  

on t h e  numerical so lu t ion  to  0.D .E.s) t h a t ,  f o r  example, 

l i m  max x - 1 - o . (E.12 
A t + O  O 5 n l N  

Unfortunately, i t  is a mat te r  of  artwork (as  opposed t o  science)  t o  p ic :  

a time-step s i z e  A t  t h a t  y i e l d s  " sa t i s f ac to ry"  numerical r e s u l t s  fo r  

the approximate force l e v e l s .  Two h e u r i s t i c  methods f o r  determining 

a s a t i s f a c t o r y  value f o r  A t  a r e  accordingly suggested here:  

(MI) compare exact  a n a l y t i c a l  force- level  r e s u l t s ,  i . e .  numerical 

values  f o r  x = ( t and yn = y ( t n ) ,  f o r  a s imp l i f i ed  

vers ion  of (E.l)  ( f o r  which such a n a l y t i c a l  r e s u l t s  a r e  con-

venien t ly  obtained)  with the  corresponding f i n i t e -d i f  ference- 

generated values  f o r  the app ro f i r a t e  force l e v e l s  ir and Yn 
n 

i n  o rde r  t o  f i nd  such a s a t i s f a c t o r y  value f o r  A t ,  
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A * 

(M2) compare numerical values  f o r  xn aod y corresponding t o  n 

the  same value of  t hu t  generated by s e v e r a l  d i f f e r e n t  mesh 

widths (o r  time-step s i z e s )  A t  (e.g.  A t  h ,  h/2, h / 4 ,  e t c . )  

u n t i l  such va lues ,  no longer  "change appreciably for va r i a t i ons  

i n  A t "  i n  o rder  t o  f i nd  such a s a t i s f a c t o r y  v a l w  f o r  A t .  

F ina l ly .  let  us note  t h a t  so-called higher-order ( i . e .  inore complic 

and more accura te )  approximations a r e  poss ib le  (E below f o r  a few b r i e j  

comments), but  w e  f e e l  t h a t  they a r e  no t  r e a l l y  j u s i t i f e d  f o r  a combat mc 

such a s  (E.1) because the  model i t s e l f  is only a very rough app rox lmt l a r  

t o  r e a l i t y .  This s i t u a t i o n  should b e  cont ras ted  t o  t h a t  i n  the  phys ica l  

sc iences  where the d i f f e r e n t i a l  laws governing physical-system behavior 

much more accura te ly  known and i n  many uses (e.g. a mid-course correct ion 

f o r  a space sh ip  on a t r i p  t o  t he  moon) must be very c lo se ly  apprcvimated 

3. Extension t o  Heterogenoua Forces. 

The above simple method of f i n i t e -d i f  ferenee approximation is 

both i n  p r inc ip l e  and a l s o  i n  p r a c t i c e  r ead i ly  extended t o  heterogeneous- 

force c o d a t .  I n  f a c t ,  except  f o r  a r e l a t i v e l y  minor amount of  notat iona 

complexity, it  is e s s e n t i a l l y  no more d i f f i c u l t  t o  generate  such numeri- 

c a l  r e e u l t s  f o r  heterogeneous-force combat than f o r  homogeneous-force 

combat. 

Let ua accordingly coneider combat between an X force composed 

of  r d i f f e r e n t  weapon-system types (denoted a s  XI, X2, . . . , Xr) 

and a Y f a r ce  composed of s weapon-system types (denoted a s  

Y1. Y2. .. . , Ys) (cJ. Sect ion 7.7 above). General LANCHESTER-type 

e q u a t i o ~m y  be formulated f o r  such combat by extension o f  the homo- 

geneous-force model (Eel) and m y  be taken f o r  t ,  0 ae 

2 



< (E. 13) 

where x i ( t )  denotes t h e  n u d e r  of Xi a t  time t and analogously 

f o r  y ( t )  . Here w e  have adopted the convention (cf.Sect ion 7.7)  t h a t
1 

the  index i w i l l  always take on the In t ege r  values  1 through r ,  and 

the index j w i l l  always take on the i n t e g e r  values  1 through s. 

Disc re t i z ing  time a s  above ( r e c a l l  Figure E.l) and introducing 

the  no t a t i on  

we may again introduce the above simple f i r s t -o rde r  f i n i t e -d i f f e r ence  

approximations t o  the force- leve l  de r iva t ives  and analogously ob ta in  the 

following simple approximation t o  the LANCHESTER-type heterogeneaus- 

force  combat equat ions 

(E. 15) 

with i n i t  l a 1  condi t ions 

and 

where denotes t h e  approximation t o  the X, f c r ce  l e v e l  xi(tn)xi 4 = 
A 

a t  t - n 

tn and s i m i l a r l y  f o r  2. 



I t  should be c l e a r  t o  t h e  reader  t h a t  the  approximating f in :  

d i f fe rence  equat ions (E.15) may again be n w r i c a l l y  solved with a 

simple recurs ive  algorithm. I n  f a c t ,  on a modern la rge-sca le  high-

speed d i g i t a l  computer, they a r e  e s s e n t i a l l y  no more computationally 

d i f f i c u l t  t o  so lve  than the  homogeneous-force equat ions considered i i  

t h e  previous s ec t i on .  

4.  General Approaches f o r  Developing Fini te-Difference Approximatior 

A s  re ind ica ted  i n  our  examination of  the s imples t  f i n i t e -  

d i f fe rence  approximation (E. 10) t o  the homogeneous-force LANC-ESTER-1 

equations (E.I.), t he re  a r e  s eve ra l  approaches f o r  developing such 

app,aximatiors  t n  generate  numerical s o l u t i o n s  t o  such d i f f e r e n t i a l -  

e q u a t i m  combat models. I n  t h i s  s e c t i o n  we w i l l  very b r i e f l y  considc 

three bas i c  approachea f o r  developing such Zini te-dif  ference approxi-

mations and w i l l  a l s o  melltion a few s p e c i f i c  mcthods t h a t  the reader 

may encounter elsewhere. In p ~ r t i c u l a x ,  a l l  digital-computer c o q u t c  

t i on  cenrcrn today provide users with numerical d i f  fa renr ia l -equa t  lor 

bolver rou t ines  (1.e. computer -0utines f o r  the numerical eodution of 

0 . D . E  e )  ae p a r t  of t h e i r  general  scient i f ic-computat ion package. Sf 

a reader  who attempt. ;:o nrmerical ly  i n p l e ~ r n t  t LANQIESTER-tjrpe c o d  

model on the  computer is c f , t a i n  t o  eacc rn t e r  such arathob and rou t i r  

' i  he contadts  h i e  computation cen t e r  f o r  a s a i a t ~ c e ,  a few general  

words about t h e m  seem i n  order .  Hovever, a8 '3e have d iacwaed  above, 

w e  euggeet t h a t  the reader use tha EULER-CAUCHY method i n  auch comu-

t a t i o n a l  work, s ince  i t  I s  extrelaely convenient t o  i a p l e t r n t  and posa-




accuracy (crude a s  i t  may be) t h a t  is c o n s i s t e n t  wi th  the  s c i e n t i f i c  

v a l i d i t y  of t h e  o r i g i n a l  LANCHESTER-type combat model. Of course ,  i f  

one ( f o r  one reason o r  ano ther )  chooses t o  use one of the  ltlany numerical  

d i f f e r e n t i a l - e q u a t i o n - s o l v e r  r o u t i n e s  t h a t  a r e  a v a i l a b l e  from one ' s  com-

p u t a t i o n  c e n t e r  (which us i la l ly  s u p p l i e s  such Cif f e r e n t i a l - e q u a t i o n  s o l v e r s  

t o  users i n  the  p h y s i c a l  s c i e n c e s ) ,  one w i l l  undoubtedly wind up us ing  

so- s t a n d a r d  higher-order  method, e . g .  the  so-cal led  c l a s s i c a l  RUNGE- 

KUTTA method (see below).  

The th ree  g e n e r a l  approaches t h a t  can  be used t o  develop i i n i t e -

d i f f e r e n c e  approximations t o  0 .D.E .s may be r e f e r r e d  t o  as methods 

based on: 

(Ml) numerical  d i f f e r e n t i a t i o n ,  

(M2) n u m e r i c d  i n t e g r a t i o n  (combined w i t h  i n t e r p o l a t i o n  o f  

t h e  in tegrand)  , 

(M3) TAYMR-series expansion ( e i t h e r  d i r e c t l y  o r  i n d i r e c t l y )  . 

We devlloped the  above EULER-CAUCHY approximation (E .  10) from the s tand-

p o i n t  of numerical  d i f f e r e n t i a t i o n ,  a l though one could have e q u a l l y  

w e l l  u s e d  e i t h e r  of the  o t h e r  two approaches (M2) and (M3) (e .g .  see 

H E N R I C I  [4, pp . 9-201) . P r i n c i p a l  methods based on the  numerical-integra- 

t i o n  approach are t h e  AIIAMS-BASHFQRTH nre thod, the ADAMS-MOULTON method , 

and the  genera l i zed  MILNE-SIMPSON method (9.g. s e e  HENRICI [ 4 ,  e s p e c i a l l y  

Chapter 51 f o r  f u r t h e r  d e t a i l s ;  see also MILNE [ l l ]  and HILDEBRAND [ 6 ] ) ;  

while  t h e  p r i n c i p a l  methods based on TAYLOR-skries expansion a r e  those  

of RUNSE-RbmX type ie .g .  HENRICI 14,  pp. 66-70]) ,  e s p e c i a l l y  t h e  
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c l a s s i c a l  RUNGA-KUTTA method which (nex t  t o  t h e  EULER-CAUCHY method) is 

probably t h e  b e s t  known of  a l l  the  so-cal led  m e - s t e p  methods. 

How good is any p a r t i c u l a r  f i n i t e - d i f f e r e n c e  approximation? 

What i s  t h e  b a s i s  f o r  o u r  rec mmendation t h a t  the  r e a d e r  should  use 

the  EULER-CAUCHY method? Would m o t h e r  approximation be  b e t t e r ?  The 

answers t o  such qzlrestions a t  least p a r t i a l l y  r e s t  on c e r t a i n  coracepts 

and r e s u l t s  from the mathematical  f l e l d  of numerical  a n a l y s i s .  I t  i s  

beyond the  scope o f  our  p r e s e n t  e x a d n a t i o n  t o  provide a complete 

t h e o r e t j c a l  answer t o  these  important  ques t ions ,  which a r e  easy  t o  

answer b u t  q u i t e  d i f f i c u l t  t o  j u s t i f y  t h e s e  answers ( i . e .  supply  mathe- 

mat ica l  p r o o f s ) .  T h u s ,  f o r  p r e s e n t  purposes we w i l l  go i n t o  numerical- 

a n a l y s i s  a s p e c t s  j u s t  f a r  enough t o  a r t i c u l a t e  i s a u e s  and answers.  Our 

goa l s  t h e n  a r e  (1) t o  expose t h e  r e a d e r  t o  numerical-approximation 

methods f o r  O.D.E .9 ,  ( 2 )  t o  suggest  a g e n e r a l  course  o f  a c t i o n  ( i . e .  

w e  t h e  EULER-CAUCHY method) f o r  s a t i s f y i n g  computat ional  requirements ,  

and (3) t o  i n d i c a t e  t o  t h e  r e a d e r  t h a t  t h e r e  a r e  sound reasons  f o r  

o u r  suggest  ion .  

How good is any par t 'cular  f i n j t e - d i f f e r e n c e  approximation? 

Three ways t o  answer such q u e s t i o n s  about t h e  v a l i d i t y  ( o r  goodness) 

of a nrmrerical-approximation technique a r e  a s  fol lows:  

(W1) compare e x a c t  and approximate r e s u l t s ,  

(W2) perform theore  t i c a l  numerical-analysia i n v e s t i g a t i o n s  , 

(W3) do exper imental  computing. 



Simi la r  t o  the in t imate  r e l a t i o n  between game theory and war gaming 

-
( i . e .  behavioral  model bui lding)  (see Sect ion 8.2 below), the theory of 

numerical ana lys i s  provides a fundamentally important methodological 

approach ( i . e .  concepts and r e s u l t s )  t o  the  s tudy of coap i t a t i ona l  

a l g o r i t h m .  Thus the  approach (W2) provides a b a s i c  framework ( i  .e. 

concepts and vocabulary) f o r  pursuing the  o t h e r  two approaches (W1) and 

(W3) , both of  which have c e r t a i n  inheren t  shortcomings. For example, 

the  comparison of exac t  and approximate r e s u l t s  can only s e rve  as a 

benchmark ( i . e .  a t e a t  i n  a s p e c i f i c  known c a s e ) ,  s i n c e  the exac t  r e s u l t s  

a r e  lack ing  when the  approximate r e s u l t s  a r e  r e a l l y  needed. We thus 

tu rn  t o  the t h e o r e t i c a l  i nves t i ga t ion  of the "goodness" of  a given 

f i n i t e -d i f f e r ence  approximation. A very reasonable c r i t e r i o n  t o  consider 

i n  such an i nves t i ga t ion  is the magnitude of the e r r o r  involved i n  

using the approximation. 

There a r e ,  i n  f a c t ,  s e v e r a l  types of e r r o r  involved i n  the 

numerical so lu t ion  of 0.D .E .s: 

(TI) t runcat ion ( o r  d i e c r c t i z a t i o n )  e r r o r ,  

(T2) roundoff e r r o r ,  

(T3) approximate-eolution e r r o r ,  

(T4) t o t a l  e r r o r .  

Moreomr. the reader ahould be warned thac no t  a l l  au thors  def ine 

these terms i n  t h e  same faohion o r  as w e  w i l l  here .  The d e f i n i t i o n s  

given here  by ua f o r  the above va~; -oue  types of e r r o r s  a r e  m r e  o r  



l e s s  p a t t e r n e d  a f t e r  those  of ISAACSON and KELLER [9,  Chaptef 81. Le 

us now f o r  i l l u s t r a t i v e  purposes cons ider  a f i n i t e - d i f f e r e n c e  approxi* 

mation to t h e  homogeneous-force equa t ions  (E. 1.) and examine these  

va r ious  e r r o r s  more c l o s e l y .  One important  reason f o r  doing t h i s  is 

t h a t  n o t  a l l  f i n i  te-dif  f e rence  methods y i e l d  s a t i s f a c t o r y  r e s u l t s  : 

the re  do e x i s t  approldmations w i t h  unsa t i s f a c e o r y  e r r o r  p r o p e r t i e s ,  

and a  p o t e n t i a l  user shou ld  b e  mare of t h i s  f a c t .  I n  our  examinatioi 

h e r e  o f  these  e r r o r s  we w i l l  cons ider  d e f i n i t i o n s  and r e s u l t s  f o r  onl: 

t h e  X f o r c e  l e v e l ,  w i t h  similar r e s u l t s  ho ld ing  f o r  t h e  Y f o r c e  1( 

The l o c a l  t r u n c a t i o n  e r r o r  measures t h e  e r r o r  by which t h e  

e x a c t  f o r c e  l e v e l s  from (E.l)  f a i l  t o  s a t i s f y  t h e  approximating d i f f e ~  

ence equa t ions ,  and consequently it depends on the f i n i t e - d i f f e r e n c e  

method w e d .  Thus, when t h e  EULER-CAUMY method is used, t h e  l o c a l  

X
t r u n c a t i o n  e r r o r  f o r  t h e  X-force-level d i f f e r e n c e  e q u a t i o n  T 

n 

is def ined  ( fo l l awing  ISAACSON and KELLER 19, Chapter 81) as 

where we r e c a l l  t h a t  xn = x ( t n )  and s i m i l a r l y  f o r  yn. I f  the  sn 

vandsl~ a s  A t  + 0 ,  w e  say  t h a t  t h e  d i f f e r e n c e  e q u a t i o n s  a r e  cons i s ten t  

wi th  t h e  d i f f e r e n t i a l  equa t ion  (he re  f o r  t h e  X f o r c e  l e v e l ) .  Also 

of i n t e r e s t  i o  how quick ly  such a l i m i t i n g  value is reached, and t h i s  

speed of c o n v e r s n c e  may be expressed i n  mathematical  terms RLB 

X 



where h - t t .  Here t h e  no ta t ion  f (h) = O(hP) means t h a t  

f (h) /hP - c ,  where c i s  a constant  in4ependent of h ,  s.ld isli%+ 

read " f (h)  i s  of the order  hP.ll For example, t h e  EULER-CAUCHY method 

has  t runca t ion  e r r o r  r t  = O(At) and is consequently c a l l e d  a f i r s t - o r  

method. The c l a s s i c a l  RUNGE-KUTTA method h a s  t runca t ion  e r r o r  of order 

b t14 and is consequently c a l l e d  a higher-order method (here  fourth- 

o r d e r ) ,  

The roundoff e r r o r  f o r  the X-force-level d i f f e r ence  equat ion 

rX is defined as 
n 

where ^x denotes t he  e r a c t  so lu t ion  of the approximating equat ions an n 

j[ denotes t h e  n w r i c a l  value t h a t  is a c t u a l l y  ca l cu l a t ed  by the  n 


computing equipment i n  place of the  . b u n d o f f  e r r o r s  e x i s t  because 
n 


the  number \ cannot be ca lcu la ted  with i n f i n i t e  p rec is ion  due t o  the 

l imi ted  accuracy of any computing equipment. The approximate-solution 

e r r o r  f o r  t he  X force l e v e l  ex is  def ined a s  - n 

(E. 1 

which measures the  e r r o r  made by taking the exac t  X-force-level e o l u t i o  

A 

of the approximating d i f f e r ence  equations i n  place of the exac t  xn 

so lu t ion  t o  t he  X-force-level equat ion x( tn )  . For any f i n i t e -d i f  feren 

approximation t o  be any good, we requi re  i t  t o  be convergent i n  the 

sense t h a t  we can make t he  aoproximate-solution e r r o r  a r b i t r a r i l y  small  

by taking A t smal.1 enough, i .e. i n  a n a l y t i c a l  terms 



X
l i m  max IenI - 0 , 
A t + 0  O i n L N  

Y

w h i c h  is  equiva len t  t o  ( ~ . 1 2 )  above, and s i m i l a r l y  f o r  en - yn - y( tn ) .  

For example, the EUZER-CAUCHY method i s  convergent, wi th  an approximate- 

so lu t ion  e r r o r  of o rder  A t .  The c l a s a i c a l  RUNGE-KUTTA method is  a l s o  

convergent [with e r r o r  of order  (At)
4 1, while the so-called MILNE method 

i s  not ( t he re  are d i f f e r e n t i a l  equat ions f o r  which spurious numzrlcal 

approximations may be obtained) .  F ina l ly ,  the t o t a l  e r r o r  i n  the approxi 

mate value f o r  the X fo r ce  l e v e l  d[ i s  def ined a s  (E ISAACSON and n 

KELLER [9, pp. 374-3771 far  a d e t a i l e d  ana lys i s  of the  t o t a l  e r r o r  of  the 

EULER-CBUCHY method) 

(E. 21) 

A word of caut ion,  however, is i n  order  on the ind iscr imina te  us1 

of  higher-order finite-difference-approximation methods. Consider, f o r  

e,xample, the s i n g l e  d i f f e r e n t i a l  equat ion 

dx-= -x with  x(O) = xo , (E. 22)
d t  

and apprordmate the de r iva t ive  by t h e  cen t ra l -d i f fe rence  formula 

t o  ob ta in  the f i n i t e -d i f f e r ence  approximation 



with kO x
0 '  

which i s  well-known (e.g. --see  HILDEBRAM) [7 ,  pp. 132-1331) t o  have 

2
t runca t ion  e r r o r  of order  (At) . Nevertheless,  although the  t runca t ic  

e r r o r  f o r  (E.23) is of h igher  order  than f o r  t he  EUEER-CAUCIIY approxim 

;n+X 
(1- 2At)\, t h i s  f i n i t e -d i f f e r ence  approximation i s  n o t  converg 

and hence is not s a t i s f a c t o r y  (seeHENRICI  14, pp. 240-2411 o r  HILDEBW 

[ 7 ,  pp. 132-1351). The O.D.E. (E.22) has t h e  unique exac t  so lu t ion  

-t
x ( t )  = xoe ,while  the  f i n l t e -d i f f e r ence  approximation (E.23) (being i 

second-order d i f f e r ence  equation) possesses a genera l  so lu t ion  made up 

of two l inearly-independent components, one of which behaves s o r t  of 11 

-t e f o r  small  va lues  of A t  b u t  t he  o the r  of which behaves l i k e  e t . 
Consequently, t h e  f i n i t a -d i f f e r ence  equat ion (E.23) possesses  an e x t r a  

11apurioua" ( a l s o  "extraneous" o r  "paras i t i c" )  s o l u t i o n  t h a t  hao growth 

proper t ies  cont ra ry  t o  those of the exac t  s o l u t i o n  t o  the d i f f e r e n t i a l  

equat ion (E.22) and hence w i l l  s p o i l  t h e  numerically computed values  

(aee-HENRICI [4, pp. 240-2411 f o r  f u r t h e r  d e t a i l s ) .  

Without going i n t o  mathematical d e t a i l s  here  (e.8.  see 

HILDEBRAND [7,  pp. 132-1451 o r  HENRICI [4 ,  pp. 209-2881 f o r  such d e t a i l  

the approximatfon of a d i f f e r e n t i a l  equa t ion  of a given o rde r  by a d i f f  

cnce equat ioa of higher  order  has the  shortcoming of in t roduc ing  "spur1 

so lu t ions  a s  i l l u e t r a t e d  by t h e  above example. More prec i se ly ,  the  hig 

order  d i f f e r ence  equatdon has a l a r g e r  number of fundamental ro lu t i ons  

8 



( i . e .  the  bu i ld ing  blocks out  of which one cons t ruc t s  a l l  so lu t ions )  than 

does the o r i g i r d  d i f f e r e n t i a l  equat ion,  and not  a l l  of these m y  behave 

l i k e  the exac t  so lu t ion  of the  o r i g i n a l  d i f f e r e n t i a l  equat ion.  Conse-

quent ly ,  f o r  example, t he  approximation (E.23) is no t  a s a t i s f a c t o r y  one. 

In general  terms, higher-order  approximations Introduce spurious so lu t ion  

and such spurious so lu t ions  may cause convergence problems. I n  p l a i n  

words, t h i s  means t h a t  one can pick a f i n i t e -d i f f e r ence  method such t h a t  

the exac t  LIWMES'SER-type-mode1 r e s u l t s  f o r ,  f o r  example, x(tn) and 

y ( tn )  cannot be reached (some.times even remotely) by the numerical 

ones ? and ? by tak ing  A t  small enough. Such t roubles  may be 
n n 

avoided by i n v e s t i g a t i n g  t h e  ( r e l a t t v e )  numerical s t a b i l i t y  of the  f i n i t e  

difference-approximation so lu t ion .  Unfortunately,  no t  a l l  higher-order 

approximations (which do posseas b e t t e r  t m c t i o n  e r r o r )  are numerically 

s t a b l e .  The reader  i s  d i r ec t ed  t o  t e x t s  on numerical ana lys i s  ( e . g  

(4-111) where finite-difference-approximation methods with such undesirab 

p rope r t i e s  a r e  i d e n t i f i e d .  Thw, whenever one uses a higher-order method 

one muat make s u r e  t h a t  i t  passesses the  des i r ed  numerical s t a b i l i t y  

proper t ies .  Moreover, the EULER-CAUCHY method recommended above is both 

convergent and numerically s t a b l e .  

Let us f i n a l l y  note  here  that the  important mathematical p roper t :  

of convergence and s t a b i l i t y  o f  f i n i t e -d i f f e r ence  approximations t o  0.D.E 

a r e  in t imate ly  r e l a t ed .  It is a r a t h e r  far-reaching r e s u l t  i n  numerical 

aua lys i s  t h a t  f o r  cons ie ten t  f i n i t e 4 i f f e r e n c c  approximutims,  s t a b i l i t y  

%.of the  d i f fe rence  equation8 is equiva len t  t o  convergence of the difference 

equat ionat  so lu t ion  t o  t h a t  of t he  o r i g i n a l  d i f f e r e n t i d  equat ion (eee 
WNRICI [4, pp. 217-2871, ISAXSON and KEUER [9 ,  pp. 410-4171, o r  

H I L D E B W  [7,  pp. 140-1651 f o r  f u r t h e r  d e t a i l s ) .  



5.  Some Examp Pes . 
In t h i s  s ec t ion  we w i l l  give seve ra l  examples of f in i te -d i f fe renc  

approximations by the EWR-CAUCHY method to s p e c i f i c  homogeneous-force 

models. The main reason f o r  giving these examples ( p a r t i c u l a r l y  the F i r s t  

one) is t o  i nd ica t e  how ouch f in i t e -d i f f e r ence  approximations may be 

recurs ive ly  solved t o  generate numerical results. 

Example E .I. : Constant-Coeff i c i e n t  UNCHESTER-Type Equations f o r  F I F-
A t t r i t i o n  Process. I f  we consider  a f i g h t  t o  the f i n i s h ,  our d i f f e r e n t i a l  

---b a t t l e  model is  

wi th  x(0) = xo, 

1 - b x  f o r  x and y > O  

The f in i t e -d i f  ference approximation by t h e  EULER-CAUWl method then reads 

with SO = xo , 

which in view of *he Eight-to-the-finish equatione (E.24) should be taken 

t o  m r e  p rec i s ly  man 



n - a j n b t )  with k0 = xO ,( - 0+ 

(E.26: 


The reader  w i l l  recognize (E.25) a s  FISKE's equat ions f o r  modern warfare  

which we have examined i n  Sect ion 2.10 above. Moreover, i t  should again 

be emphasized t h a t  when w e  w r i t e  (E.25) as being a f i n i t e -d i f f e r ence  

approximation t o  (E. 24) , we r e a l l y  mean t h a t  the equat ions (E. 26) a r e  t o  

be understood. This previously-agreed-to convention w i l l  be followed i n  

t h e  balance of t h i s  appendix. We w i l l  tiow consider a s p e c i f i c  numerical 

example t o  illustrate the recurs ive  so lu t ion  procedure f o r  the  approxima1 

di.ffereace equat ions.  Numerical r e s u l t s  f o r  t he  input  d a t a  shown i n  

Table E . 1  a r e  given i n  Table E.11. From consider ing these  numerical 

r e s u l t s ,  t h e  reader  should have no t rouble  i n  understanding how the  

approximate b a t t l e  r e s u l t s  % and j a r e  propagated ahead i n  time frc n 


t h e  o l d  time s t e p  t o  t h e  new t i m e  s t e p  i n  a step-by-step fashion (cf. 

Figure E . l )  . 

Example E .2: Variable-Coef f i c i e n t  LANCHESTER-Type Equations f o r  F(F 

A t t r i t i o n  Process. In  t h i s  case the b a t t l e  model reads 

with x(O) - xo , 



TABLE E . I .  Input Data for  Numerical Example on EULER-CAUW 

Finite-Difference-Approximation Method Applied 

to  Constant-Coefficient Equations for F I  F 

Attr i t ion  Process. 

XO 10.0 

yo = 30.0 

a = 0.06 X caeua l t i e s /dnute  per Y f i r e r  

b = 0 .6  Y caeualtieslminute per X f i r e r  

A t  = 0.01  minute 

NOTE: For the differential-equation combat mdel, X w i l l  win a f ight  

t o  the finish, s ince  



TABLE E .  11. 

tn 

(minutes) 


Numerical Example for EULER-CAUCHY Method for Input Data 


Shown Fn Table E.1. 

time step 

n 

0 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


etc. 

500 


501 


502 


750 


751 


752 


955 


956 


957 


958 


959 




Examples of  such time-dependent c o e f f i c i e n t s  ( t oge the r  wi th  t h e i r  o r i g i n s  

from phys ica l  circumstances) have been given in Sect ion 6.2 above. If 

we denote a ( t n )  a s  a and b ( tn )  a s  bn, then the  EULER-CAUCHY f i n i t e  
n 

d i f f e r ence  approximation t o  (E. 27) reads 

v i t h  xC = xo , 

(E.28) 

with 90 = yo . 

I n  t h i s  case  the reader  can r e a d i l y  s ee  t h a t  once the time-dependent 

a t t r i t i o n - r a t e  c o e f f i c i e n t s  a ( t )  and b ( t )  have been spec i f i ed ,  the 

step-by-step numerical i n t e g r a t i o n  of the var iab le -coef f ic ien t  equat ions 

(E.27) by means of (E.28) is  a c t u a l l y  no more d i f f i c u l t  than t h a t  of t he  

constant-coef f i c i e n t  equat ions (E.24) by m a n s  of (E.25) . 

Example E.3: Dynamics of  a F i r e  Fight .  Consider a '"ire f i gh t "  between 

homogeneous X and Y forces .  Assume t h a t  LANCHESTER-type equat ions 

f o r  F I F  a t t r i t i o n  descr ibe  the a t t r i t i o n  process.  I f  we f u r t h e r  assume 

that (Al) whether o r  not  a r i d e  hae " f i r e  supe r io r i t y "  may be measured 

i n  terms of  whether o r  not t h a t  s i d e  is pu t t i ng  ou t  t h e  g rea t e r  t o t a l  

volume of f i r e ,  and (A2) having (not having) f i r e  s u p e r i o r i t y  y i e l d s  the  

coneequencs t h a t  ind iv idua l  f i r e r s  a r e  overwhelming the enemy with t h e i r  

f i r e  ( a r e  being overwhelmed by the  enemy's f i r e )  and a r e  consequently 

increas ing  (decreasing)  t h e i r  r a t e  of f i r e  up t o  a maxinuam value (down 

t o  a minimum v . 1 ~ ~ ) ;  than t h i s  combat may be modelled by t he  following 

equatione (E HUGGINS [ 8 ]  f o r  f u r t h e r  d e t a i l e ;  ~ a aa l s o  von FABEM [I41 

f o r  an exrPminatfm of t he  phaaom~nological  bases of f i r e  eupe r io r i t y )  

.. 




sgn(uxx - vyy) for mX < v X  < MX , 

d v ~  

otherwise . 

otherwise , 

with i n i t i a l  conditions 

constants. Here we have assumed the simple model for the LANCHESTER 

attrit ion-rate cocf f i c i en t  given i n  Section 5 . 2  (see a h  S e c t i ~ n5.10) . 
Also, the symbol agn 8 ,  read "signum 8 ,"denotes the sigpu function 

denoted by 

+1 for 8 ; O n  

0 for 0 - 0 ,  (E. 40) 

-1 for 8 < 0 . 



The above model (E.29) i n c o r p o r a t e s  t h e  f e a t u r e  t h a t  i n d i v i d u a l s  on t h e  s i d e  

t h a t  i s  producing t h e  l a r g e r  t o t a l  volume of f i r e  (measured i n  terms of 

the t o t a l  number o f  rounds f i r e d  p e r  u n i t  t ime)  can i n c r e a s e  (up t o  a  

limit) t h e i r  f i r i n g  r a t e  by v i r t u e  of having f i r e  s u p e r i o r i t y .  S i m i l a r l y ,  

an i n d i v i d u a l ' s  f i r i n g  r a r e  i s  "chocked o f f "  when h i s  s i d e  l o s e s  f i r e  

s u p e r i o r i t y .  In t roduc ing  n o t a t i o n  i n  t h e  obvious  way, we may then w r i t e  

t h e  EULER-CAUCHY approxtrcation t o  (E.29) a s  

o the rwise ,  

o therwise ,  

w i t h  i n i t i a l  c o n d i t i o n s  



Although our model of the dynamics of a f i r e  f i g h t  (E.29) is f a i r l y  

complex and i t  is f o r  su re  impossible t o  conveniently represen t  its 

s o l u t i o n  i n  terms of any elementary func t ions ,  i t  is  a n  easy  mat te r  

t o  program a d i g i t a l  computer t o  r ecu r s ive ly  compute the  numerical 

so lu t ion  of the approximating f i n i t e - d i f  fe reace  equat ions (E.31) and 

hence t o  numerically i n t e g r a t e  our d i f f e r e n t i a l  combat model (E.29) i n  

a step-by-step fashion. Such a numerical procedure was indeed q u i t e  

tedious and e s s e n t i a l l y  n o t  p r a c t i c a l  be fo re  t h e  advent o f  the  high-speed 

digi. t a l  computer. 

6. Advantages and Disadvantages of Both Analy t ica l  Solu t ions  and 

Also Their  Numerical Approximations. 

I n  t h i s  monograph we have considered both t he  formiilation and 

a l s o  the so lu t ion  (1.e.  e x t r a c t i o n  of information f o r  ana lys i s  purposes) 

of LANCHESTER-type homogeneous-force combat models. Both a n a l y t i c a l  

and a l s o  numerical-approximation s o l u t i o n  approaches have now been 

eamined .  Some s i m i l a r  i nves t i ga t ions  ( i . e .  formulation and so lu t ion )  

have been ~ a r r i e dout  t o  a l e s s e r  ex ten t  f o r  heterogeneous-farce models. 

Based on these  i nves t i ga t ions ,  i t  seems appropr ia te  t o  compare the  

advantages and disadvantages of both a n a l y t i c a l  so lu t ions  and a l s o  t h e i r  

numerical approximation. A s  an example of the  l a t t e r ,  t he  reader  should 

keep in mind the  f i r s t  example of the Past  s ec t i on ,  a numerical example 

of i n t e g r a t i o n  of  FIF a t t r i t i on -p roces s  equat ions by f i n i t e -d i f f e r ence  

means. 



Advantages and dfsadvantages of a n a l y t i c a l  so lu t ions  t o  

LANCXESTER-type models a r e  given in Table E.111,  which is self-explanatory 

and does no t  need any fu r the r  e l abo ra t i on  except  f o r  the following 

discussion of a few not-so-obvious po in ts .  A r e a l  advantage of simple 

a n a l y t i c a l  models t h a t  y i e l d  convenient a n a l y t i c a l  s o l u t i o n s  is t h e i r  

behavioral  transparency, i . e .  one can e a s i l y  see  how model ou tputs  a r e  

r e l a t e d  t o  i npu t s  and o t h e r  model parameters. For example, we know t h a t  

f o r  LANCHESTER's equations of modern warfare ( i . e .  cons tan t -coef f ic ien t  

equat ions f o r  an F I F  a t t r i t i o n  process) t h a t  t h e  X fo rce  l e v e l  

x ( t )  is given by 

(E.32) 


Thus, the  a n a l y t i c a l  s o l u t i o n  revea ls  t he  two important mdel 

parameters: (1) the i n t e n s i t y  of combat, I = Ja?;; and (2) the r e l a t i v e  

f i r e  e f f ec t i venes s  of i nd iv idua l  combatants, R = a/b. It a l s o  revea ls  

t h a t  of  these  parameters only r e l a t i v e  f i r e  e f f ec t i venes s  R he lps  

determine b a t t l e  outcome, with the  i n t e n s i t y  of combat I only ad jus t -  

ing  t he  b a t t l e ' s  tine sca l e .  Another very important aspec t  of simple 

LANCHESTER-type models is  t h e i r  a b i l i t y  t o  provide a framework f o r  under- 

s tanding and i n t e r p r e t i n g  r e s u l t s  from much more complicated ope ra t i ona l  

models. This  c h a r a c t e r i s t i c  i a  t h e  b a s i c  i d e a  behind the  fou r th  advantage 

given in Table E.111, and i n  a similar vein we have discussed above i n  

Section 7.1 t he  coordinated use of a simple a u x i l i a r y  model wi th  a 

complex opera t iona l  model. A f u r t h e r  d i scuss ion  of t h i s  important 

concept wi th in  t h e  context  of modelling t a c t i c a l  dec is ion  making a s  



TABLE E.111. Advantages and Disadvantages af an Analy t ica l  Solut ion 

t o  a UCHESTER-Type Model. 

ADVANTAGES DISADVANTAGES 

exac t  r e s u l t s  (1) may be q u i t e  complicated 

behavioral  transparency (2)  ava i l ab l e  m l y  f o r  very 

( i . e .  can e a s i l y  see  r e l a t i on - simple cases  

sh ip  between model's (a)  few s t a t e  va r i ab l e s  

parameters and so lu t ion  (b) simple forms f o r  

behavior) a t t r i t i o n  rates and 

parametric analyses  e a s i l y  c o e f f i c i e n t s  

performed (3)  may requi re  mathematical 

can generate  hypotheses t o  s o p h i s t i c a t i o n  t o  under- 

be t e s t ed  i n  higher-resalut ion s tand ,  apprec ia te ,  and 

s t u d i e s .  use.  



a r a t i o n a l  process and optimizing t a c t i c a l  resource a l l o c a t i o n  is  t o  

be found i n  Sect ion 8.5 below. Some a d d i t i o n a l  thoughts on the  coordi- 

nated use of a s imp l i f i ed  a u x i l i a r y  model wtth a  h igher - reso lu t ion  com-

plex ope ra t i ona l  model (besides  a  graphica l  a r t i c u l a t i o n  of t h e  b a s i c  

concept) a r e  portrayed i n  Figure E.2. 

Moreover, i t  seems appropr ia te  t o  po in t  ou t  here  t ha t  one dis-

advantage of  an a n a l y t i c a l  s o l u t i o n  is  t h a t  advanced mathematical theory 

may be requi red  j u s t  t o  understand and use i t .  An example of t h i s  unfortl 

na t e  s i t u a t i o n  i s  the  so lu t ion  t o  var iab le -coef f ic ien t  WCHESTER-type 

equat ions f o r  modern warfare  with power a t t r i t i o n - r a t e  c o e f f i c i e n t s  

(se_e_ Sect ion  6.9). Here f o r  cases  of no o f f s e t  the force  l e v e l s  may be 

represented i n  terms of L A N C H E S T E R - C L I F F O R D - S C H ~ I  funct ions ( o r ,  

equiva len t ly ,  modified BESSEL func t ions  of the  f i r s t  kind of  f r a c t i o n a l  

o rder ) .  Thus, some knowledge of s p e c i a l  mathematical func t ions  is more 

o r  less required f o r  a n a l y t i c a l l y  analyzing e s s e n t i a l l y  a l l  but  simple 

constant-coeff ic ient  LANCHESTER-type models, i n  p a r t i c u l a r  f o r  var iab le -  

c o e f f i c i e n t  LANCHESTER-type equat ions of  modern warfare  (=Chapter 6 ) .  

I n  a  s i m i l a r  fashion, advantages and disadvantages of approxi-

mate numerical eo lu t ions  a r e  given i n  Table E . I V .  The only a d d i t i o n a l  

comment t h a t  seem necessary he re  is  t h a t  one disadvantage of them ( the  

l a s t  given i n  Table E.IV) i s  t h a t  some caut ion must be  observed i n  t h e i r  

use. For example, one cannot ind iscr imina te ly  choose the  time-stop 

s i z e  A t  t o  be  used i n  numerically generat ing r e s u l t s  with the  f i n i t e -  

d i f f e r ence  approximation. Also, a s  w e  have discussed above, no t  a l l  

f i n i t e -d i f f e r ence  approximations t c ~LANCHESTER-type d i f f e r e n t i a l  equations 

a r e  r e a l l y  s a t i s f a c t o r y  from the s tandpoin t  of military OR. Some 
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TABLE E.IV. Advantages and Disadvantages of an Approximate Numerical 

Solu t ion  by Finite-Dif f erence Methods t o  a LANCHESTER-typc 

-
ADVANTAGES DISADVANTAGES 

(1) can always be obtained need computer t o  generate:  

(i.e. guaranteed answer) resources  requi red  

(2) e a s i l y  generated by (a) time 

recurs ive  algori thm (b) money 

( i  .e . f in i te -d i f fe rence- d i f f i c u l t  t o  perce ive  

equat ion so lu t ion  r ead i ly  s i g n i f i c a n t  r e l a t i o n s h i p s  

computed recurs ive ly)  between model parameters 

( 3 )  no advanced mathematical and s o l u t i o n  beRavior 

theory required t o  under- might be c o s t l y  t o  perform 

stand and use . parametr ic  analyses  

only ob ta in  approximate 

so lu t ion  (beware !) 



knowledge about numerical ana lys i s  (such a s  we have out l ined  above) is  

usefu l  f o r  avoiding c e r t a i n  p i t f a l l s  of computation. 

Af t e r  comparing the  advantages and disadvantagesofanalytica: 

and approximate numerical so lu t ions  shown i n  Tables E . 1 1 1  and E . I V ,  

the  reader  should sense t h a t  simple a n a l y t i c a l  s o l u t i o n s  and numerical 

approximations t o  more complicated models a r e  i n  some sense  complementi 

Returning t o  our  theme about consider ing the  information t o  be ext rac te  

from a combat model, w e  observe t ha t  in many cases  some information ma) 

be obtained from an a n a l y t i c a l  so lu t ion  to  a simple model, while o the r  

complementary information about system performance and e f f ec t i venes s  i s  

probably b e s t  obtained from a more complicated model by numerical means 

( i . e .  f i n i t e - d i f  ference approximation). Again, Figure E .2 por t rays  so 

r e l a t e d  thoughts a long these l i n e s .  We f e e l  t h a t  much more work is  nee 

on ana lys i s  s t r a t e g i e s  f o r  the coordinated use of s imp l i f i ed  a u x i l i a r y  

models with complex opera t iona l  combat models. In force-on-force comba 

ana lys i s ,  no one model can s tand  alone! 

7. Suggestions f o r  Further  Readink 

In t h i s  s e c t i o n  we give some se l ec t ed  re fe rences  f o r  the  read 

who d e s i r e s  f u r t h e r  information about t he  numerical s o l u t i o n  of 0.D.E.s 

Excel lent  in t roduc t ions  fo r  t he  nonspec ia l i s t  a r e  afforded by HENRICI 

[ S ,  Chapter 141, McCUCKEN and DORN [ l o ,  Chapter 101, HILDEBRAND [ 7 ,  

Chapter 21, and RALSTON and WILF [13, Chapters 8 and 91, with  t he  l a s t  

re fe rence  probably containing the  b e s t  in t roduc t ion  f o r  the  OR worker 



(even though the  computer mater ia l  is q u i t e  da ted) .  Other good i n t r o -  

ductory t e x t s  a r e  those by MILNE [ l l ]  and HILDEBRAND [61, i n  s p i t e  of 

the  f a c t  t h a t  they appeared i n  the r e l a t i v e  e a r l y  days of d i g i t a l  comput 

The reader  who des i r e s  f u r t h e r  information about d i f f e r ence  equat ions 

themselves w i l l  f i nd  very readable  i n t roduc t ions  i n  HENRICI [5, Chapter 

and HILDEBRAND [7 ,  Chapter 11. An e x c e l l e n t  s h o r t  summary of the  p r inc i  

f i n i t e -d i f f e r ence  methods f o r  0.D.E.s appears  in DAVIS and POLONSKY 

13, pp. 896-8993. More t h e o r e t i c a l  t reatments  of  the numerical so lu t ion  

of 0.D.E .s a r e  t o  be found i n  HENRICI [4]  and ISAACSON and K E U E R  [ 9 ] ,  

with a f a i r l y  ex tens ive  l ist  of re fe rences  t o  the  numerical-analysis 

l i t e r a t u r e  concerning 0.D.E.s appearing i n  HENRICI [4]  (seea l s o  MILNE 

[11] f o r  an extensive l ist of  e a r l i e r  re fe rences) .  

8. F ina l  Remarks. 

With the  information about f i n i t e -d i f f e r ence  approxtmetions 

contained i n  t h i s  appendix t h e  reader  has  t he  computational means a t  han 

f o r  bu i ld ing  opera t iona l  LANCHESTER-type models of  e s s e n t i a l l y  any 

des i red  degree of complexity. Such approximation methods al low one with 

t he  help of a d i g i t a l  computer t o  genera te  numerical r e s u l t s  ( a l b e i t  f o r  

p a r t i c u l a r  values  of i npu t  da ta )  from e s s e n t i a l l y  any kind of LANCHESTER- 

type model. With such computational support ,  the  m i l i t a r y 4 8  worker 

can focus on model formulation and, more genera l ly ,  the i t e r a t i v e  procesr 

of model bu i ld ing  (cf.MORRIS [121) . 



For such computational wark we have ( f o r  a v a r i e t y  o f  reasons) 

recommended the use of  the  EULER-CAUCHY method. In  p a r t i c u l a r ,  because 

of  the  very approximate na ture  of JANCHESTER-type models i n  t h e  f i r s t  

p lace ,  h i g h e r o r d e r  finite-difference-approximation schemes hardly seem 

j u s t i f i e d  a s  they have been i n ,  f o r  example, the  phys ica l  sc iences  where 

the d i f f e r e n t i a l  l a w s  of na ture  are q u i t e  p rec i s e ly  known. Besides t h e  

convergence and s t a b i l i t y  of f i n i t e -d i f f e r ence  methods discussed above, 

another  important computational cons idera t ion  is  t h e  number of computa-

t i ons  required.  The EULER-CAUCHY does very w e l l  on t h i s  c r i t e r i o n  becaus 

of its s imp l i c i t y .  Moreover, because of t he  speed of modern d i g i t a l  

computers and the  s imp l i c i t y  of the  EULER-CAUCHY method, the  smal le r  

time-step s i z e  required by considerat ion of  t runca t ion  e r r o r  i n  r e l a t i o n  

t o  t h a t  poss ib le  f o r  higher-order schemes is  of l i t t l e  consequence. 

Furthermore, ope ra t i ona l  LANCHESTER-type combat models i n  use today such 

as t h e  BONDERfIUA o r  any one of the VECTOR s e r i e s  of models use the 

seeEULER-CAUCHY method (e.g.  -BONDER and HONIG [ l ,  p. 3371 o r  12, p. 511) 



EXERCISES FOR APPENDIX E 


1. Consider LANCHESTER'~ cons tan t -coef f ic ien t  equat ions of modern war-

f a r e  f o r  a f i g h t  t o  the  f i n i s h  (E.24) and the EULER-CAUCHY f i n i t s -

d i f fe rence  approximnti.on 03.25)  t h a t  w e  developed f o r  them. 

P a r t  a .  Using t h e  f i n i t e -d i f f e r ence  approximation and the  following 

input  da t a  xo 20, = 70, a = 0.1 X casua l t ies /minute  per Y f i r eYa 


b = 0.5 Y casua l t ies /minute  per  X f i r e r ,  and A t  = 0.1 minute; compl 

by hand the  approximate force  l e v e l s  kn and j f o r  s eve ra l  time n 

s t eps  i n  order  t o  ge t  a f e e l  f o r  the recurs ive  so lu t ion  procedure. 

P a r t  b. Based on your computational experience gained i n  P a r t  a ,  

automate the computational procedure by developing an algori thm and 

wr i t i ng  a computer program to  ca l cu l a t e  the  approximate fo rce  l e v e l s  

and . n n 

P a r t  c .  Using the  da t a  of  P a r t  a ,  e x e r c i s e  the  computer program 

developed i n  P a r t  b .  P lo t  t h e  exac t  force l e v e l  va lues  x ( t )  and 

y ( t )  aga ins t  time t, and on these same p l o t s  show the  values f o r  

the approximate force l e v e l s  and 9 . 
n n 

Pa r t  d .  Using experimental computation ( i . e .  by trial and e r r o r ) ,  

f i nd  a value f o r  t he  time-step s i z e  A t  t h a t  y i e l d s  s a t i s f a c t o r y  

npproximata r e s u l t s .  (Hint: a s  suggested i n  t h i s  appendix, take 

seve ra l  t r i a l  va lues  f o r  A t  (e.g. A t  - 0.001 minute, 0.01 minute, 



0.1 minute, 1.0 minute, 10.0 minutes),  compute the approximate 

force-level t r a j e c t o r i e s  f o r  each of these d i f i e r e n t  values,  and 

compare r e s u l t s ) .  

Par t  e. Modify the f in i t e -d i f f e r ence  approximation and your computer 

program t o  handle the case of a fixed-force-level-breakpoint b a t t l e  

(seeSect ion 2.8).  Exercise your computer prograK with t h e  da t a  of 

Y

Par t  a and f i p  = 0.5 and fBp = 0.15, where (as  usual) 

2 .  Recall the LANCHESTER-type model t h a t  we developed i n  Sect ion 3.10 

and t h a t  considers  u n i t  de t e r io ra t ion  due t o  a t t r i t i o n  wj.th fixed-force- 

l e v e l  breakpoints 

where f: and f: denote the  f r ac t ions  of the X and Y f a r ces  t h a t  

a r e  permanently i ne f f ec t ive ,  and v and v a r e  constant  parameters 

modelling the  unit-de t e r i o r a t i o n  process.  



-- 

Par t  a .  Develop the  EULER-CAUCHY f i n i t e -d i f f e r ence  a p p r o x i m a t i o ~  

t o  (E.33). 

P x t  b . Using the  f i n i t e -d i f f e r ence  approximation developed i n  

P a r t  a ,  w r i t e  a computer program to c a l c u l a t e  the approximate force  

l e v e l s  \ and Fn. 

P a r t  c .  Using the  d a t a  xo 30, yo = 80, a 0.05 X casua l t ies /mlnute  

per  Y f i r e r ,  b = 0.2 Y casua l t ies /minute  per X f i r e r ,  f: = 0.1, 

Y

f: - 0 . 3 ,  p - 2.5, v - 2.5, f XBP = 0.5, and fgp - 0.15; f i nd  a 

s a t i s f a c t o r y  time-step s i z e  A t  f o r  t h i s  f i n i t e -d i f  ference approxi- 

mation by experimental computing. (Hlnt:  a s  suggested i n  t h i s  

appendix, f i r s t  f i n d  a s a t i s f a c t o r y  time-step s i z e  f o r  the f i n i t e -  

d i f f e r ence  approximation o f  Problem 1. Denote t h i s  value as 
h ~ .  

Then compute approximate r e s u l t s  f o r  t h e  model (E. 33) f o r  s e v e r a l  

values  of A t ,  us ing hS as a point  of departure  (e.g. h t  = O.lh 
S * 

0.5hS, hS, 2 .5hS, 5h ), and compare r e s u l t s  .)
S 

P a r t  d .  Using t h e  da ta  of Pa r t  c and the time-step value A t  

developed there ,  compute the  approximate force l e v e l s ,  and p l o t  

k aga ins t  t i m e  t and a l s o  aga ine t  time. Develop s i m i l a r  

p l o t s  for  cases  i n  which p - 1 and v - 1, p = 1 and v = 2, 

u - 1 and v = 2, and 11 = 10 and v = 10. Compare these 

numerical r e s u l t 6  with those f o r  LANCHESTEK's equat ions of modern 

warfare  with t he  same fixed-force-level breakpoints.  



Part e .  What other graphical p lots  would he of  in teres t  to  a 

military-OR analyst? 

3 .  Using the computation aids ( i . e .  the computer programs) developed 

above for the combat models (E.24) and (E.33). evaluate the following 

rule  of thumb frequently used by mil i tary planners: do not attack 

unless you possess a three-to-one advantage i n  combat power. 
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1
Chapter 8. OPTIMIZING TACTICAL DECISIONS 

8.1. Introduct ion.  

Tn this chapter  we w i l l  b r i e f l y  examine developing in s igh t s  i n t o  

t h e  st r u c t u r e  of optimal t a c t i c a l  dec ie ions  by combining combat modelling 

and opt imiza t ion  theo r i e s .  Our approach is  t o  apply so-cal led general ized 

2
con t ro l  theory ( i . e .  op t imiza t ian  theory f o r  dynamic systems ) t o  r e l a t i v e l y  

simple LANCHESZ'ER-type combat m d e l s  i n  which the  combat s t r a t e g i e s  of 

t a c t i c a l  decis ion makers a r e  represented by "decis ion var iab les .  31' m e  

"best" values f o r  these dec is ion  va r i ab l e s  a r e  then determined by invoking 

opt imal i ty  condi t ions fram general ized con t ro l  theory. 

This chapter ,  however, f s s u b s t a n t i a l l y  d i f f e r e n t  from the o the r  
\ 
\ 

chapters  of t h i s  monagraph i n  the sense t h a t  i ts  purpose is t o  Provide an 
-. 

in t roduc t ion  t o  and overview of the q u a n t i t a t i v e  ana lys i s  o f  m i l i t a r y  

s t r a t e g y  and t a c t i c s  and not to  provide complete d e t a i l s  on how t h i s  is 

done. The author  has f e l t  i t  t o  be important t o  show haw LANCHESTER-type 

modela can be w e d  p r e s c r i p t i v e l y  f o r  m i l i t a r y  dec is lon  making ( a t  l e a s t  

conceptually) , even though circumstances have prevented complete d e t a i l s  

being given here .  Thus, our purpose he re  is to  provide the reader  with 

some ind i ca t ion  aa t o  how the  LANCHESTER theory of  combat can be combined 

with opt imizat ion theory t o  q u a n t i t a t i v e l y  study m i l i t a r y  s t r a t e g y  and 

t a c t i c s .  The author  has f e l t  t h a t  i t  would be b e t t e r  t o  provide a r a t h e r  

sketchy in t roduc t ion  t o  and overview of  t h i s  important t op i c  r a t h e r  than 

omit i t  e n t i r e l y .  Thua, complete d e t a i l s  w i l l  no t  be  given, with the reader 



being r e f e r r e d  t o  t he  l i t e r a t u r e  f o r  them. I n  p a r t c i u l a r ,  e s s e n t i a l l y  

no d e t a i l s  from opt imizat ion theory ( i . e .  general ized con t ro l  theory) ,  no 

d e t a i l s  o f  procedures f o r  developing so lu t ions ,  and even no complete solu- 

t i ons  w i l l  be presented here.  However, w e  w i l l  t r y  t o  e s t a b l i s h  a framewot 

f o r  the  use of  such normative models. Consequently, problem formulat ions 

and the  i n s i g h t s  t o  be gained from such inves t i ga t ions  w i l l  be  s t r e s s e d .  

The s t r u c t u r e  of  optimal t ime-sequential  combat s t r a t e g i e s  has  

4
been s tud i ed  by the author  by consider ing a sequence a£ s p e c i f i c  problems, 

and w e  w i l l  examine a few s e l e c t e d  r ep re sen t a t i ve s  from t h i s  c o l l e c t i a n  

of s p e c i f i c  problems. However, these combat models are too s imple t o  

be taken l i t e r a l l y  bu t  should be i n t e r p r e t e d  a8 only i n d i c a t i n g  genera l  

p r i n c i p l e s  t o  se rve  a s  hypotheses i n  subsequent s t u d i e s  with more d e r a i l e d  

operat ions models (e.g. a high-resolut ion Monte Carlo combat s imula t ion  

such ae DYNTACS, o r  a complex opera t iona l  a n a l y t i c a l  model such as BONDERbI  

5
o r  VECTOR-2) . Since these  mathematical models a r e  such i d e a l i z a t i o n s  of 

the (rational.)  decision-making process i n  combat, probably the  only 

s i g n i f i c a n t  result obtained from then is the  s t r u c t u r e  of  the  opt imal  

combat s t r a t e g i e s .  Consequently, the  au thor ' s  research  has i n i t i a l l y  con-

cent ra ted  on r e l a t i n g  t he  s t r u c t u r e  of optimal combat s t r a t e g i e s  t o  t h e  

conceptual izat ion of t he  t a c t i c a l  decis ion problem. Such work may be 

h e l p f u l  f o r  understanding opt imiza t ion  r e s u l t s  from (and, hence, f o r  making 

b e t t e r  use o f )  more complex ope ra t i ona l  models. 

In this chapter  w e  w i l l  there fore  b r i e f l y  examine s e v e r a l  s p e c i f i c  

opt imizat ion problems f o r  determining optimal. t ime-sequential  combat 

s t r a t e g i e s  (pr imar i ly  f  ire-distribution s t r a t e g i e s ,  i .e . s t r a t e g i e s  f o r  



d i s t r i b u t i n g  f i r e  over enemy t a r g e t  t ypes ) ,  We w i l l  a l s o  consider  the 

optimal i n i t i a l  comnitnu?nt of forces  i n  b a t t l e ,  and t h i s  examination of 

Gurs w i l l  provide f r e sh  i n s i g h t s  i n t o  the "pr inc ip le  of concentrat ion,"  

which F. W. LANCHESTER [ 5 3 ]  f i r s t  attempted to  q u a n t i t a t i v e l y  j m t i f y  i n  

1914 (see -a l s o  Sect ion 2.9 above). On the  battlefield, the  opposing 

ronrmanders have c o n f l i c t i n g  i n t e r e s t s ,  and t h i s  ba s i c  c o n f l i c t  of i n t e r e s t  

l e ads  t o  a  so-called game-theoretic o r  two-sided opt imizat ion problem f o r  

determining t h e  %e8tW combat s t r a t e g y  f o r  each s ide6.  i . e ,  each s i d e  is  

faced with a t a c t i c a l  choice problem t h a t  is i n  t u rn  a f f e c t e d  by the  

enemy's t a c t i c a l  s t r a t egy .  Because such two-sided time-sequential  op t i -  

mization prob lens  ( i  .e. d i f  f e t e n t i a l  games) a r e  general ly  so  d i f f i c u l t  

t o  so lve  and usua l ly  have such f a n t a s t i c a l l y  complicated s o l u t i o n s ,  we 

w i l l  accordingly consider  some one-sided opt imizat ion problems 7 
( i .  e  . 

one a i d e ' s  s t r a t egy  is f ixed  m d  thus only t h e  o the r  a i d e  has a f r e e  

c h o k e  of its combat s t r a t e g y )  i n  order  t o  i l l u s t r a t e  modelling po in t s  

and study t h e  s t r u c t u r e  of optimal combat po l i c i e s8  ( o r  t a c t i c s ) .  



8.2. Quant i ta t ive  Analysis of Mi l i t a ry  S t r a t egy  and Tac t i c s  

From the  s tandpoint  of modern opera t ions  research  (OR), problems 

of m i l i t a r y  s t r a t e g y  and t a c t i c s g  may be viewed a s  be ing  b a s i c a l l y  resoux 

a l l o c a t i o n  p rob lem over time. For example, a m i l i t a r y  commander of groc 

fo rces  is f requent ly  faced wi th  the  problem of when and where t o  c o d t  

h i e  reserve  forces  i n t o  b a t t l e ,  As another example, the a l l o c a t i o n  of  a 

s p e c i f i c  weapon-system type t o  an acquired t a r g e t  is an important t a c t i c a  

dec is ion  in  t he  f i re-support  process.  Accordingly, the determinat ion of 

optimal (or  even "good") f i r e - d i s t r i b u t i o n  s t r a t e g i e s  f o r  support ing weop 

has  been a major problem of m i l i t a r y  OR. I n  p a r t i c u l a r ,  the  

determinat ion of the  optimal a l l o c a t i o n  of  general-purpose a i r c r a f t  t o  

missions i n  a mult iper iod was with a s p e c i f i e d  numher of  per iods  has been 

much s tud i ed  i n  t h e  pas t  and continues today t o  be of s i g n i f i c a n t  i n t e r e s  

t o  defense planners.  

Many people be l ieve  t h a t  such t a c t i c a l  dec i s ions  (quan t i f i ed  i n  

models as behavioral  and/or dec is ion  va r i ab l e s )  are the most s i g n i f i c a n t  

f a c t o r s  d r iv ing  the  course of combat t o  i ts  end. Thw, one is faced with 

t he  problem of modelling t a c t i c a l  Af t e r  such t a c t i c a l -  

dec is ion  models have been developed, i t  becomes of i n t e r e s t  t o  f i nd  a pre. 

f a r r e d  course of a c t i o n  from among the  f e a s i b l e  a l t e r n a t i v e s .  

Optimal s t r a t e g i e s  f o r  such t ac t i ca l - a l l oca t ion  problems may be 

i nves t i ga t ed  by means of  

12
I war gaming , 

(11) mathematical modelling combined with op t imiza t ion  theory. 



These two approaches both aharc  so- common dimensions of t he  t a c t i c a l  

decision-making process,  b u t  they may a l s o  be  charac te r ized  by t h e i r  

d i f fe rences .  The d i s t i ngu i sh ing  f ea tu re  of war games i s  t h a t  they use 

r e a l  people playing the  r o l e s  of the b a t t l e f i e l d  counuanders and t h e i r  

s t a f f s  t o  a imulate  t a c t i c a l  dec is ion  procesges, while combat s imulat ions 

and a n a l y t i c a l  models use symbols, a lgori thms,  o r  some o the r  type of 

l o g i c  t o  represen t  such dec is ion  processes .  All such approaches and/or  

modelling methodologies, hawever, p lay  t h e  same func t iona l  r o l e  i n  combat 

13
sirnulatione : they produce r e q u i s i t e  t a c t i c a l  dec is ions  (i,e . the  outputs  

of  dec is ion  processes) a t  appropr ia te  times during the course of simulated 

combat. Moreover, war games a r e  desc r ip t i ve ,  while opt imizat ion problems 

are p re sc r ip t i ve  (or  normative).  

When w e  a n a l y t i c a l i g  model the t a c t i c a l  choice problem wi th  each 

of the opposing commanders seeking to  use h i s  "best" combat s t r a t e g y ,  w e  

a r e  l e d  t o  a game-theory model f o r  optimizing t a c t i c a l  decis ions i n  which 

t h e r e  a r e  a t  l e a s t  two players  o r  dec is ion  makers (2.HO [34; 351). 

When the re  a r e  two decis ion makers, such a normative rnodel is a l s o  f re -  

quently c a l l e d  a  two-sided opt imizat ion problem (e.g. eHO, RRYSON, 

and BARON [36]) .  Moreover, t he re  i s  an in t imate  connection between gaae 

theory and war gaming (e.g. see THOMAS and DEEMER [ l o l l ) .  I n  p a r t i c u l a r ,  

SHUBIK [72] has e t r e s sed  t h a t  a knowledge of the theory of games provides 

a usefu l  benchmark and a fundamnta l ly  important methodological approach 

t o  the s tudy of s i t u a t i o n s  involving p o t e n t i a l  c o n f l i c t  of i n t e r e s t s .  

Table 8.1 presen ts  a b r i e f  synopsis of the major assumptions i n  game-

theore t i c  opt imizat ion problem and war gaming ( i  .a. behavioral  model 
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TABLE 8.1. Brief Synopsis of the  Major Assumptions i n  Game-Theoret. 

Optimization Problems and War Gaming ( i . e .  Behavioral 

Model Building) . 

I Game Theory Behavioral Theories 

Rules of the  game Mi l i t a ry  doc t r ine  and custom 

External  symmetry Personal  d e t a i l  

No s o c i a l  condi t ioning Soc ia l i za t ion  assumed 

No r o l e  playing Role playing 

Fixed well-defined payoffs D i f f i c u l t  t o  de f ine  and may 

change 

Per fec t  i n t e l l i g e n c e  Limited i n t e l l i g e n c e  

No learn ing  Learning 

No coding problem Coding problem 

Primari ly  s t a t i c  Primari ly  dynamic 



bui ld ing) .  Many of the  same comparisons, of couree, a l s o  apply t o  the 

comparison be ween  one-sided opt imiza t ion  ( i  .e . t h e  combat s t r a t e g y  

assumed to  be  knm f o r  one s ide )  and war gaming (see SHUBIK [ 7 2 ,  pp. 157-1 

f i r  f u r t h e r  d e t a i l s ) .  

The author ' s  approach f o r  i nves t i ga t ing  optimal combat s t r a t e g i e s  

see TAYLOR [85-88; 91-97]) has  been t o  develop an  a n a l y t i c a l  model ( a * &  -
b 

of the t a c t i c a l  engagement, t o  quant i fy  t he  t a c t i c a l  choices  and/or  

s l l o c a t i o n s  of t he  commanders through dec is ion  v a r i a b l e s ,  t o  incorporate  

these dec is ion  va r i ab l e s  i n t o  the combat model, and f i n a l l y  t o  determine 

the "best" values  f o r  these  dec is ion  var iab les .  We have, of course,  used 

LANCHESTER-type models t o  represen t  t he  combat dynamics in these  op t i -  

mization p rob lem.  

Thus, t he  top ics  covered i n  t h i s  book on LANCHESTER combat theory 

f a l l  e s s e n t i a l l y  i n t o  two ca tegor ies :  namely, ma te r i a l  on 

(C1) simple LANCHESTER-type models, 

and 


(C2) determining optimal t a c t i c a l  dec is ions  with such 

a  imple models. 

Models i n  the  f i r s t  category m y  be c l a e s i f i e d  as being desc r ip t i ve ,  

while  those i n  t h e  second may be c l a s s i f i e d  as being normative. I n  the 

l a t t e r  case,  the LANCHESTER-type equat ions a r e  used t o  a s se s s  t h e  con-

seqmnces o f  the decis ions ma& by the  cor~manders and modelled by decis ion 

var iab les .  The f n c w  of the  au thor ' s  work has been on understanding the  

dynemice of c o d a t  and opt imizat ion of t a c t i c a l  dec is ions  through s tudying 



s imp l i f i ed  a n a l y t i c a l  models, uspecfa l ly  those t h a t  provide an  understand 

ing  of the  bas i c  nature  of more complex ope ra t i ona l  models. A good 

a n a l y t i c a l  model, of course,  should s imp l i fy ,  b e  t ransparen t  and easy t o  

understand, be  easy t o  manipulate, and inc rease  our  understanding of 

real-world processes ( i . e .  y i e l d  important i n s i g h t s ) .  For reasons t h a t  

should be obvious t o  the reader  by now, t he  combat-optimization problems 

s tud i ed  by the  au thor  a r e  f a r  too simple t o  be taken l i t e r a l l y  b u t  should 

be i n t e r p r e t e d  as y ie ld ing  i n s i g h t s  t h a t  can provide va luable  guidance 

f o r  subsequent higher-resolut ion computerized inves t i ga t ions .  A s  w e  have 

a l ready  s t r e s s e d  above i n  Sec t ion  8.1, probably t h e  only s i g n i f i c a n t  

r e s u l t  obtained from such combat-optimization problems is t h e  s t r u c t u r e  

of t h e  optimal combat s t r a t e g i e s ,  s i n c e  t h e s e  mathematical models a r e  s u c  

g r e a t  i d e a l i z a t i o n s  of t h e  ( r a t i o n a l )  decision-making process  i n  combat. 



8 . 3 .  Information t o  be Obtained from the Quant i ta t ive  Analysis 

Mi l i t a ry  S t ra tegy  and Tact ics .  

Thus, as discussed above, the au thor ' s  research on detetmiuing 

optimal. t a c t i c a l  d e c i s i o m  h a s  Been based on applying o p t i d z a t i o n  theory 

t o  such simple LANCHESTER-type combat models a s  we have predominantly 

considered previously i n  t h i s  monograph, w i th  t a c t i c a l  dec is ions  quant i f ic  

through decis ion var iab les .  Our work has emphasized understanding t h e  

dependence of t he  s t r u c t u r e  of optimal t ime-sequential  combat s t r a t e g i e s  

on t h e  b a s i c  elements of the  combat-optimization problem (seeSect ion  8 . 4  

below). As we h a w  previously s t r e s s e d  f o r  our a n a l y t i c a l  i nves t i ga t ion  

of simple LANCHESTER-type (descr ip t ive)  models (cf. t h e  quest ions of 

Sect ion 6 . 3 ) ,  we have used jud ic ious ly  s e l e c t e d  quest ions t o  guide our  

research e f f o r t s  on opt imizing t a c t i c a l  dec is ions .  S p e c i f i c a l l y ,  w e  have 

been guided by t ry ing  t o  answer such quest ions a s  shown i n  Table 8.11. 

Other such quest ions may be found posed i n  TAYLOR [92, p. 2; 9 4 ,  p. 1; 

9 6 ,  pp. 2-31. 

Furthermore, our  own research e f f o r t s  have mainly concerned optima 

time-sequential  t a c t i c s  f o r  the d i s t r i b u t i o n  of f i r e  over enemy t a r g e t  

types,  with some i d e a l i z e d  looks a t  optimal f i re-support  s t r a t e g i e s  . Our 

research approach has been t o  consider  a sequence of  s p e c i f i c  problems, 

t o  i nves t i ga t e  f o r  each problem such quest ions a s  shown i n  Table 8 .II, 

and t o  compare the s t r u c t u r e s  of optimal f i r e - d i s t r i b u t i o n  s t r a t e g i e s  

amng these d i f f e r e n t  probleme. Analy t ica l  r a t h e r  than numerical methods 

have been s t r e s sed .  d scenar io  hae been developed f o r  each such s p e c i f i c  

problem expresaed i n  q u a l i t a t i v e  terms, and the m i l i t a r y  opera t ions  analyze 

Appropriate LANCHESTER-type models of t h e  combat procesa have then been 



TABLE 8.11. Information t o  Ex t r ac t  from 

Combat-Optimization Problem. 

(41) Do t a r g e t  p r i o r i t i e s  change over time? 

(42) How should f i r e  be d i s t r i b u t e d  over enemy t a r g e t s  and how should 

targets be opt imal ly  s e l ec t ed?  

(43) How do force S e w l s  a f f e c t  t he  optimal t ime-sequential  

f i re -d is  t r i b u t i o n  po l i cy?  

(44)  How do the number of t a r g e t  types and the na ture  o f  combat- 

a t t r i t i o n  processes a f f e c t  t he  opt imal  f i r e - d i s t r i b u t i o n  

pol icy?  

(45) How does t he  nature  of t he  planning horizon ( i . e .  b a t t l e -

terminat ion condi t ions)  a f f e c t  the  optimal f i r e - d i s t r i b u t i o n  

poi icy? 

(46) What a r e  the a f f e c t s  of l o g i s t i c s  cons t r a in t s  on such p o l i c i e s ?  

(Q7) H o w  do comnand-and-control c a p a b i l i t i e s  a f f e c t  the optimal 

po l icy?  



developed, wi th  d e c i s i o n  v a r i a b l e s  used t o  r e p r e s e n t  the  f e a s i b l e  

a c t i o n s  o f  t h e  opposing combatants. An o p t i m i z a t i o n  problem ( r e f l e c t i n g  

t h e  t a c t i c a l  a l l o c a t i o n  problem faced by t h e  combatants)  h a s  ncx t  been 

formulated and s o l v e d  by app ly ing  t h e  a p p r o p r i a t e  o p t i m i z a t i o n  theory.  

F i n a l l y ,  a f t e r  a sequence o f  such o p t i m i z a t i o n  problems has been s o l v e d ,  

t h e i r  s o l u t i o n s  have been s t u d i e d  and compared t o  g a i n  i n s i g h t s  i n t o  t h e  

s t r u c t u r e  of opt imal  f i r e - d i s t r i b u t i o n  s t r a t e g i e s .  This  approach of 

cons ider ing  a  sequence of s p e c i f i c  problems has  been r e p e a t e d l y  used t o  

i n v e s t i g a t e  t h e  i n f l u e n c e  of the  fol lowing f a c t o r s  on op t imal  time-sequel 

f i r e - d i s t r i b u t i o n  s t r a t e g i e s :  

(F1) combatant o b j e c t i v e s  ( q u a n t i f i c a t i o n  of m i l i t a r y  ob jec t ives  

(F2) dynamics o f  t h e  combat -a t t r i t ion  p rocess ,  

(F3) weapon-system-performance c h a r a c t e r i s t i c s ,  

(F4) t e rmina t ion  cond i t ions  of the c o n f l i c t ,  

(F5) f o r c e  s t r e n g t h s  and composit ion,  

(F6) e f f e c t s  o f  r esource  c o n s t r a i n t s ,  

(F7) range c a p a b i l i t i e s  o f  weapon eya terns. 



Basic Elements of t he  Comhat-Optimization Probl.em.8.4. --
Consider two opposing forces  i n  combat. Each force has a  

cormunder who makea decis ions t h a t  in f luence  the  course of combat. 

What can each do? 

What does each know? 

Whst does each wa1.t t o  do? I
What c r i t e r i a  doee each base 

h i s  dec is ions  on? 

How is what each decides r e l a t e d  

\ t o  what happens? 

In  more a n a l y t i c a l  terms, !.f we assume tha t  each commander i s  a so-cal?.ed 

r a t iona l  decis ion maker and we attempt t o  model how each makes decis ions,  

then the e s s e n t i a l  aspec ts  of  each commander's decis ion process may be 

s t a t e d  a s  follows: 

(EM) the f e a s i b l e  courses of ac t ion  ava j l ab l e  t o  each 
I 

dec is ion  maker, 

(EA2) the information ava i l ab l e  t o  each decis ion maker, 

(EA3) the outcome "yardstick" (decis ion c r i t e r i o n )  used by 

each dec is ion  maker, 

(EA4)  the r e l a t i o n  between the j o i n t  course of ac t ion  and 

c o n f l i c t  outcome. 
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However, w e  can formalize much f u r t h e r  our  method of  inqui ry  

and (as diecussed above) i n v e s t i g a t e  optimal s t r a t e g i e s  f o r  t a c t i c a l  

decis ions by w i n g  mathematical modelling combined wi th  opt imizat ion theory. 

Let ue now formally call .  such an opt imizat ion problem t h a t  is used f o r  

i nves t i ga t ing  optimal t ac t i ca l - a l l oca t ion  s t r a t e g i e s  a combat-optimization 

problem. For t he  purposes of m i l i t a r y  OR i t  is  convenient t o  consider  

t h a t  t h e r e  a r e  f i v e  fundamental elements14 of any time-sequential  cumbat-

opt imizat ion problem: 

(El) the dec is ion  c r i t e r i a  ( f o r  both commanders) , 

(E2) t he  model o f  con£ l i c  t te  r d n a t i o n ,  

(E3) t he  model of combat dynamics, 

(E43 the f e a s i b l e  ac t i ons  f o r  each dec is ion  maker, 

(E5) the  information ava i l ab l e  t o  each dec is ion  maker. 

I t  is i n t u i t i v e l y  obvious t ha t  each and every of  the above f i v e  f a c t o r s  

can have a e i g n i f i c a n t  in f luence  on what the  "best" course of a c t i o n  w i l l  

be i n  combat. Furthermore, p a r t i a l l y  because of t he  pauci ty  of r e a l  combat 

da t a ,  there  are alternative m d e l s  which are. e s s e n t i a l l y  equa l ly  p l a u s i b l e  

f o r  each of thee= f ac to r s .  

Modern air-ground combat opera t ions  may be charac te r ized  both 

by t h e i r  d i v e r s i t y  and a l so  by the  v a s t  scope of the shee r  numbers of  



weapon syetems involved. Consequently, cur ren t  modelling and computer- 

system technologies cannot d i r e c t l y  reproduce such large-scale. operation! 

and la rge-sca le  sye tems m u s t  be considered i n  much sys tenreva lua t ion  worl 

f o r  var ious  reasons such a s  resource a l l oca t ion ,  the  codined-arms nature 

of operat ions.  e t c .  Since the r e s u l t a n t  combat models represen t ing  a 

t a c t i ca l -dec i s ion  problem f o r  such systems (and oven smal le r )  m u s t  be 

h igh ly  i dea l i zed ,  probably the only s i g n i f i c a n t  aspec t  is how t h e  s t r u c t ~  

of optimal combat s t r a t e g i e s  depends on t h e  above f i v e  e s s e n t i a l  elements 

of the combat-optimization problem. Tllus , an important problem f o r  

mi l i t a ry  OR is  t o  determine how the s t r u c t u r e  of optimal c o d a t  s t r a t e g i c  

depends on these elements of t he  combat-opt idzatf  on problem. 

I n  e s s e n t i a l l y  a l l  op t idza t ion - theo ry  app l i ca t i on  t o  t a c t i c a l  

dec is ion  making known t o  t h i s  au thor ,  i t  is assumed t h a t  dec is ion  makers 

have e s s e n t i a l l y  "per fec t  knowledge" about enemy c a p a b i l i t i e s .  Hence, 

we w i l l  not consider  the information s t r u c t u r e  f u r t h e r ,  although i t  

c e r t a i n l y  w i l l  play a  major r o l e  i n  a c t u a l  real-world m i l i t a r y  dec is ions .  

Also, i n  much ana lys i s  a r e l a t i v e l y  simple s t r u c t u r e  f o r  the f e a s i b l e  

ac t i ons  of each dec is ion  rnaker is  assumed. For example, i t  is frequent ly  

assumed t h a t  an a i r c r a f  r can be assigned to  j u s t  one of a n h e r  of d i f f e  

e n t  t a c t i c a l  d s e i o n e ,  although i n  r e a l i t y  an a i r c r a f t  might perform 

seve ra l  missions on a  p a r t i c u l a r  s o r t i e .  Hence, w e  w i l l  a l s o  no t  e x p l i c i  

consider  the f e a s i b l e  a c t i o n s  f o r  each dec is ion  maker (E4) f u r t h e r .  

Moreover, concerning the  f i r s t  th ree  i tems i n  the above liat of elements 

of the combat-optimization problem, our  knowledge about such top ice  

inereeses  a s  we go down t h e  l ist.  I n  o the r  words, more i s  known about 



modelling t h e  dynamics o f  combat than about  modell ing c o n f l i c t  t e rmina t ion ,  

and s t i l l  l e e s  is known about  the d e c i s i o n  c r i t e r i a  a c t u a l l y  used by 

d e c i s i o n  makem. The au thor  ' 8  resea rch  h a s  emphasized r e l a t i n g  these  

t h r e e  e lements  o f  the  d e c i e i o n  problem t o  the s t r u c t u r e  of  opt imal  

combat s t r a t e g i e s  by cons ider ing  a sequence o f  s p e c i f i c  problems. Thus, 

the  consequences and i m p l i c a t i o n s  o f  a l t e r n a t i v e  assumptions about these  

elements may (hopeful ly)  be b e t t e r  a p p r e c i a t e d .  



8.5. Simple A u x i l i a ~ y  Models and Complex .Operat ional  Models. 

I n  t h i s  c h a p t e r  w e  w i l l  p r e s e n t  some elements  o f  a theory o f  

opt imal  t a c t i c a l  a l l o c a t i o n  by examining a  sequence o f  i d e a l i z e d  combat- 

op t imiza t ion  problems t h a t  we have considered i n  our  resea rch .  For 

reasons  o f  mathematical  t r a c t a b i l i t y ,  we have p r i m a r i l y  cons idered  ona- 

s i d e d  t ime-sequent ia l  o p t i m i z a t i o n  problems ( i . e .  so -ca l l ed  opt imal-

control. p r o b l e m ) ,  b u t  we have a l s o  considered some t ime-sequen t ia l  combat 

games. We j u s t i f y  our  examination o f  d e t e r m i n i s t i c  opt imal-control  

problems on t h e  fol lowing grounds: 

( F l )  LANCHESTER-type d i f f e r e n t i a l  games a r e  extremely d i f f i c u l t  

t o  s o l v e ,  

and 

(F2) t h e r e  is a  well-known i n t i m a t e  connect ion between t h e  mathe- 

m a t i c a l  t h e o r i e s  of opt imal  c o n t r o l  arid d i f f e r e n t i a l  games. 

Our i d e a  behind s t u d y i n g  such one-sided problems i s  t o  d i s c o v e r  p r o p e r t i e s  

of opt imal  t ime-eequential  combat p o l i c i e s  t h a t  w i l l  provide  guidance 

f o r  s tudy ing  two-sided t ime-sequent ia l  t a c t i c a l  d e c i s i o n  problems. However, 

one muet be aware o f  t h e  f a c t  t h a t  d i f f e r e n t i a l  games do p o s s e s s  many 

s u b t l e  mathematical f e a t u r e s  t h a t  do n o t  c c c u r  i n  one-sided o p t i m i z a t i o n  

probleme (E ISAACS [47]f o r  f u r t h e r  d e r a i l s )  . 
Our approach f o r  s tudy ing  t h e  o p t i m i z a t i o n  of t ime-sequent ia l  

t a c t i c a l  d e c i s i o n s  h a s  been t o  cons ider  a sequence of judic iously-chosen 

s i m r l e  problems, t o  a n a l y t i c a l l y  s o l v e  each op t imiza t ion  problem t o  

de t e d . n e  t h e  opt imal  t ima-sequent i a l  combat p o l i c y ,  and t o  compare t h e  



s t r u c t u r e s  of these optimal p o l i c i e e .  Although theee probleme a r e  too 

simple t o  be taken l i t e r a l l y ,  such an a n a l y t i c a l  i nves t i ga t ion  of the 

optimizat9.on of combat dynamics may be  usefu l  f o r  

(a)  gulding higher-resolut ion s t u d i e s ,  

and 

(b) i den t i fy ing  cause-effect r e l a t i o n s  between opt imal  m i l i t a r y  

t a c t i c e  and modelling assumptions. 

Some of the philosophy behind t h i s  type of i nves t i ga t ion  is shown i n  . 
Figure 8.1. Thus, we do not  claim t h a t  t he  simple combat-optimization 

problems t h a t  we h a w  s tud i ed  should "stand alone" bu t  r a t h e r  t h a t  they 

should be viewed as po in t s  of departure  f o r  more d e t a i l e d  i nves t i ga t ions  

using e lt h e r  simulation (E NOLAN and SOVEREIGN 1631) , largc-scale  

opt imizat ion (seeGEOFFRION [261) ,  o r  even war gaming. The b a s i c  idea  is 

t o  coordinate  the use of a complex ope ra t i ona l  m d e l  with t h a t  of a simple 

aux i l i a ry  model, although i n  t h i a  monograph w e  w i l l  consider  only t h e  

l a t t e r .  We have a l ready  discussed 111 Chapter 7 such complementary use of 

models wi th in  the context of de sc r ip t i ve  models, and w e  w i l l  now b r i e f l y  

reexatnine t h i s  important concept f o r  normative models. 

GEOFFRION (261 hae pointed ou t  t h a t  a s e r i o u s  inheren t  l i m i t a t i o n  o 

large-ecale opt imizat ion models i s  t h a t  they do n o t  expla in  the  

optimal pol icy o r  s t r a t e g y  is what i t  is,  although they c e r t a i n l y  can 

de l ive r  an optimal so lu t ion  f o r  a given s e t  of input  da ta .  For optimizing 

t a c t i c a l  decieions,  we a r e  more i n t e r e s t e d  i n  (a t  least i n i t i a l l y )  t h e  

s t r u c t u r e  of optimal combat a t r a t e q i e s  and t h e i r  dependence on modelling 
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assumptions and va r i a t i ons  i n  system parameters because of the many un-

c e r t a i n t i e s  inheren t  i n  combat analyses.  Furthermore, few ( i f  any) 

tac t ica l -dec is ion  problem lead t o  a s i n g l e  pe r f ec t  numerical model whost 

s o l u t i o n  i o  d i r e c t l y  t r a n s l a t a b l e  i n t o  p r a c t i c a l  ac t i on .  GEOFFRION [ 2 6 ]  

has s t r e s s e d  t h a t  there  is r a t h e r  an e n t i r e  f d l y  of imperfect numerics. 

models r e f l e c t i n g  a l t e r n a t i v e  assumptions, ob j ec t i vea ,  and d a t a  estimater 

An understanding of s o l u t i o n  behavior f o r  t he  e n t i r e  f d l y  of modele is 

required t o  f u l l y  support  the  developmcnt of an appropr ia te  plan of 

ac t i on .  

GEOFFRION [26,  yp. 81-82] has f u r t h e r  s t r e s s e d  t h a t  i n s i g h t s  intc 

the  determinants of an optimal ao lu t ion  a r e  important because they help 

t o  overcome the  s e r ious  v a l i d a t i o n l c r e d i b i l i t y  obs t a c l e s  t h a t  a r e  usual11 

present  i n  p r a c t i c a l  appl ica t ions  ( p a r t i c u l a r l y  mi l i t a ry  ones) .  H a w  

can one be  convinced a model is a useful represen ta t ion  of  t he  r e a l  systc 

Furthermore, how can the ultimate user  o f  information generated by the  

model - i n  DoD app l i ca t i ons  usua l ly  a sen io r  m i l i t a r y  o f f i c e r ,  c i v i l i a n  

mnager, o r  p o l i t i c i a n  r a t h e r  than a technica l  parson - be  persuaded t o  

use the modal as a dec is ion  a id?  GEOFFRION [26, p.  821 f e e l s  (and s o  do 

we) t h a t  the  answer t o  both these important quest ions is t h a t  purely 

numerical r e s u l t s  must be  supplemented by i n t u i t i v e l y  reasonable explanat  

so t o  why these  numerical r e s u l t s  have occurred ae they have. O thewise  

(GEOFFRION has continued) t he  v a l i d i t y  of the model can only be taken on 

f a i t h ,  and t h e  deciaion maker w i l l  b e  i nc l i ned  t o  r e v e r t  t o  i n t u i t i o n  o r  

t o  s o m  o the r  b a s i s  f o r  t he  decielon about which he  f e e l s  more secure.  

He has then suggested the we of simple a u x i l i a r y  models t a  supplement 

the  use of complex opera t iona l  models, much as w e  have depicted i n  Figure 

700 




We therefore  suggest  the  following methodological approach f o r  

i nves t i ga t ing  the optimizat ion of t a c t i c a l  dec is ions  ( a f t e r  GEOF'FRION [26]): 

1. Reduce the l e v e l  of d e t a i l  and complexity of the  f u l l - s c a l e  

combat-optimization problem ( i  .e. the  complex ope ra t i ona l  

model) u n t i l  i t  can be solved a n a l y t i c a l l y  i n  c losed  form. 

Ca l l  t h i s  a s i m p l i f i e d  a u x i l i a r y  model. 

2. Derive from the simple a w d l i a r y  model a s a t  of t e n t a t i v e  

hypotheses concerning t h e  general  behavior  of  the s o l u t i ~ n  the  

fu l l - s ca l e  model--the combat-strategy and/or weapon-system trade-

o f f s  determining t h e  o p t i d  s o l u t i o n  f o r  a given set of da ta ,  

the na ture  of t h e  induced change i n  t h e  optimal s o l u t i o n  a s  

c e r t a i n  input  da ta  a r e  changed parametric.ally,  and so on. 

3. Generate s p e c i f i c  p red ic t ions  from the  t e n t a t i v e  hypotheses 

and t e s t  these numerically us ing  t h e  fu l l - s ca l e  model. 

4. To the exten t  t h a t  the numerical tests confirm ( ac tua l ly ,  do 

no t  con t r ad i c t )  t he  t e n t a t i v e  hypotheses about optimal combat 

a t r a t e g i e e  , take these  hypotheses a s  a conceptual framework 

f o r  understanding and i n t e r p r e t i n g  t h e  numerical r e s u l t s  provided 

by the  fu l l - s ca l e  model. 

This approach under l ies  a l l  our  research on opt imizing t a c t i c a l  dec is ions  

( e  .g. aae TAYLOR [ 79, pp. 79-80]). Although GEOFFRIOM [Z6I l i m i t s  h i s  
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discussion to  optimization models i n  a nonmilitary context ,  it i s  c l e a r  

t h a t  t h i s  conceptual approach has much t o  o f f e r  f o r  tac t ica l -dec is  ion 

ana lys i s  when w e d  i n  conjunction with e i t h e r  war gaming, Monte Carlo 

combat s imulat ions,  o r  complex opera t iona l  model6 such as BONDER/IUA o r  

VECTOR-2 t h a t  use f ixed combat s t r a t e g i e s .  For example, one could 

develop a f i n i t e  number of t e n t a t i v e  combat s t r a t e g i e s  from such a 

s imp l i f i ed  model and then eva lua te  i n  more depth each of theae s t r a t e g i e s  

by using i t  i n  some type of complex opera t iona l  combat model. 

Thus, the r e l a t i v e l y  simple combat-optimizatian problem t h a t  

we w i l l  consider i n  the  r e s t  of t h i s  chapter should not b e  taken l i t e r a l l y  

but  r a t h e r  should be in t e rp re t ed  wi th in  the  framework t h a t  we have 

ou t l i ned  above. 



8.6. Overview o f  Problems Considered i n  the  L i t e r a t u r e .  

I n  t h i s  s e c t i o n  w e  w i l l  a t tempt  t o  provide the reader  with an 

overview of the v a r i o w  d i f f e r e n t  typea o f  combat-optimization problems 

t h a t  have appeared i n  t h e  l i t e r a t u r e .  We w i l l  focus here  on i d e n t i f y i n g  

the  principa.1 problem types and on g iv ing  re fe rences  t o  *at work has  

been done on each type.  We w i l l  g ive both a b r i e f  overview with a few 

s e l e c t i v e  re fe rences ,  and then we w i l l  give a more d e t a i l e d  breakdown 

based on a more comprehensive examination of l i t e r a t u r e  i n  t h i s  f i e l d .  

I n  subsequent s ec t i ons  we w i l l  give d e t a i l e d  mathematical f o m u l a t i o n s  

of t y p i c a l  problems from some of t he se  problem-type c l a s se s .  

F i r s t  l e t  us  give our  b r i e f  overview. For t h i s  purpose, t he  

author  perceives  t h a t  work on optimizing t a c t i c a l  dec is ions  may be 

c l a s s  i f  i e d  roughly i n t o  the  following fou r  ca tegor ies  : 

(CT) optimal i n i t i a l  commitment of  forces:  BACH e t  a l .  [ 61 , 

TAYLOR and PARRY [go] ,  TAYLOR [88]; 

(C2) optimal d i s t r i b u t i o n  of f i r e  (general)  : ISBELL and MARLOW 

[50],  TAYLOR [76; 78; 79; 82; 841; 

(C3) optimal fire-eupport s t r a t e g i ~ :  WISS [102; 1031, KAWARA 

[51],  TAYLOR [80; 85; 861, TAYLOR and BROWN [89];  

((24) optimal air-war s t r a t e g i e s :  ISAACS [ 4 6 ] ,  BERKOVITZ and 

DRESHER [ l l ;  141, BRACKEN e t  a l .  [15] . 



We w i l l  give examples of combat-optimization problems from each of these 

four  ca tegor ies  i n  subsequent s ec t ions  of t h i s  chapter .  Except f o r  the  

f i r s t  category (Cl) ,  all the  above work concerns optimizing time-sequentia 

dec is ions ,  with both one-sf ded and a l s o  two-sided a l loca t ion  problem 

(-see HO [MI)being considered. Older work on " s t a t i c "  tac t ica l -a l loca-

t i on  problems ( i . e .  "one-shot" decis ions)  may be found i n  DRESHERss book 

[21].  Further de t a i l ed  references t o  the l i t e r a t u r e  may be found i n  the 

above papers ,, p a r t i c u l a r l y  BRACKEN et a1. [ 151, TAYLOR and BROWN [a9 ] , 

and TAYLOR [85; 861 (seea l s o  TAYLOR [9 31 and below) . 
Work i n  t he  f i r s t  category (Cl) concerns the same type of problem 

o r i g i n a l l y  considered by LANCHESTER 1531 i n  1914 (see -Sect ions 2.1 and 

2.9 above) and w i l l  be  examined in more d e t a i l  i n  Section 8.9 below. 

Work i n  t he  second category (C2) concerns t h e  o p t i m l  t ime-sequential  

d i s t r i b u t i o n  of f i r e  over enemy t a r g e t  types i n  two-sided combat i n  

simple one-sided-decision situat ions15 and w i l l  be examined i n  more d e t a i l  

i n  Sect ions 8.10 and 8.11 below. In some seuse i t  forms a b a s i s  f o r  

considering more complicated problems such as those i n  ca t egor i e s  (C3) 

and ((24). Work i n  these l a t t e r  two ca tegor ies  is somewhat similar i n  

mathematical form, with the  former category (C3) concerning, fo r  example, 

a r t i l l e r y  a l loca t ion  and the l a t t e r  category (C4) concerning the a l loca t ion  

of multipurpoee a i r c r a f t  t o  d i f f e r e n t  ty?es of t a c t i c a l  missions over 

time (E Section 8.12 f o r  problem formulations from both these ca tegor ies )  

Work i n  the  t h i r d  category (C3) has been on both one-sided and a l s o  two-

s ided  optimization problem,  whLle t h a t  i n  t h e  four th  category (C4) has 

been both mcre extensive and a lso  e s s e n t i a l l y  always two-aided. 



A much more d e t a i l e d  overview of work done on op t imiz ing  t a c t i c a l  

d e c i s i o n s  w i t h  LANCHESTER-type combat models is  g iven  i n  Table 8.111, 

which can s e r v e  t h e  r e a d e r  as a more d e t a i l e d  guide f o r  f u r t h e r  reading.  

Addi t iona l  t o p i c s  have been added h e r e ,  and the r e f e r e n c e s  t o  t h e  l i t e r a t u r  

a r e  n e a r l y  complete. The r e a d e r  can now s e e ,  f o r  example, t h e  large. 

amount o f  r e s e a r c h  on op t imal  a i r - w a r  s t r a t e g i e s  over  a  l o n g  p e r i o d  o f  

time. The au thor  has  l i b e r a l l y  added h i s  own t e c h n i c a l  r e p o r t s  pub l i shed  

by t h e  Naval Pos tg radua te  School (NPS), s i n c e  such r e p o r t s  a r e  r e a d i l y  

ava i l ab le16  from t h e  Nat iona l  Technical  Informat ion S e r v i c e  (NTIS), 

U. S .  Department of Commerce, 5285 P o r t  Royal Road, S r p i n g f i e l d ,  

V i r g i n i a  22151. 

The a u t h o r ' s  own resea rch  ( s e e-TAYLOR [76-881 and TAYLOR and BROWN 

[a9 1; a l s o  TAYLOR [91-971 and TAYLOR and POWERS [981) has mainly concerned 

opt imal  t ime-sequent ia l  t a c t i c s  f o r  t h e  d i s t r i b u t i o n  o f  f i r e  over  enemy 

t a r g e t  types ,  wi th  some i d e a l i z e d  looks  a t  opt imal  f i r e - s u p p o r t  s t r a t e g i e s .  

Many a d d i t i o n a l  supplemental  d e t a i l s  such as f a i r l y  comprehensive 

l i t e r a t u r e  reviews,  d i s c u s s i o n s  of i n s i g h t s  gained,  e t c .  a r e  t o  be found 

i n  t h e  a u t h o r ' s  NPS r e p o r t s  [91-971. Our approach h a  been t o  cons ider  

s p e c i f i c  problems and t o  i n v e s t i g a t e  t h e  i n f l u e n c e  on opt imal  f i r e -  

d i s t r i b u t i o n  s t r a t e g i e s  o f  factor*'' auch aa  (91) through (F7) of  

Sec t ion  8.3. 



TABLE 8.111. Detailed Oveaviev of Uork on U p t i r i z i ~ g  Tac t ica l  Decieiona 

with LANCHESTER-Qpe Cowbat b d e l a .  

Op t i r h  in^ Tact ical  Decisions (General1 Optimal I n i t i a l  C o d t o l e n t  o f  Forces 

BAM. DOLAWSKY. and STUBBS (1962) 
TAYLOR and PARRY (1975) 
TAYLOR (1979) 

O p t i m l  Fire-Distribution S t r a z e g ~ e s  

Gewra l  B. Opeimal Air-War S t r a t e g i e s  

ISBELL and HARLOW (1956b) HOSE and KI#SUL (1951) 
TAYLOR (1972a. 1973, 1974a, 1574d. 1975, 1977R) GIMBONI, MENCBL. and DISPINGTON (1951) 
TAYLOR lad POUERS (19771) m c a  (1953. 1954) 

ISMCS (1954, 1955, 1965) 
MTWIEVICZ (1955) 
PULKEIISON and JOHSON (1957) 
B E L W  and DREYFUS (19 58) 
BEWJITZ and DPESHER (1959. 1960a. 196th) 

O p t i d  Fim-Support S t ra teg ies  BRACKENBRACKEN. (19731 and KARR (1975)FAU, 
II. K. UEISS (i957, 1959) ANDERSON, BBACKEN, and SCHUARTZ (1975) 
UUNLh (19739 GOHEEN (1975. 1977) 
TAYLOR (10745, 1977. 1978) FISH (1915) 
TAYLOR and BROWN (1978) SCHUARTZ (1979) 

-@ tiul Kisaile-mar fare S t r a t e g i e s  E. 

(1967)X ~ I L I ~ ~ R  ISBELL and WBUW (19568) 
CWTMPMWIYAY (1967. 1969) I S M C S  (1965) 

rlOCLeVEP and PAWE (1970) 
ETTER (1971) 
PUCtl (1973) 

-
NOTES: ( 1 )  TAYLOR (1974~)- the  t h i r d  paper published by TAYLOR i n  1974 aa l i s t e d  in references a t  end of t h L  chapter .  

(-1 TAYLOR (1977R) = NPS report  published by TAYLOR i n  1977. 



- - 

's 


8.7. Decision Analysis for Tactical Military Decisions.. 

I 

It; is the author's hypothesis that a sohewhat different brand 


of decision analysis (e.g. see HOWARD [37-381 or NORTH [64]) is requirsd 

for tactical military decision making. The five basic elements of 


such tactical decisions have been identified in Section 8.4 above. The 


author's own research has concentrated on investigating the influences 

of the first three elements (namely, (1) the decision criteria, (2) the 


model of combat termination, and (3) the combat dynamics) on the structure 


of optimal combat strategies. Moreover, the author feels that the field 


of tactical decision-analysis is in its infancy (g.
HOWARD'S [37, pp. 55-58] 


deterministic phase of the decision-analysis procedure) and expects in the 


future to see a maturing of the embryonic conceptual framework presented 


here. 


In TAYLOR 176; 78-79; 82; 84; 931 a linear utility (E Section 

7.18 for methodology for the development of such linear utilities; also 


HOWES and THRALL [39]) was assumed for the military worth of surviving 


weapon-system types, and the criterion functional (i.e. payoff) was taken 


to be the net military worth of survivors. We investigated the sensitivity 

of the optimal fire-distribution policy (one-sided) to parametric varia- 


tion~ in the assigned linear utiiities for survivors. It hae been shown 


that the n-versus-one fire-distribution problem 8tudied in TAYLOR [78-39; 


82; 841 all have quite simple solutions when enemy survivors are valued 


in direct proportion to their kill capability against the homogeneous 


friendly force. 


PUGH and KAYBERRY 1691 have suggested that an appropriate payoff 

for the quantitative evaluation of combat strategies is the l o s s  ratio, 



--- with an "almost equivalentt' criterion being the losu difference. TAYLOR 

and BROWN [89] have shown that these criteria are not really equivalent 


and that the quantification of military objectives may complet~ly change 

the structure of the optimal combat strategy. Similar results have been 


obtained by TAYLOR [88], who ahowed that KAWARA [51] had chosen esaen- 

tially the only type of payoff that yields optimal fire-support strategies 


being force-level independent. A general approach was given by TAYLOR [88] 

for determining the functional form of terminal payoffs that yield state- 


variable-independent optimal combat strategies. 


In TAYLOR 1791 we showed that the model of conflict termination 

may significantly change the optimal. fire-distribution policy. For such 


investigatfons it has been important to have available complete analytical 


sol.utions which are then compared to determine the influence of such a 


factor. 


In TAYLOR [78-791 we have investigated the influences of the 

nature of the target-type attrition process on the structure of the optimal 


fire-distribution Uhcn target-type attrition (as a rate) is 


proportional to only the number of firers, we (TAYLOR [79; 821) have shown 

that the optimal fire-distribution policy is always to concentrate all fire 


on a single target type, which may change over the course of battle. We 


have also studied the nature of such changes in target priorities. How-


ever, an optimal fire-distribution policy does mot always coneist of 


always concentrsting all fire on a single enemy target type. In TAYLOR 

I781 we have shown that when enemy targets undergo attrition at a rate 

proportional to the product of the numbers of firers and targets, then 


an optimal policy may involve firing at several target types to avoid 




"overkill." This important result may be beat understood in terms of 


diminishing returns from allocating a unit of weapon system to fire at 


enemy targets (E TAYLOR [ 79 ,  pp, 84-85] and below in Section 8.11 for 

further details). Such a property of optimal fire-distributiou strategies 


(i.e. the splitting of fire between several target types) has been 


obsented by TAYLOR and BROWN [ 8 9 ]  and TAYLOR [86] for much more complicated 

combat dynmlcs. 




8.8. Some Combat-Optimization Problem to be Briefly Examined Further, 


In the remainder of this chapter we will briefly consider some 


epecific cmbat-optimization problems concerning (I) otpimnl initial 


commitment of forces, and (11) optimal time-sequential fire-distribution 


strategies (B Tab1.e 8.IV). Ae we have already indicated in Section 8.1 

above, problem formulation will be atressad, with occasional comments 


being given about insights obtained into the structure of optimal time-

sequential combat strategies. The reader is referred to the literature 


19for conplete details, including the pertinent optimization theory . 
A further, more detailed breakout of combat-optimization problems con- 


sidered in the rest of this chapter i~ given in Table 8.V, with the 

section in which each problem is considered being indicated. 




TABLE 8.1V. General Types of Combat-Optimization Problems 

to be Examinad in Chapter 8. 


(I) Optimal Initial Commitment of Forces 

(11) Optimal Time-Sequential Fire-Distribution Strategies 

(1) Optimal Fire-Support Strategies 

(2) Optimal Air-Was Strategies 



TABLE 8.V. Detailed Listing of Combat-Optimization Problems to be 


Briefly Examined in Chapter 8. 


(I) Optimal Initial Commitment of ~orces (Section 8.9) 


(11) Optimal Time-Sequential Fire-Distribution Policies 


(1) the simplest fire-distribution problem (Section 8.10) 


(2) other battle-termfnation c~n.litions (Section 8.11) 


(3) timedependent attrition-rate coefficients (Section 8.11) 


(4) replacements (Section 8.11) 


(5) several enemy target types (Section 8.11) 


(6) command and control aspects (Section 8.11) 

(7) FT attrition process of enemy target types (Section 8.11) 


(8) stochastic LAEJCHESTER-type, attrition processes (Section 8.11) 


(9) time-sequential f ire-support allocati.on (Section 8.11) 


(111) LANCHESTEX-Type Differential Games (Section 8.12) 


(1) generalized tactical air-war game (Section 8.12) 


(2) modified fire-support differential game (Section 8.12) 




8.9. Optimal Initial Commitment of Forces. 


As we aaw in the first section of Chapter 2, XANCHESTER [53]  

was led to hie pioneeriny mathematical model of combat by hie attempt to 


quantitatively justify the principle of concentration. We &bsequantly 


revisited the topic of concentration of force8 in Section 2.9, and we 


analyzed ,-bere a commander's decision as to whether or not he should 


initially commit ae many of his forces as poasiblv to battle. We 


formulated a combat-optimization problem (2.9.2) and solved 


it for two special classes of battles (1.e. "square-law" and "linear-law" 


fixed-force-level-breakpoint hattles) for a specific decision criterion 


(minimizing one's own casualties). We explained how the optimal decision 


could be very easily understood in terms of the behavior of the instan- 


taneous casualty-exchange ratio, which determined the overall casaalty- 


exchange ratio and related measures of relative casualty-production 


effectiveness. In the section at hand we will examine this problem more 


deeply in a more general eetting and will justify our contention that 


many times the optimal initial commitment of forces can be very simply 


determined by examining how the instantaneous casualty-exchange ratio 


varies with the victor's force level and time (z
TAYLOR I881 for 


further details). 


Let us accordingly consider combat between two homogeneous 


forcos described by the following deterministic LANCHESTER-type equations 


for x, y > 0 



where C and H denote force-change rates (with a negative rate 

signifying a net influx of replacements). For simplicity we will assume 


that there are no replacements and withdravals21, and in this case G 


and H > 0 are simply casualty rates. To ineure the existence of 

partial derivatives needed in subsequent analysis, we assume that 


G(t,x,y) and ~(t,x,y) are each twice continuously differentiable. 


Let us now consider the decision by the victorZ2 (taken to be X) in 


this battle as to how many of his available forces he should initially 


commit to combat. We will consider the initial-codtment decision by 


X as a one-sided combat-optimization problem: we assume that the Y-force 


commander haa adopted a known caurse of action and consider X's initial-


commitmeut decision in this light. This decision is to be made only 


once, before the battle begins. The decision variable for X in this 


combat-optimization problem is xo, the initial number of forces committed 

to battle. 


The "beet" value of x for X to choose may be determined by 
0 


the followtng combat-optimization problem (zes Section 2.9 for further 

analysis of the initial-commitment decision): 


the combat dynamica (8.9.1), 


and appropriate battle-tarmination conditione. 
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Here C denotes the decision criterion ("cost" of doing combat), 


23draw denotes the value of xo that
min draw + E. E > O *  and xOXo - Xo 
leads to ir "draw." Three possibilities for the decision criterion 
C 


are as follows: 


(Cl) friendly losses, LX = xo - xf , 

and 


(C3) loss difference, Dc - (x0 - xf) - (yo - yf). 

where xf and yf denote the final force levels at the end of battle. 


The battle-termination conditions are taken to correspond to either a 


fixed-force-level-breakpoint or a fixed-force-ratio-breakpoint battle 


(seeSection 6.6). We will denote the cptimsl value of xo as determined 

* 

by the above optimization problem (8.9.2) as Moreover, the above 
xo. 

optimization problem (8.9.2) requires calculation of the partial derivatit 


ac/3xo and may not always be trivial to solve, since (for example). 


min

aC/axo may have c~ltiple zeros in [x0 9 XIJmax] and datermina:ion of 


xi; could then be tedious. In other cases, however, it may be trivial 

to solve; (e. g. when aC/ axo < 0 tor all x,, C [xO then 
min. xY],

* max 
Xo = Xo and X should initially commit as much as possible). 

Reparameterizing the course of battle in t e r n  of y by 




TAYLOR [88] has ~ h o r n * ~  
how to express aClaxO in terms of the 


instantaneoue casualty-exchange ratio dxldy = G(t,x,y)/H(t,x,y) by 

( E )  +0 Po - (ac)  ( E )  (2 )a X ~Xf.YO.Yt f XO'YO'Yf 0 YO'Yf 


where ( d ~ / d y ) ~ 
denotes the final value of the instantaneous casualty-, 


exchange ratio for t - ti, x x and y = TAYLOR [88, pp. 100-101f' Yf ' 

has also shown how the reparameterization (8.9.3) leads to 


which relates the instantaneoue caeualty-exchange ratio dx/dy = 

~(t,x,y)/H(t,x,y) to change6 in the final X force level with 


variations in X's  initial etrength. This result (8.9.5) is a key 

one that TAYLOR has used to develop most of the results of his paper 

[88]. Through (8.9.4) and (8.9.5) one can many times determine the 




sign of aC/ax, from only the signs of a(dx/dy)/ax and a(dx/dy) lac 


without explicit calculation of aC/axc. Along these lines, TAYLOR 


has proved the following results for a fixed-force-level-breakpoint Bat!&. 

THEOREM 8.9.1 (TAYLOR [88] ) : If 3 (dx/dy) /ax < 0 and 

a(dx/dy)/at -> 0 for all t [O,tf], then aC/axo < 0 for 

C = LX, Rc' Dc' 

THEOREM 8.9.2 (TAYLOR [88]): Assume that cix/dy = q(C,u) 

where u a x/y and that the LANCHESTER-type equations (8.9.1) 


are quasi-autonomous, i.e. a/at(dx/dy) f 0 .  If dx/dy = q(u) 

is a strictly convex (concave) function of u on lo,+),  

then the decision criterion C is a strictly convex (concave) 


function of xo for C = LX, Rcs Dc. 

The latter theorem tells us that :here are decreasing marginal returns 


from initially committing additional forces to battle when q(u) is 


min

convex and aC/axo < 0 for all xo € [xo , xyx]. 

TAYLOR [88] has also developed corresponding results for fixed- 


force-ratio-breakpoint battles and has investigated optimality results 


for both classes of battles when the sign of a(dx/dy)/ax is always 


the same. He has shown that the optimal initial-commitment decision 


is senaitive to the decision criterion tor fixed-force-ratio-breakpoint 


battles but not for fixed-force-level-bteakpoint battles. In other words, 


different optimal initial-commitment actions are possible in these 




two types of battles. In particular, the loss ratio and the loss differ- 


ence may yield different optimal initial-commitment decisions for a 


fixed-force-ratio-breakpoint battle, although they yield the same optimal 


decision for a fixed-force-level-breakpoint battle (E TAYLOR [88] for 

further details and additional results). Similar results on the sensitiv 


of optimal time-sequential fire-distribution policies to battle-terminatf 


conditions have been pointed out by the author (9TAYLOR [79; 931 or 

Section 8.11 below). Consequently, r!e feel that more scientific work 

is required on modelling conflict termination25 (9Chapter 3 for furthe 

information and references). 


Thus, the reader has seen that a fairly sophisticated mathematics 


analysis has been required to justify the simple, intuitively appealing 

"optimal decision rule" given under mcre restrictive conditions in 


Section 2.9 (see TAYLOR [88] for further details): namely, if the instan -
taneous casualty-erchanbe ratio (friendly to enemy) always decreases as 


the force ratio (enemy to friendly) decreases, then additional forces sho~ 


be committed to battle by the victor (friendly forces). Conversely, a 


simple principle underlies all this mathematical analysis: the casualty- 


exchange ratio "in the sinall" may under the appropriate conditions be 


projected to "in the large." 




8.10. The Simplest Fire-Distribution Problem. 


The simplest fire-distribution problem is for a homogeneous Y force 


(e.g. riflemen only) to determine its "best" time-sequential allocation 


of fire against a heterogeneous X force consisting of two weapon-system 


types (e. g. riflemen and grenadiers), denoted as X1 and X2 ( 2 ~  

Figure 8.2). Y'a distribution of fire may be quantified through the 


fraction of fire directed at X1, denoted as . The problem for the Y 

commander then is to determine the "best" value over time for 4 ,  

denoted as (*(t). For simplicity's sakez6, we will assume that the Y-force 

commander has perfect information about the battle's current state and 


also about all pasametels in the attrition processes. Before we can detenni~ 


an optimal fire-distribution policy (*(t) for Y, however, we must com-


plete the formulation of this combat-optimization problem, which as yet 


lacks the first three basic elements (El) through (E3) given in Section 8.4. 


In other words, we must still specify the following basic elements (cf. 

Section 8.4) of the combat-optimization problem belore it can be mathe-


matically solved: namely, (El) the decision criterion, (E2) the stopping 


rule for the battle (i.e. the model of conflict termination), and (E3) the 


model of combat dynamics. 


Again for simplicity's sake, we will assume that the objective of 


the Y force's conrmander is to maximize the net value of survivors at 


the battle's end when such survivors are valued acccrding to linear 


utilities. Following our developments for homogeneous-force models (!s. 


Chapters 2 and 61, we will assume that the battle continues until one or 

the other has been totally annihilated, which is readily recognizcd as 




Figure 8 . 2 .  The simplest fire-ciistribution problem. 

Here denotes tne fraction of Y ' s  f i r e  

directed at  XI. The optimizati.cn problem 

for the Y commander i s  t o  determine the 

"beat" tine-sequential value for  4 ,  

denoted as $ * ( t ) .  



the simplest conflict-termination model. Later, we will diecus~ more 


general breakpoints (E Chapter 3) below. Furthermore, we will assume 

that all attrition occurs at rates proportional to the numbers of enemy 


firers and that there are no synergistic effects between the X forces 


(i.e. the attrition rates of X1 and X2 against Y are additive). 

For simplicity, we will also assume constant attrition-rate coefficients. 

Such attrition processes may be thought of as arising when firers engage 


enemy targets with "aimed fire" and (for example) target-acquisition 


times are negligible (seeSections 2.2 and 6.1 [also 7.81 for a further 

discussion of these modelling assumptions). Finally, we will assume 


that all the Y force's fire may be instantaneously shifted from one 


X-force target type to the other (i.e. perfect command-and-control 


capability for the Y force), and we will discuss the relaxing of this 


last aasumption in the next section. 


In mathematical terms, the above fire-distribution problem for 


the Y force may be stated as follows. 


maximize( ry(T) - pxl(T) - qx2(t)1 with T unspecified, (8.10.1) 
$(t) 


with stopping rule: one s i d e  or the other annihilated at t = T, 

dxl
subject to: -= -4yY 9dt 


dx2

(combat dynamics) = -(l-4b2y , 



with initial conditions: 


0

xi(0) - xi for 1 = 1,2, end y(0) - yo , 

and 


0 I + -< 1 (Control-Variable-Inequality Constraints), 

and x2 -> 0 (State-Variable-Inequality Constraints), 
X1 


where 


x (t), x (t), and y(t) denote the numbers of X1, X2, and
1 2 


Y combatants at time t, 


alp a2, bl, and b2 denote constant LANCHESTER attrition-rate 


coefficients (cf. Section 7.8),-
T denotes the time at which one side or the other is annihilated 


(1.e. the length of the battle), 


r, p, and q denote the values assigned to single surviving 


XI, X2, and Y combatants at the end of the battle, 


and + denotes the fraction of the Y force which fires at the 

X1 force. 


Here we eay that T (the t h e  at which one side or the other is 


annihilated and the battle ends) is unspecified (as opposed to specified 


in which carve the battle ends at tf - T unless one side or the other 

ilr annihilated before this time) because it depends on Y's fire-distributi 




Such a one-aided combat-optimization problem in which the combat 


dynamics are modelled by a system of ordinary differential equations ie 


2 7 
called an optimal control problem . In particular, the above problem 

(8.10.1) is in may ways the simplest optimal-control problem that arisen 

in the W C H E S T E R  theory of combat. It has been referred to in the 

literature (see -TAYLOR [76]) as the ISBELL and MARLOW fire-programming 

problem. Consequently, the development of a complete solution to this 


problem along with appropriate solution methodology has been essential 


for guiding extensions to more complex situations. The author has 


accordingly viewed this problem as a "benchmark case" to which the treat- 


ment (both theoretical and computational) of more complicated problems 


should be Moreover, several important insights into the 


structure of optimal fire-distribution policies in more general cases 


have been obtained from studying this simple problem (e.g. see TAYLOR 

[79; 89; 931). 


The optimal time-eequential fire-distribution policy $*(t) 


for 0 -< t -< T may be determined by invoking the appropriate optimality 

conditions from the mthematical theory of optimal control2'. However, 


these optimality conditions are only the point of departure for 


determining an optimal policy. For a problem such as (8.10.1), a 


solution procedure consisting of the following steps is required (,see 
TAYLOR [76, p .  5421 for further detaila): 



(Sl) ~ipply the basic necessary conditione of optiuality (a 


key elment of which is the so-called maximum principle) 

to determine an extremal3' control law, 


(S2) synthesize extremals and the corresponding excremrtl 


control by working backwards from each terminal state 


(i.e, deternine the time history of the extremal contrd.) ,  

(53) using the time history of the extremal control, determine 


tho domain of cor~trollability~~ 
for &cb terminal state 

by a forward integration of the atace differential equations, 

(S4) establish that an optimal policy exists (e.g. see TAYLOR 

and BROWN [ 8 9 ,  pp. 200-2013] and then determine which 

(if any) domains of cmtrollability overlap; the extramal 


contpol is then optimal for those regions of t%e initial 


state space covered by only one domain of controllability, 


(S5) if certain domains of controllabilLey overlap, then for 

a point in the initial state upace contained in their 


intemection there is more than one extreml leading to 


the temfnal surface; compute the return associated with 


each extrrrm~11in order to select the optimal control 

from a finise number of aitarnatives. 




The above solution procedure has been used by us to solve the above 


simplest fire-distribution problem (see_ TAYLOR [76; 841) and other 

LUCHESTER-type optimal-coutrol problems. 


Although tM.8 problem (8.10.1) looks quite simple, the development 


of a complete solution to it (seeTAYLOR [76;  841) has led to a couple of 

contributions to the control-theory literature on optimality conditions 


see TAYLOR [77 ;  811). The reason for thie is that such combat-optimization C-
problems vontain certain matlrernarical features that are somewhat different 


thanthoseusually encountered in other dynamic optimization problems 


arising in the physical sciences, engineering, and other parts of OR. To 


best appreciate these mathematical difficulties, it is convenient to 


consider the following generalization of the simplest fire-distribution 


problem. 


with stopping z~le: one side or the other annihilated, 


subject to: -
dt 


dx2
(combat dynamics) 2~ = -(l-+)a2y + r2 , 



with initial conditions: 


0

q(0) = x i  for i = 1.2, and y(Q) = y o ,  

and 


0 5 4 L 1 (Control-Variable-Inequality Constraints), 

and x2 -> 0 (State-Variable-Inequality Constraints), X1 


where J denotes the criterion functional, ri 2 0 for i = 1,2 denotes 

a constant replacement rate for Xi, and all other symbols are as defined 

before. A particular difficulty in lrolving a LANCMESTER-type optimal- 


control problem such an (8.10.2) has concerned optimality conditions 


associated with the statevariable-inequality constraints (SVICs) . For 

example, when rl and r2 > 0, the boundary of the state space is non-

absorbing (E TAYLOR [811 for a discussion of the concept of an absorbii 

state-space boundary), and we have the following boundary condition for 


the dual variable corresponding to 
xi 


where pi(t) denotes the dual variable corresponding to xi(t) for 


i = 1,2 and v i i  0. However we need not have "i -> 0 when there are 

no replacements (i.e. rl = r2 = 0) and the boundary of the state space 

is absorbing (eee 
-TAYLOR [84,pp. 632-6331). 



Before we consider the optimal policy for the 8i1upl.eet fire- 


dietribution problem (8.10.1). a few general comments seem in order. 

To solve a LANCHESTER-type optimal-control problem such as (8.10.1) or 


(8.10.2). one needs to know what regions of initial force levels lead 


to the various end states of battle ( i . e .  one needs to know the domain 

of controllability for each terminal state), and this requirement has 


partially motivated our work on victory-prediction conditione for 


LANCHESTER-type combat models (e.g. oee Sections 3.5, 3.6, 6.6, and 


6.13 above). Moreover, both considerations "in the small" and also con- 


siderations "in the large" are required to solve such problems (= 

TAYLOR [84, pp. 617-6181 for further details). Thus, direct computation 


of the payoff and comparison of such values has been involved in the 


development of optimal combat strategies in many of the dynamic combat- 


optimization problem studied by the author (e.g., = TAYLOR [80] or 
TAYLOR and BROWN [ 89 1) . 

Using the above solution procedure consisting of steps (S1) 


through (SS), one can analytically solve the above simplest fire-distri- 


bution problem (8.10.1) in so-called "closed form." After much laborious 


work (E TAYLOR 176; 841). one can determine the optimal fire-distri- 

bution policy. Unfortunately, it is too complicated to be given in its 


entirety (although we will examine it in a few special cases), but it 


has been completely given for all parameter values in TAYLOR [76] (with 


some further refinements given in TAYLOR [84]) aa an open-loop control 


see Section 8.12 below), 1.e. $*(t; to, xi, yo. m a t  ie (-- I$*= O 

important for ue here is that the essential characterietics of an optimal 




fire-distribution policy, denoted as +*, may be eummcrrized as follows: 

( ~ 1 ) ~ ~ 
$* ia alwc~ym 0 or 1 (except for at most one point in timm 


(C2) parameters on which the optimal policy depends are 


(PI) whether Y wins or loses, 


Moreover, there are some important military interpretations of the above 


parameters: (I) aibi is a measure of the strategic value to Y from 


firing at Xi (rate of destruction of Xi's kill capability against Y) , 

and (11) a p is a measure of short-run return to Y from firing at 
1 


X1 at the end of battle (rate of destruction of XI value at the end 


of battle). 


A significant aspect of the33 optimal fire-distribution policy, 


expressed as a closed-loop control (E Section 8.12 below), is that 

it depends on the force levels alone and not on time, i.e. 4* - +*(x1,x2, 

This result is remarkable because the maximum principle does not directly 


involve the state variables (i.e the force levels) when the Hamiltonian 


is maximized for xl and x2 > 0. Furthermore, the optimal policy for 

Y may be dikferent for different combat outcome8 (i.e. whether Y wins 


or loses). Assuming that R - a b /(a b ) > 1, then if H is going to 
1 1  2 2  


win * = 1 for xl > 0. If Y is going to lose, then the optimal 

fire-distribution policy depends on another parameter, d = albp/(a2q), 

and m y  be very complicated to express as a closed-loop control. 
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When is  going t o  l o se ,  the  general  f e a t u r e s  of Y ' s  optimal f i r e -  -- Y 

d i s t ~ r i b u t i o n  pol.icy may be descr ibed a s  follows. Let p = k(1  + y)bl 

and q = kb2, where k is a p o s i t i v e  cons tan t  and .y is  a parameter 

t h a t  r e f l e c t s  whether Y has valued an i nd iv idua l  X1 surv ivor  a t  t he  

end of b a t t l e  more (y > 0) o r  l e s s  (y < 0)  than i n  d i r e c t  proport ion 

t o  t h e  X1 su rv ivo r ' s  k i l l  c a p a b i l i t y  a g a i n s t  Y r e l a t i v e  t o  t h a t  of 

an i nd iv idua l  X2 survivor .  Here k f l i  c a p a b i l i t y  is measured i n  terms 

of t he  k i l l  r a t e  aga ins t  Y of a s i n g l e  X,. f i r e r ,  and y = 0 y i e l d s  
A 


t h a t  p/q bl/b2. F r w  t h e  above d e f i n i t i o n  of y, i t  follows t h a t  

p = q(bl/b2)(1 + y) and consequently y = -1 + 6/R. Moreover, t h e  

following r e s u l t s  a r e  s i g n i f i c a n t  t o  ncze: (Rl) y = 0 means t h a t  

surviving enemy weapon-system types a r e  valued i n  d i r e c t  proport ion 

t o  t h e i r  k i l l  c a p a b i l i t i e s ;  (R2) f o r  y 2 -(1 - l / R ) ,  t h e  optimal po l icy  

is  very simple: * = 1 f o r  xl > 0; (R3) for34 -(I - l /R) > y 

-> - m,i t  is complicated t o  determine the  optimal po l icy ;  and 

(R4) f o r  - > y 2 -1, i t  i s  ve ry  complicated t o  determine the 

optimal po l icy .  I n  t he  l a t t e r  two cases35, it may be t h a t  +I* is  

i n i t i a l l y  1 and then changes t o  0 l a t e r  with xl > 0. When t h i s  change 

occurs is  the  complicated p a r t  (seeTAYLOR [$4] f o r  fur:her d e t a i l s ) .  

Let us now d i scus s  what important m i l i t a r y  p r i n c i p l e s  may be 

deduced from the  so lu t ion  t o  t h e  ISBELL and MARLOW fire-programming 

problem. F i r s t l y ,  from the  f a c t  t h a t  +* is  e s s e n t i a l l y  always O o r  1, 

we have a q u a n t i t a t i v e  j u s t i f i c a t i o n  of one o f  t h e  most s i g n i f i c a n t  

and oft-quoted of NAPOLEON BONAPARTE's sayings (=LIDDJILL HART [54, 

p. 1171)--"The p r inc ip l e s  of war a r e  t h e  same a s  those  of  a s iege ;  f i r e  

must be concentrated a t  one paint ."  Secondly, from t h e  f a c t  t h a t  when 



Y is going to vin (or when he. is going to lose with 6 2 1) the optimal 

policy is to always concentrate all fire on the available enemy target 


type with largest aibi, we have a quantitative justification of the 


military principle of attacking "those dangerous enemy targets against 


which one's fire is most effective." Thirdly, we have a motivation for 


valuing enemy target types in direct proportion to their kill capability 


(fire effectiveneos) from the fact that the optimal policy is both intui- 


tively appealing and also very simple in this case. The HOWES and THRALL 

[39] concept of "ideal" linear weights is an extension of this idea to cast 

of heterogeneous forces on both sides. Thus, re have a motivation for HOW 

and THRALL'S important military-valuation methodology (see 
-Section 7.18). 

Fourthly, in battle a commander must use his judgment to ascertain to 


what ends the course of battle can be steered so that he may devise his 


strategy accordingly. Computationally this means that to solve such a 


problem one must know to which extremal end states36 the battle can be 


steered (i.e. what force levels are required to drive the LANCEIESTEB-type 


battle to a target set such that appropriate necessary conditions of 


optimality are satisfied at the end). In other words, it turns out 


that considerations "in the large" dominate obtaining the optimal policy 


in such problems. 


Let us next torn to some important computational aspects of the 

simpleet fire-distribution problem (8.10.1). We will illustrate one of 

the computational difficulties (multiple extremals) in determining an 


optimal policy alluded to above [recall. s t e p s  ($1) throu~h (S5)  of the 

computational procedure given above]. In Table 8.VI are shown the 


results of applying to (8.10.1) the maximum principle in Step (Sl) of 




TABLE 8.VI. Extrernals for ISBELL-WOW PROBLPi FOR R - < 6 < 1.
il 

Nonres t r ic t ive  Asamption: R > 1, i . e .  a b > a*b2.1 1  

Case (c2) : R - JR(B-1)< 6 < 1 where 6 = alp/ (a2q).  

Terminal Sta& Extremal Control -Domain of Con t ro l l ab i l i t y  

0 2 1 fox O( tL t l  albly; < 8 
2 

+ (R-1) (b2x2) 

2 0 2 0 f o r  t l < t ( T  albly; > s - (b2x2) 

I1 for 0 i t i t 2  
alblyt R( s 

2 - (blxl)
0 21 

C5 ( x 2 ( T )  > O  +*( t )  - 0 f o r  0 -< t l T  

Definition of Times: 

(a )  tl is  f i r s t  t such t h a t  x l ( t l )  = 0. 
0

(b) t2 is  f i r s t  t such t h a t  2blxl(t2)x2 + b2(x;l2 = s2y
2 
(t ) ., 

(c) 18 deterpined by cosh 6& T~ = (R-6) I (R-1) . 
7 3 1  



t h i s  so lu t ion  procedure. Here the  parameters A, B, s, and z a r e  

defined a s  

R - 6  
s =  b l x ~ + b , x ~, and z =-R - 1 'L 

Thus, we see  t h a t  A and B hhve the  same sign,  and inves t iga t ion  of t he  

dependence of t h i s  s i p  on 5 l eads  t o  the  following four  cases: 

where 6 = alp/(a,q). Case (c2) with A < B < 0 is  the  one shown i n  -
Table 8.V1, which has been developed by working backwards from each 

extremal end s t a t e  of b a t t l e .  I f  the  i n i t i a l  force  l e v e l s  a r e  such t h a t  

0 0
(xl, x2*  yo) belongs t o  the  domain of c o n t r o l l a b i l i t y  (sea [76]) f o rPo 


the  terminal s t a t e  C1, denoted as D(C1), then Y can s t e e r  the  course 

of b a t t l e  t o  t h i s  end s t a t e  with the open-loop extremal con t ro l  shown 

i n  the  tab le .  Moreover, I t  t u rns  cu t  t h a t  s eve ra l  of the  domain of 

c o n t r o U a b i l i t y  shown In  Table 8.VI overlap eo t h a t  f o r  a given s e t  of 



initial force levels there may be more than one candidate optimal course 


of battle. In order to determine which extreaal is actually optinal in 


such cases, one can compute the return associated with each extremal from 


a given initial point and then determine which of these feasible 
Po 


alternatives (a finite number) yields the greatest return (E TAYLOR 

184, pp. 633-6341 for further details and justification). This procedure 


[i.e. steps (S4)  and (S5) of the general solution procedure given above] 

haa been followed to obtain the optimal (open-loop) fire-distribution 


policy shown in Table 8.VII from the information of Table 8.VL. An outlin 


of the determination of the optimal policy for regions of the initial 


state space with multiple extremals will now be sketched (see TAYLOR 
[76; 831 for complete details). 


We will now indicate how step (55) is carried out for the simplest 


fire-distribution problem (8.10.1) for Case (c2), i.e. R - < 6 < 1 

which is the one shown in Tables 3.VI and 8.VII. Let D(CI) denote the 

domain of controllability for extremals leading to terminal state 
Ci, 


and let Pi denote the payoff (i.e. return) associated with such an 


exrremaly leading to Ci. Then it has been shown (TAYLOR [ R 4 ] )  for 

R - JR(R-11 < 6 < 1 that for terminal state, for example, C1 the domain 

of controllability is as shown in Table 8.VI and that the return associate 


with such an extremal is given by 


Using such results, one can show [84, Theorems Al, A2, and A31 by direct 


computation of the return functional (considerations "in the large") 




TABLE 8.VII. Solution to ISBELL-MARLOW Problem for R - < 6 < 1. 

Nonrestrictive Assumption: R > 1 e .  albl > a2b2 

Case (c2): R - < 6 < 1 where 6 = alp/(a2q) 

Terminal State 


1 for I) 5.t ( tl 

0 for tl < t -< 'I: 

1 for 0 L t ( tl 

O for tl < t 5 T 

1 for 0 -< t -< t2 

0 for t2 < t 5 T 

1 for 0 5 t <T-.rl 

;*(t) = 

0 for T - 1  < t ( T 

See Table 8.VI for definition of times t, , t,, and r . .  
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that for R - < 6 < 1 

S 0
( e )  Ps(p ) > P1(P 0) for all PO C (o(c~)fl ~(c;)) . 

S
It may also be shown that D(C4) fI D(C5) - a ,  D(C4) D(C5) = 0, and 

S
D(C5) n D(Cs) = 4, where @ denotes the empty set. The above results 

(a) through ( c )  provide the basis for obtaining the optimal fire-distri- 

hation policy shown in Table 8.VII from the extrenmls shown in Table 8.VI. 


Next, it seems appropriate to briefly d ~ s c u s s ~ ~  
the extension of 


the above simplest problem (8.10.1) to cases of more realistic break- 


p3ints, in particular, force-level breakpoints (=Section 2.8 and 

Chapter 3). There are several different ways in which breakpoint consider- 


ations can be incorporated into our combat model. The simplest way is 


to consider X1 and X2 to be two different fighting units. If one 

considers XI and X2 ae two different military units (each with its own 

breakpoint), then we could invoke the natural extension of the simple 


hreakpoint model (2.8.12) of Section 2.8 and write for Y's attrition 




1
-blxl - b2x2 for x > xgp and x
1 


1 2
for xl > xBP and x2 ' % ~  (8.10.6)-blxl 


%P and x2 > 2for xl ( 1 
%P ,0 ~ 2 ~ 2  


1
where ~g~ denotes the force-level breakpoint for Xi. To mathematically 

solve such a problem [i.e. (8.10.1) with Y ' a  attrition rate replaced by 

(8.10.h)l and determine the optimal fire-distribution policy, one considers 


the battle to have different phases in each of which the appropriate right- 


hand side of (8.10.6) holds. The determination of an optimal policy $s now 

however, much more complicated than before (g.
TAYLOR [96, Appendix C]) 


and complete details have not been worked out. If one feels that a more 


sophisticated breakpoint model is called for [e.g. the natural exLension 


of (3.10.10)], then the problem is analytically even less tractable. 


However, for either modification, it is conjectured that the basic structur 


of the optimal fire-distribution policy is not altered. Thus, the incor- 


poration of more realistic breakpoints into the simplest fire-distribution 


problem leads to a problem that is no longer analytically tractable but 


that does not yield an optimal fire-distribution policy which is appreciabl 


different in structure than that for the simplest problem. However, the 


computational solution of ths more complicated problem is facilitated 


by the insights gained here for the simplest problem (8.10.1). 


Finally, let us note that the very striking characteristic iC1) 


of an optimal fire-distribution policy of always concentrating all fire 


on one enemy target type depends in an essential way on enemy target-type 


attrition occurring at a rate proportional to the number of Y firers. 


If the attrition of enemy target types is modelled by 




then * does not alwaya have to be 0 or 1: it can sometimes be optimal 

to divide one's fire between enemy target types (i.e. 0 < +* < 1) for a 

finite interval of time (zbelow in the next section Ear further details; 

also TAYLOR [78-791) . 



8.11. Optimal Control of WCHESTER-Type Attrition Processes. 


Based on the intimate reiationship between the mathe,matical 


theories of optimal control and differential games (e.8. see HO [33-34]), 
the author's research approach for investigating the optimization of 


tactical decisions has been to consider one-sided38 versions of time- 


sequential tactical-allocation problems before tackling the more realistic 


(and complex) two-sided eactical-allocation problems themselves. Our 


intent has been to firmly establish both the t h e ~ r e t i c a l ~ ~  
and computational 


bases for solving such optimal-control problems before attempting to solve 


the much more complex differantial-game versions of these tactical- 


allocation problem. This does not mean that the author does not recognize 


that solutions to differential games have many unique aspects not possessed 


by solutions to optimal-control problems (e.8. see ISAACS [47-48]), but 

that in order to recognize such unique aspects and attendant special 


difficulties, one must know and understand the optimization results for 


these one-sided versions of tactical-allocation problems. As discussed 


in TAYLOR [ 7 9 ,  pp. 102-1831, we have used such one-sided combat-optimization 

results fx- guiding extensions to LANCHESTER-type differential games 


(-see next section). 

A number of variations on the simplest time-sequential fire-distribu- 


tion problem (8.10.1) have consequently been examined by the author in 


order to develop an understanding of how various factors (cf.Section 8.4) 


influence the structure of optimal tactical decision making. These vari- 


ations are listed in Table 8.VII1, with references being given as to where 


such investigations have been reported in the literature (see also 



TABLE 8.VIII. Variations of the Simpl.est Fire-Distribution Problem 


(8.10.1) that Have Been Examined to Provide Ineights 


Into the Optimal Control of LANCHESTER-Type Attrition 


Processes. 


(Vl) Preacribed-duration versus fight-to-the4inieh battle-termination 


conditions [79] 


(V2) Time-dependent attrition-rate coefficients and replacements (79; 821 


(V3) n-versus-one combat [92, Appendix E; 79; 82) 


(V4) Command and control aspects (971 


(V5) Heterogeneous-force FT 1 F attrition process [78-791 

(V6) Stochastic LANCHESTER-type attrition processes [98; 301 


(V7) Time-sequential fire-support allocation [89; 961 



TAYLOR [92, pp. 59-64]). It ehould be pointed out that the author's work 


[76, 941 on the simplest fire-distrLbution problem (8.10.1) hae been 


essential for guiding these extensions and establishing a framework for 


interpreting and analyzia~ results on the structure of optimal time- 


sequential fire-distribution policies. We will now briefly highlight this 


wrk, usually providing a formulation of the optimal-control problem under 

consideration. 


In variation (Vl) (see
-TAYLOR [79]) of the simpleat fire-distri- 

bution problem (8.10.1), one replaces the stopping rule: "one side or 


the other annihilated" by 


with stopping rule: tf = T or one side or the other annihilated 

at tf < T , (8 

where t denotes the final battle time (i.e. the time at which the 
f 


engagement ends) and T denotes a specified time beyond which the battle 


cannot last (seealso TAYLOR [92, Appendix GI). We will refer to a battle 


with the stopping rule (8.11.1) as a prescribed-duration battle [as 

opposed to a terminal-control battle such as (8.10.1) that only ends by 


the battle being steered to a given end-of-battle state]. In TAYLOR I 791  

we found it convenient to summarize the variations (on the simplest fire- 


distribution problem) considered there as shown in Table 8.IX, with 


the above variation (Vl) denoted there as Problem 1 and the simplest 


problem (8.10.1) as Problem 3. For the fire-distribution problem (8.10.1) 


with stopping rule (8.11.1). 1.e. a prescribed-duration battle, the 




TABLE 8 . I X .  Summary of Problems Considered in TAYLOR [79] to Study 

the Effects of Made1 Form on Optimal Fire-Distribution Policy. 

EXPLANATIOb!-_!)l SYMBOLS 

Target-Type Attrition Process: F = attrition rate proportional to 

mmber of firers only, FT = attrition rate proportional 

to product of numbers of firers and targets 


Attrition-Rate Coefficients: C = constant, V m variable 

Battle-Termination Conditione: PD = prescribed-durati 19n battle 

(special caec of xl, x2, y > O ) ,  TC * teuminal-control 

battle (fight to the finish) 




optimal fire-distribution policy $*  again turns out to be 0 or 1 for . 

at most one point in time, but now $ *  depends on time t in addition 

to the force levels, i.e. $*(Problem 1) - $*(t, xl, xZ, y), and this 

depl~ndence(see TAYLOR [92, Appendix GI for complete details) is much 
mare complicated than for the terminaI-control battle4'. Again, let us 


make the nonrestrictive assumption that R = al1/ab2) > 1. We then 

have shown 1791 that for the special case in which 6 alp/(a2q) < 1 

and x (t ), x (t ), and y(tf) > 0 ,  the optimal fire-distribution policy 
1 f  2 f  


depends on the problem's battle-termination conditions (i.e. it may be 


different for Problems 1 and 2) . On the other hand, when 6 2 1, the 

optimal fire-distribution policy is the same for both problems: namely, 


4 *  = 1 as long as xl > 0. 

In analytical terms, we have for 6 = alp/(a2q) < 1 and xl(tf) 

and x2(tf) > 0 

1 for O < t < t f - t l , 
-
O*(t) 


0 for tf - T~ 5 t tf , 

where $*(t) denotes the optimal distribution of fire over time and 


the backwards swirching time rl is given by 


with z = ( R  - 6 - 1). Thus, in this case with 6 < 1 an optimal 

fire-distribution policy involves a switch from all fire concentrated 


on X1 by Y to all on X2 when the initial force levels are such that 



neither enemy target type can be annihilated and the battle is scheduled 


to last long enough, i.e. T > TI. Then the nature of the planning 

horizon affects the optimal fire-distribution policy in the sense that 


for the appropriate initial conditions in both problems [i.e. initial 


force levels such that4' at the battle's end xl(tf) and x2(tt) > 0, 

with a180 y(t E.) > 0 in the prescribed-duration battle with tf = TI, 

R = albl/(a2b2) > 1, 6 = alp/(a2q) < 1, and r > 0 (=TAYLOR [ 7 9 ,  

pp. 86-87] for further details) 


Furthernore, the optimal fire-distribution pclicy in the prascribed- 


duration battle depends on an additional parameter 


since the backwards switching time r1 may depend on a, i.e. for 


with ( a )  given by (8.11.3). Let us also note that for xl(~) and 


x2(T) > 0 and y(T) = 0 



The fact that a~,/aa < 0 for 6 < 1 a d  the above results (8.11.5) and 

( 8 . 1 6  lead42 r o  the conclusion (8.11.4). Finally, it should be noted 

that this case [i.e. R - albl/(a2b2) > 1 and 6 = alp/(a2q) < 11 only 

arises when Y values a unit of the X2 force out of proportion to its 


kill rate against the Y force (i.e. too high) relative to that of one 


of the Xl force, i.e. p/q < bl/b2. In other words, the more dangerous 

weapon-system type is valued less highly, e.g. a rifle is valued more 


than a machine gun. 


A typical problem along the lines of variation (V2) is given by 


(-see TAYLOR [?9, pp. 97-99; 821) 

with stopping rule: tf - T or one side of the other annihilated 

at tf < T, 

(combat dynamics) 

dx2 
I 

dt -(1-0) a2(t)y + r2(t) , 



with 


0 -< 4 -< 1 (Control-Variable-Inequality Constraints), 

and 

x1 and x2 0 (State-Variable-Inequality Constrnintsi. 


Here (and henceforth) we have omitted statement of the initial ~ondit~ons 


for simplicity. Also, nonnegativity of a term like rl(t), r2(t), or 


s(t) signifies a net continuous influx of replacements for the wespon- 


system type corresponding to the force-level equation in which such a 


term appears. This problem has been fairly extensively studied [ 7 9 ,  

Problem 4; 821 under the assumption that 

h(t) for i = 1, 2, (8.11.8) 

which may be considered to have the physical interpretation that both 


X-force weapon-system types have basically the same type sf range capability 


but one weapon-system type dominates the other in exactly the same manner 


at all ranges (cf. the model with range-dependent attrition-rate 


coefficients in Section 6.2). When there are no replacements or with- 


drawals (i.e. rl(t) 3 r2(t) E s(t) :0) and the Y commander values 

enemy survivors of each weapon-system type in direct proportion to their 


kill rate against the Y force at the end of i.e. 


then the optimal fire-distribution policy takes a very simple form 




when xl(tf) and x2(tf) > 0' namely 

Here, the term a (t) b (t) may be interpreted as the rate of destruction 
1 2 

of the X -weapon-system-type kill rate against the Y force (see TAYLOR 
1 -

[79] for further details). Thus, the Y force simply concentrates all 


its fire on the enemy weapon-system type against which it can destroy 


the weapon-system type's fire effectiveness (i.e. kill rate against Y) 


more quickly. When there are continuous replacements, however, deter- 


mination of an optimal policy is much more complicated, and certain 


multiplier conditions (e.g. see TAYLOR 177; 811) corresponding to the 

state-variable-inequality constraints (SVIC's) play an even more prominent 


role: in particular, the multiplier corresponding to the terminal SVIC, 


for example, x (L ) > 0 is restricted in sign only if rl(tf) > 0l f - 


(cf. (8.10.3) and -see TAYLOR [81J for further details). Also, many of our 


results in TAYLOR [82] (also [79, Problem 41) have been based on our 


knowledge about the conditions under which variable-coef ficient F 1 F 

attrition equations possess a simple analytical solution in terms of 


elementary functions (see Section 6.5 for further details). 

Another variation (V3) of the simplest fire-distribution problem 

(8.10.1) is to consider the X force to be compoeed of more target types, 



n 

maximizeI\r](tf) - I wixi(tf) 1 with T specified, (8.11.11 

4 (t) i=l 

dxi
subject to: -= -4 fiy for i = 1,2,..., n,dt 


with 


A rather illuminating result (zTAYLOR [92, Appendix E; 821) is that again 

when the Y-force commander values surviving enemy weapon-system types in 


direct proportion to their kill capabilities against the Y force, i.e. 


w = kbi for i =  1, 2, ... , n , (8.11.12:
i 


then the optimal fire-distribution policy for Y is very simple: 


always concentrate all fire on the available enemy target type for which 


aibi is largest. When survivors are not valued in direct proportion, 


to their dangerousness against the Y force [i.e. when (8.11.12) does 


not hold], then determination of an opti.ma1 policy may be quite involved 


(see
-TAYLOR [ 7 9 ]  for further details; also TAYLOR (92, Appendix GI). 

A variable-coefficient version of (8.11.11) has been investigated in 


TAYLOR [82], and results for the optimal distribution of fire shown to 


resemble the constant-coefficient ones under the appropriate circumstances. 




A fourth variation (V4) on the simplest fire-distribution 


problem (8.10.1) is to consider how command and control limitations on 


the redistribution of fire influence the structure of optimal time- 


sequential fire-distribution policies. In all the fire-distribution 


problems so far considered, it has been assumed that Y's distribution 


of fire against the heterogeneous X forces can instantaneously change 

from one value to another, e.g. in the simplest fire-distribution proble 


(8.10.1) the rate of change of the fraction of Y's fire directed 


at X1 is unrestricted and consequently can instantaneously change, 


for example, from 0 to 1. In other words, we have been assuming that 


the Y force can instantaneously change their distribution of fire 


against enemy target-types at will. Command and control limitations, 


however, may cause restrictions on how fast fire can be redistributed, 


i.e. restrictions on the rate of change of I$*. Such command and 

control aspects have been investigated with the following optimal-contro: 


problem (see TAYLOR [ 9 7 ]  for futher details) 

maximize{ry(tf) - pxl(tf) - qx,(tf)l- with T specified, (8.1: 
1:. -) 

subject to: dxl-dt = 'WIY , 



Here RU and RL > 0 denote upper and lower bounds on the rate of change 

of the distribution of fire. It has been shown [ 9 7 ]  that such commsnd 

and control limitat.ions on the redierribution of fire do not essentially 


change the structure of the optimal fire-distribution policy, although 


the shifting of fires is initiated earlier when cammand and control limita- 


tiom exist  than when an entire force can instantaneously shift all its 

fire from one target type to another. In other words, due to decreased 


reaction ability a force must begin to change its distribution of fire 


before target priorities actually change in anticipation of this coming 


change. 


A fifth variation (V5) (e
TAYLOR [78;  791) concerns changing 

the functional form of the Y force's attrition rate against each 


enemy target type to the case in which such an attrition rate is propor- 


tional to the product of the numbers of firers and targets. For simplicity 


we have denoted this variation as "heterogeneous -force FT 1 F attrition." 

The optimal-control problem corresponding to the prescribed-duration- 


battle version of the simplest fire-dietribut~on problem then reads 


dxl
subject to: -- -+a x y a
dt 1 1  




There is a fundamental difference between the structure of an optimal 


f ire-distribution policy for the simplest problem (8 .lo. 1) and that 


for the above problem (8.11.14): when enemy target types undergo en 


"FT attrition process" (cf.Table 8.VIII). the optimal distribution of 


fire does not consict of always (except for a finite number of points 


in time) concentrating all fire on a single enemy target type. In 

other word8 (g.
the optimal po1i:y described in Section 8.10 for the 


simplest problem), $*(t) may be other than 0 or P for a finite i n t e n d  

of time (cf. the solutions for Problems 1 and 5 in TAYLOR [79!). The
-
maximram principle is no longer adequate, and tt.e so-called theory of 

efnpllor extremals (see TAYLOR (781 for further inform~tion) ir9 
required to solve the above optimal-control problem (8.11.14, with 


such that 0 < $2 = a2/(a1 + a ) < 1 being the "singular control." 
#; 2 

In this case the optimal fire-distrlbution policy depends directly on 


the force level8 (and possibly time). In TAYLOR [78] it was shown for 

constant attzition-tote coefficients that no change ever occurs in 

the ranking of target prioritlea when sunrivoxs of eaeh X-force weapon- 


system type are valued in direct proportion to their kill rate against 


Y (1.e. p = kbl and q = kb2), and this important result is independent 

of whether both X-force target types undergo an "F attrition process" 


or an "FT attrition procams." 


We will now briefly examine tnw above problem's optimal fire- 


dirtrfbution policy expressed ar a closed-loop c d t ~ o l(=Section 8.12 

below) and graphically exhibited in state-apace-decision-rule di.agrama. The 

optimal time-eequential fire-dtstrib~~tion 
policy for (8.11.14) in the case 




i n  which p/q = bl/b2 (1.e. enemy surv ivors  valued i n  d i r e c t  proportion t o  

t h e i r  k i l l - r a t e  c a p a b i l i t i e s )  is graph1,cally depicted i n  Figure 8.3. When 

alblxl > a2bZx2, the  optimal pol icy i r  f o r  Y t o  concentrate  a l l  f i r e  

on XI. The l i n e  with equation alb1x1 = a b x2 2 2  (denoted a s  L . i n  

Figure 8.3) is  ca l l ed  a s ingu la r  "surface" and d iv ides  the  s t a t e  apace 

i n t o  two d i f f e r e n t  dec is ion  regions. When a force- level  t r a j e c t o r y  

reaches E, the  optimal pol icy says  t h a t  f i r e  should be divided beiween 

the  two t a r g e t  type6 i n  such a  way t h a t  t he  t r a j e c t o r y  s t a y s  oa L 

( i . e .  t he  s ingular  con t ro l  

p -is used t o  remain on the  s ingu la r  "surface"). Thus, when kbl and 

q = kb2, the  optimal f i r e -d i s t r i bu t ion  pol icy may be expressed very simply 

(14 

f o r  a b x >
1 1 1  

a2b2x2, 

&*(x,,x2)
.-

+ a2) f o r  alblxl = a b x2 2 2, 

f o r  a b x <1 1 1  a2b2x2. 

When enemy surv ivors  of each weapon-system type a r e  not  valued i n  d i r e c t  oro-

port ion t o  t h e i r  k i l l  F r t c  aga ins t  Y (r.g. p/q z bl/b2). the  s i t u a t i o n  is 

more complicated, with tire b a t t l e  being divided i n t o  two phases a s  f a r  a s  de- 

s c r ib ing  the o p t h d  f i r e -d i s t r i bu t ion  p ~ l i c yi r  concernad. Fot the  caae i n  

which p l q  . bllb2, t he  optiaual pol icy is  braphfcal ly  depicted i n  Figure 8.4. 



Figure 8 . 3 .  Optimal f ire-distribution policy sad corresponding 

battle  trajectories i n  the etate  space for heterogeneoue-

force FTlF at tr i t ion  process when surwiving weapon-eystem 

types or% valued i n  direct  proportion t o  their k i l l  rates 

The optimal batt le  trajectoriee identified in  th i s  figure 

are discussed in  deta i l  i n  TAYLOR [78, pp. 666-6881. 



P b,Case (b) -ij> -
b, 

Figure 8 . 4 .  Optimal f ire-dis tr ibut ion  pol icy and corresponding 

b a t t l e  trajector ies  i n  the s t a t e  space for hetcrogeneous- 

force FT ( F a t t r i t i o n  process when eurviving weapon-system 

types are not valued i n  d irect  proportion t o  the i r  k i l l  

rates  (here care i n  which p/q > bl/b2). The optimal 

b a t t l e  trajector ies  ident i f ied  in  ehie f igure awe dia-

cussed i n  deta i l  i n  TAYLOR [78, pp. 688-6901. 



- - 

For describing the optimal fire-distribution po.licy, we divide the battle 

into two time phasea; Phase I for 0 < t < tI and Phase TI for 

During Phase I the optimal fire-distribution policy is again 
tI ( t ( T. 

given by (8.11.16)' but during Phase I1 the o~timal policy is given by 


(cf.Figure 8.4) 


for a px > a qx
1 1  2 2 '  


0*(tsx1,x2) = 

for alpxl < a2qx2. 

Further details are to be found in TAYLOR [78]. 


At th2s juncture it seems appropriate for us to briefly make a few 


remarks about how the functional form for the attrition rates of enemy 


target types influcencas the structure of an optimal fire-distribution 


policy. In particular, we will compare the structure of an optimal time- 


sequential fire-distribution policy when each enemy target type undergoes 


an "F-type attrition process" (i.e. the attrition rate for each enemy 


target type is proportional to only the number of friendly firers) to 


that when each enemy target type undergoes an "FT-type attrition process" 


(1.e. the atmition rate proportional to the product of the numbers of 


firere and targets). As we have seen above in both the simplest fire- 


distribution problem (8.10.1) and also the corresponding prescribed- 


duration battle (Problems 1 and 2 of [79 ] ) ,  an optimal fire-distribution 

policy when each enemy target type undergoes an P-type attrition process 

consists of always concentrating all fire on a eingle enemy target type, 



while an opt  intal fi;:e-dis t r i b u t  ion pol icy when each enemy t a r g e t  

type undergoes an FT-type a t , t r i r io .a  process  au In  (8.11.14) :nay 

(dependling on the  d e n s i t i e s  of enemy t a r g e t  types)  sometimes involve 

d iv id ing  one's f i r e  between the two enemy carga t  types 44 . In t h i s  latter 

case,  an optimal pol icy b a s i c a l l y  has t he  property t h a t  one concent ra tes  

a l l  f i r e  on one t a rge r  type u n t i l  t he  r e l a t i v e  number of enemy t a r g e t  

types reaches an equi l ibr ium poin t ,  and f i r e  is then divided between the  

two t a r g e t  types.  In  essence,  one must guard aga ins t  "overkill." when 

each enmy t a r g e t  type undergoes an FT-type a t t r i t i o n  process  ( c f .-. 

t he  optimal p o l i c i e s  shown i n  Figures  8.3 and 8 .4) .  

Moreover, t he re  is  a very simple p r i n c i p l e  t h a t  unde r l i e s  a l l  t h e  

above r e s u l t s  about t h e  dependence of the  s t r u c t u r e  of an optimal f i r e -  

d i s t r i b u t i o n  pol icy on t h e  functional form f o r  t he  a t t r i t i o n  r a t e s  of 

enemy t a r g e t  types: an opt imal  a l l o c a t i o n  po l i cy  involves  concentrat ion 

of a l l  e f f o r t  on a s i n g l e  a l t e r n a t i v e  when the re  a r e  cons tan t  marginal 

r e t u r n s  (measured in terms ~f k i l l  r a t e )  over t i m e  from each a l t e r n a t  lve 4 5 

and the  rotsl  e f f o r t  avail.able is  l imi t ed .  Furthermore, cocs tan t  marginal 

r e t u r n  over time i s  a bas ic  pcoperty of an F-type. target- type a t t r i t i o n  

process.  This important r e s u l t  is r ead i ly  seen by consider ing the 

a t t r i t i o n  o f ,  f o r  example, XI (with 41 = 1)  i n  (8.10.1), namely 

r a t e  of enemy c a s u a l t i e s  produced 

Y 
- y (

per u n i t  of Y weapon syetem 

Thus, t he re  i s  t he  same cons tan t  marginal r e t u r n  a t  any poin t  i n  the 

b a t t l e  from the  Y fo r ce  a l l o c a t i n g  f i r e  aga ins t  a p a r t i c u l a r  enemy 



target type when each tlndergoes an F-type attrition process. This 


situation should be contrasted with the corrzsponding one for an 


FT-type enemy-target-type attrition process, i.e. 


rate of enemy casualties produced 

(8.11.1!


Y per unit of Y weapon system 


In this latter case, however, the marginal retarn from allocating fire 


diminishes over time as the force level decays, and consequently 
X1 


a division of total effort (i.e. allocation of fire) in an optimal policy 


may be called for when the number of this particular target type is 


sufficiently reduced. B. 0 .  KOOPMAN's [ 5 2 ]  1953 article on the optimal 

distribution of effort contains an excellent discussion of such principles 


that underlie an optimal allocation policy determined by such an 


optfmization problem (ee_e_ also TAYLOR [ 7 9 ,  pa.  8 4 - 8 5 ] ) .  

Another important variation (V6) considers casualties to occur 


randomly over time Chapter 4 ) .  TAYLOR and POWERS [ 9 8 ]  have investigate 

a stochastic version of variation (Vl) above (i.e. Problem 1 of [ 7 9 ] )  in 

which casualties are assumed to follow stochastic LANCHESTER-type attrition 


processes (seeChapter 4). They considered the following problem. 




maximize E[rN(tf) - p'Hl(tf) - qM2(tf)] with tf specified, (8 
4 

subject to: casualties occur randomly as a continuous-time NAXKOV 

chain with stationary transition probabilities corre- 


sponding to the deterministic heterogeneous-force 


F I F  attrition process (8.1.0.1), 


with 

Here 4 is taken to be a closed-loop control (eSection 8.12 below), 

thc integer-valued random variables Ml(t), M.,(t), and N(t) denote the 


4. 

XI, X2, and Y force levels, and E[*] danores mathematical expectation. 


TAYLOR and POWERS 1981 have concluded that the determPnistic and stochastic 


versions of this time-sequential fire-distribution problem yield essen- 


tially the s21me optimal policy, although the optimal policy followed by 


Y in a realization of the stochastic combat process may differ appreciably 


from that for the deterministic formulation if this realization does 


not "follow the corresponding detedniutic trajectory very closely." 


Furthermore, M N A  [30] haa~ shown for a fight to the finish that con- 

ditions do exist for which the deterministic and stochastic formulations 


do not yield similar results at all for the optimal fire-distribution polic 


for very small numbers of combatants. 


Further variation. [identified as ( V 7 )  in Table 8.VIIIj on such 

LANCHESTER-type deterministic optimal-control problem have been 


investigated by TAYLOR [ 9 6 ]  ani TAYLOit and BROWN [89]vithin the context 



of time-saquential f i re-support  a l l oca t ion .  TAmOR [96] haa considered 

10 v a r i a t i o n s  on the  same theme ( i . e .  a sequence of 10 c lose ly  r e l a t ed  

f i re-support  problems), w i t h  some of these v a r i a n t s  being inves t iga ted  

much more thoroughly than o thers .  This i nves t iga t ion  exerc ises  many of 

the i n s i g h t s  i n t o  the  s t r u c t u r e  of optimal f i r e - d i s t r i b u t i o n  p o l i c i e s  

discussed above. TAYtOR and BROWN [89] have shown t h a t  t he  s t r u c t u r e  

of such optimal po l i c i ea  depends not  only on the  func t iona l  form assumed 

f o r  target-type a t t r i t i o n  r a t e s  (e.8. F or  FT a s  shown i n  Table 8.X.X) 

but a l so  on the  quantification of mi l i t a ry  objec t ives .  They have proven 

the  r a t h e r  remarkable r e s u l t  f o r  a given s e t  of combat dynamics t h a t  

the  s p l i t t i n g  of the  a l l oca t ion  of supporting f i r e s  between two enemy 

forces  i n  any o p t i m l  pol icy  depends on whether t he  terminal  payoff 

r e f l e c t s  t he  ob jec t ive  of a t t a i n i n g  an "overalP1' m i l i t a r y  advantage o r  

a "local1' one. 



8.12. LANCHESTER-Type Differential Games. 


Military conflict provides the classical contextual framework 


For game theory: two or more decision makers with conflicting objectives. 


Moreover, combat models in general and LANCHESTER-type models in 


particular provide a natural framework for formulating and analyzing 


time-sequential games that reflect the antagonistic aspects of military 


decision making. We will accordingly cmsider a couple of LANCHESTER-type 


(as opposed to pursuit-evasion) differential games, which have provided 


some important insights into normative aspects of the dynamics of combat. 


A differential game is simply a time-sequential game (fee. game in exten- 


sive form [ 5 5 ] )  in which the system dynamics are given by a system of 

ordinary differential equations. Others have found it to be convenient 


to think of a differential bame as a two-sided optimal-control problem 


(e.g. see H0[33]). By a LANCHESTER-type differential game we mean a 


differential game in which the system dynamics are given by LANCHESTER-


type equations of warfare. It should be pointed out that essentially 


all the early differential-game literature has concerned pursuit- 


evasion problems (however, =ISAACS [46, pp. 96-104 and Chapter 111 

for notable exceptions). 


More precisely, we will consider CANCHESTEX-type differential 

gamer that are two-person zero-sum deterministic differential games in 


which each player uses a closed-loop (or feedback) pure strategy with 


perfect state information (sale HO [ 3 4 ;  351 for a diecussion of other 

poesi5ilities). In other words, each of the two decision makers has 


hie own (scalar) criterion functional which !I@ seeks to maximize but 



which is  i n  d i r e c t  an t agon i s t i c  c o n f l i c t  with h i s  opponent's i n  the  

sense t h a t  t he  two c r i t e r i o n  func t iona ls  have a constant  sum (which may 

be taken t o  be zero) so  t h a t  one person's l o s s  is  the  o ther  person 's  gain. 

Each player  ( i . e .  decis ion maker) i s  taken t o  have pe r f ec t  information 

about the  system s t a t e  and combat dynamics, but each does not  know the  

s t r a t e g y  of h i s  opponent. Since a d i f f e r e n t i a l  game is a game i n  exten- 

s i v e  form, a pure ( a s  opposed t o  mixed) s t r a t e g y  (within the  coutext of 

pe r f ec t  s t a t e  information) is a dec is ion  r u l e  f o r  determining one 's  ac t ion  

based on t he  cu r r en t  system s t a t e ,  i . e .  a mapping of t he  s t a t e  space i n t o  

the space of f e a s i b l e  ac t ions  a t  t i m e  t .  Such a pure s t r a t e g y  f o r  a 

game i n  extensive form is  a l s o  ca l l ed  a closed-loop ( a s  opposed t o  

open-loop) s t r a t egy .  Mathematically we may express  the  concept of a 

closed-loop ( o r  feedback) con t ro l  a s  

where u denotes the  closed-loop contra1 (or  s t r a t e g y ) ,  t denotes time, 
C 

x denotes t h e  s t a t e  var iab les ,  and k denotes the given func t iona l  

r e l a t i o n  ( i . e .  the dec is ion  rule). Equation (8.12.1) shows us t h a t  a 

closed-loop s t r a t egy  is s function of the  cur ren t  system s t a t e .  On the 

o ther  hand, an open-loop con t ro l  s p e c i f i e s  one 's  ac t ion  a s  a funct ion of 

time t and i n i t i a l  condi t ions to, xo. Thur, an open-loop con t ro l  may 

be mathematically expressed during the length of the planning horizon 

f o r  0 i t  i T as 



where denotes t he  open-loop c o n t r o l  ( o r  s t r a t e g y ) .  For one-sided 
u~ 


de te rmin i s t i c  optimal con t ro l  problems, it  is  wel l  known t h a t  open-loop 

con t ro l  and closed-loop con t ro l  y i e l d  i d e n t i c a l  r e s u l t s  both f o r  t h e  

system t r a j e c t o r y  and a l s o  f o r  t he  payoff ,  but t h i s  s i t u a t i o n  is not  

t r u e  f o r  d i f f e r e n t i a l  games (e.g. 9HO [ 3 5 ] ) .  Consequently, one must 

d i s t i ngu i sh  between open-loop and closed-loop s t r a t e g i e s  a s  we have done 

here.  

We w i l l  nar give two examples of WCHESTER-type d i f f e r e n t i a l  

games. Although we w i l l  not  present  any so lu t ion  d e t a i l s  here ,  t he  se lec-  

t i o n  of these  examples has been inf luenced both by t h e i r  a n a l y t i c a l  

t r a c t a b i l i t y  and a l s o  by t h e  ~ i g n i f i c a n c e  of i n s i g h t s  t h a t  they provide 

i n t o  optimizing time-sequential  t a c t i c a l  dec is ions .  

Example 8.12.1: Generalized Tac r i ca l  Air-War Game. This problem is  a 

genera l iza t ion  of R. ISAACS's [ 4 6 ,  pp. 96-1041 t a c t i c a l  air-war game, 

which apparent ly  awes i t s  o r i g i n  t o  A. S .  MENGEL (see-- [27] ) .  I t  considers  

a  war between X and Y ,  each of which i s  composedof ground and a i r  

forces .  The progress  of t h e  ground war is  mensurad i n  terms of the  

pos i t i on  o f  t h e  contac t  zone between the  opposing ground fo rccs  o r  PEBA 

(Forward Edge of the  B a t t l e  Area) Sect ion 7.15 f o r  f u r t h e r  d e t a i l s ) .  

Both X and Y have a s i n g l e  type of a i r c r a f t  t h a t  can f l y  two types 

of mieaioor: (Ml) ground-eupport miasione aga ins t  t he  enemy's ground 

forces  t o  in f luence  the outcome of t he  land war i n  terms of FEBA pos i t i on ,  



and (M2) counter-air missions which result in the shooting down of enemy 


planes (but not direct help for the ground forces). The problem for ~ach 


of the two opposing corananders is to find the "best" time-sequential 


allocation of his aircraft to mission type according to the decision 


cr:terion of the sum of the net residual value of surviving aircraft at 


the end of the campaign (and measured with linear utilities) and the net 


amount of value obtained from ground-support missions flown (aqd measured 


in terms of the return from planes dropping ordnance on the FEBA). These 

objectives of the opposing commanders are taken to be directly conflicf- 


ing (i.e. the two phyoffs have a constant sum), and thus it suffices to 


consider a single scalar payoff which one player seeks to maximize and 


the other tc minimize. Also, the air cainpaign is taken to last for a 


prescribed length of time, denoted as T, and it is assumed that new 


aircraft are introduced on both sides at constant rates. This situation 


is shown diagramatically in Figure 8.5. 


Mathematically the above two-sided combat-optimization problem 


may be stated as follows. 


with stopping rde: tf - T = 0 , 



REPLACEMENTS REPLACEMEN 

RESIDUAL VALUE PER RESIDUAL VALUE PER 
SURVIVING PLANE = vx SIJRVIVING PLANE = V, 

Figure 8.5. Diagram of generalization of tactical 


air-war game (8.12.3). 




subject to: -dx
dt 


(air-battle dynamics) L&
dt 


with initial conditions: 


~ ( 0 )  


and 


0 -< u, v -< 1 

x and y -> 0 

where 


x(t) and y(t) 


a(t) and b ( t )  

r and s > 0 

v and v
X Y 


f(t)  and Ry(t) > O  

u(t) and v(t) 


and 
 tf 


= r - (1 - V) a(t)y , 

= s - (1 - u) b(t)x 

xo and ~ ( 0 )r Yo 9 

(Strategic-Variable-Inequality Constraints), 


(State-Varbable-Inequality Constraints), 


denote the numbers of X and Y aircraft 


at time t, 


denote time-dependent attrition-rate coefficients 


representing the effectiveness of aircraft in 


shooting down enemy aircraft, 


denote constant replacement rates for each 


side's aircraft, 


denote the values for each surviving X and Y 


aircraft at the end of the campaign, 


denote the time-dependent returns per unit 


time obtained from flying an X a d  Y 

ground-support missions, 


are strategic variables that denote the fractions 


of X and Y aircraft allocated to flying 


ground-support missions at time t, 


denotes the final campaign time. 




Here the strategic (or control) variables u(t) and v(t) are taken 


46to represent the outcomes (or realizations) of closed-loop strategies , 

e.g. u(t) = U(t,x,y). A further discussion of this model and its rather 

long history is to be found in TAYLOR [ 9 4 ,  Appendix B], and optimal air- 

war allocation strategies for the above LANCHESTER-type differential 


game are developed there, with complete details being worked out for the 


special case of constant coefficients (E also TAYLOR [ 8 3 ] ) .  

Example 8.12.2: Modified Fire-Support Differential Game. This problem 


is a variation of Y. KAWARA's [51] fire-support differential game and con- 


siders the attack of heterogeneous X forces against the static defense 

of heterogeneous Y forces. Each side is composed of infantry and 


artillery. The X infantry (denoted as XI) launches an attack against 


the position of the Y infantry (denoted as Yl). We will consider 


only the battle's "approach-to-contact" phase that lasts from the start 


of the advance of the X forces against the Y1 defensive position 

1 


until cantact is made between them. It is assumed that this latter time 


is fixed and known to both sides. Using "cover and concealment," the 


XI forces begin their advance againat the Yp forces from a distance 


and move towards the Y position. Small-anus fire by the X1 forces 


is held at a minimum to facilitate their movement, and hence the effective- 


ness of X1's fire "on the move" will be assumed to be negligible against 


Y1. Since the X1 forces are so far away from the defenders, 
Y1 




is assumed to use "area fire" against the attacking X forces. During

1 


this "approach to contact ," the fire-support unite {i.e. each side's 

artillery) remain stationary and deliver either counterbattery fire 


against enemy artillery or "area fire" against the enemy's infantry. 


By virtue of its defensive posture, the Y force obtains better informa- 


tion about the location of the X fire-support units, and hence Y2 


can deliver "aimed counterbattery fire" against X2, but X2 can only 

return "area counterbattery fire" against It is the objective of 
Y2. 


each side to attain the most favorable infantry force ratio possible at 


the end of the "approach to contact" at which time "hand-to-hand" combat 


occurs between the two infantries and consequently artillery fire can 


no longer be directed at the enemy's infantry for safety reasons. The 

decision problem facing each side is to determine the "best" time-sequential 


distribution of artillery fire in order to maximize the infantry force 


ratio at the time of "hand-to-hand" contact between the two infantries. 


Again, the objectives of the two opposing commanders are taken to be 


directly conflicting, and thus it suffices to consider a single scalar 


payoff which one player seeks to maximize and the other to minimize. This 


situation is shown diagramatically in Figure 8.6. 


Mathematically the above two-sided combat-optimization problem 


may be stated as follows. 




Figure 8 . 6 .  Diagram of  modified f ire-support  d i f f e r e n t i a l  

game ( 8 . 1 2 . 4 ) .  



with stopping rule: t f - T r O  


dxl 

dt
subject to: -= -allXIY1 - Va12x1Y2 * 

dx2
(battle dynamics) - 9 

with initial conditions: 


0 

~ ~ ( 0 )O and ~ ~ ( 0 )= Xi = yi for i = 1,2, 

and 


0 I u, v 5 1 (Strategic-Variable-Inequality Constraints), 

xl, x2, yl, and y2 L 0 (Stare-Variable-Inequality Constraints), 

where 


xl(t) and yl(t) denote the numbers of X and Y infantry 

at time t, 


x2(t) and y2(t) denote the numbers of X and Y artillery 


at time t, 


a11, a12' a2, bl, and b2 denote constant LANMESTER attrition-rate 

coefficients, 




u ( t )  and v ( t )  a r e  s t r a t e g i c  v a r i a b l e s  t h a t  denote t he  

f r a c t i o n  of X and Y a r t i l l e r y  f i r e  a l l oca t ed  

aga ins t  opposing i n f a n t r y  fo rces ,  

and tf denotes t he  f i n a l  " app roach - to -~on tac t~~  time. 

Again, t he  s t r a t e g i c  (ox con t ro l )  v a r i a b l e s  u ( t )  and v ( t )  are xea l i -

za t i ons  of closed-loop s t r a t e g i e s ,  e.g. u ( t )  = U(t ,  xl, x2, yl, y2) .  

A f u r t h e r  d i scuss ion  of t h i s  model and i ts  h i s t o r y  is  t o  be found i n  

TAYLOR [86] ,  and optimal f i re-support  s t r a t e g i e s  f o r  t he  above LANCHESTER- 

type d i f f e r e n t i a l  game a r e  developed the re .  

Other LANCHESTER-type d i f f e r e n t i a l  games (besides  those found i n  

ISAACS' book [46]) have been s tud ied  by WEISS [103],  CHATTOPADHYAY 

[19; 203, INTRILIGATOR 1421, MOGLEWER and PAYNE [60] ,  KAWARA [51] ,  STERNBEI 

[ 7 5 ] ,  and TAYLOR [80; 851. These d i f f e r en t i a l .  games a r e  genera l ly  only 

p a r t i a l l y  solved, with a  l o t  of work usua l ly  producing only r a t h e r  meager 

r e s u l t s .  It should a l s o  be  f i n a l l y  noted t h a t  a  number of c lo se ly  r e l a t e d  

discrete- t ime-sequent ia l  games have been inves t i ga t ed  by both a n a l y t i c a l  

m d  a l s o  computational means (e.g. see FULURSON and JOHNSON [ 2 5 ] ,  

BELLMAN and DREYFUS [a] ,  BERKOVITZ and DKESHER [ l l -13)  , PUGH [68] , 

BRACKEN, FALK, and KARR [15] ,  and GOHEEN [29].  



8.13. Insights Gained 


Bused on our studies of the optimization of combat dynamics [76-98 

using generalized control theory, we have learned the following: 


(A) The structure of optimal time-sequential combat strategies 


depends on all the following five factors: 


the decision criteria, 


the battle-termination model, 


the combat-operations model, 


the feasible actions for each decision maker, 


and the information available to each decision maker. 


The dependence is complex, and future research should concentrate 


on simplified models of tactical interest to explore further how optimal 


strategies depend on these factors. 


Force levels always effect optimal combat strategies. 


The dependence may be indirect, however, through who 


"wins" and "lo8es. " 

The quantification of combatant objectives affects optimal 


combat atrategies. The most important planning decision 


is whether to seek a "local" military advantage or an 


"~ver(111'~
one. 




(D) The time-sequential nature of target effects has a signiflcal 


influence on optimal fire-support strategies. Furthermore, 


optimization of fire-support strategies should be based on 


ground-support objectives. 


(E) It may be quite dangerous to generalize optimal time- 


sequential combat strategies from specific pro'blems. 


More research shotlld be done on better understanding the 


qualifications that should be placed on silch specific 


results. 


The above insights are illustrative of those salient features 


about optimizing tactical decisions +-hat we have uncovered in our work. 


A further discussion about insights gained into the optimization of combat 


dynamics may be found in TAYLOR [92, pp. 61-64; 94, pp. 8-9;96, pp. 12-15 


where a discussion about the implications of such results for defense 


planners is also contained. Although all these insights have been 


developed within the context of specific problems, most of the properties 


of the structure of an optimal time-sequential combat strategy appear 


to be of general applicability. As we have stressed it the introduction 


to thie chapter, such insights into the structure of optimal combat 


strategies are probably the only significant result obtained from this 


work, since the underlying mathematical models are such idealizations of 


the (rational) decision-making process in force-on-force combat operations 




8.14. Role of Optimization in Decision Analysis for Tactical Military 


Decisions 


Here we will make a few final comments about considering suck cod 


optimization problems in the quantitative study of tactical (as opposed tc 


strategic) decision making. These remarks are meant to stimulate further 


thought and discussion, rather than providing any final definitive 


answers. 


The author feels that the most important current issue is to 


determine the role of normative models in tactical decision analysis. 


What exactly is the role of optimization in tactical military decision 


making? Optimization problcms arising from the modell.:ng of tactical 


decision making with any degree of realism in the modelling of ccmbat are 


too large scale for even cmtemporary computing capabilities. If we 


cannot optimize the detailed simulated system, what should we do? The 


interchange of ideas between military gaming (e.g. see SHUBIK [ 7 2 j ;  

an excellent reference is still THOMAS and DEEMER [loll) and combat 


optimization (as outlined above) needs to be stlmulated. In particular, 


mathematical programmers involved in such work should become more aware 


of the analysis and model.ling of combat operations, since they give 


special structure to such optimization problem. The modelling of such 


cowplex systems necessarily must precede system optimization, and the 


author views the latter as but an extension of the former. 


As we have stressed in the past (seeTAYLOR [ 7 9 ] ) ,  more work 

sh ~ l d  concentrate on developing exact optimal solutions to "approximate" 


models of combat operations in order to develop a better cnderstanding of 




how t o  really improve t a c t k a l  decis ion making (both j.11 the model world 

and a l s o  i n  the r e d  world). After a l l ,  the purpose of combat optimizat 
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is ins ight ,  not numbers. 
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FOOTNOTES FOR CHAPTER 8 


1. This chapter is an expansion upon TAYLOR [87, pp. 778-779 and pp. 703-801 


It is also partially based on portions of the author's unpublished paper 


"~urvey on the Optimal Control of 7,anchester-Type Attrition Processes, " 

presented at ?:he Symposium on the State-of-the-Art of Mathematics in 


Combat Models, June 1973 (available in report from as TAYLOR [93]). 


2 .  More preciselv, generalized control theory is the mathematical theory of 

optimizing the performance of a dynamic system (see Sectlon 1.6 above for 
discussion of the concept of a dynamic system). The term "generalized 


control theory" was apparently first coined by Y. C. HO L34j in 1969 

(yee also HO [35]). It includes both deterministic and stochastic optimal 

control, dynamic progrcmming, and differential games (s
HO [ 3 4 ]  for furt 

details). 

3 .  Actually, these "decision variables" are really decision functions, since 

they are functions defined on some time interval (e.g. $I = 4 (t) frv 

0 -< t -< T). The term decision variable Is probably used in analogy with 

the term state variable, which also evolves lynamically over time. 


4. See TAYLOR [ 76-88], TAYLOR and BROWN I891 , TAYLOR [ 91-97], and TAYLOR -
and POWERS [98 ]  for documentation of the author's research on the structure 

of optimal time-sequential combat strategies. 




5 .  Theme operational combat models have been discussed (including the nature 

and availability of documentation about them) ilr Section 1.3 above (see 
-
also Section 7.1). 


6. For the mathematical modalling of rational choice under conflict of interests, 


see LUCE and RAIFFA [55] or SHUBIK [72]. For an excellent investigation of 
-.--
methodology for determining h m  people actually make decisions in a non- 

c~nflicting environment (1.e. no conflict of intereste), -see WILCOX 11041. 


7. Such a one-sided time-sequential optiidzation problem is called an optimal-


control problem. ReLatively recent mathematical interest (and also that 


of other scientists and technolgista) in optimal-control theory stems 


from the work of PONTRYAGIN and hie aeeociates on the mathematical theory 


of optimality cotiditions for such problems (e.g. see PONTRYAGIN et al. 

[Q7]; aec also HESTENES [32]). 


8. We are using here the word strategy to denote a game-theoretic strategy, 


i.e. a completely specified plan of action which covers all contingencies 


(e.g. se_e_ SWUBIK [72, p. 421). We then use the word policy to denote a 

9 1strategy" in a one-sided optimization (or optimal control) problem, i.e. 

a control. In military circles, the word strategy has a different meaning, 


the plans for conducting a war in the widest sense including diplomatic, 


political, and economic consideration8 a8 well as those of a purely 

military nature [31] (see 
-alao LUTTWAK [56, p. 1831). One then uses the 

word tactics to refer to the method employed by a commander to implement 


hi8 rtratcgic plan I311 (seealso [ 5 6 ,  p. 1991). 



9. Here we are using the words strategy and tactics as usually used by milit 


planners and not in the game-theoretic sense (see Footnote 8 above). 

10. See WEISS [lo31 for a brief discussion of the distinction between a "pri~c 

weapon sys t a  (e.g. infantry) and a "supporting" weapon system (e .g. 
artillery, tactical aircraft, etc.). 


11. For an excellent general discussion of the modelling of tactical decision 


for use in combat models, see ANDERSON [I]. 


12. It is beyond the scope of this monograph to give a detailed treatment of 


war gaming, but we will attempt here to outline some further reading for 


those who are interested. Excelient introductions are afforded by PAXSON 


[661 (a brief introduction) and McHUGH [57] (a longer introduction 

which includes a historical summary) (seealso SHUBZK [72]). For a very 


readable and informative popular account of war gaming, see WILSON'S 

book [105], which apparently draws heavily on McHUGH's work [57]. A very 


thorough historical summary (unfartunately, only through the late 1950's) 


YOUNG [107]. For other excellent accounts of operational gaming and its 


role in military OR, see THOMAS and DEEMER [loll and THOMAS [99; 1001. 

Although romewhat dated, the tefsrences [99-1011 are still an excellent 

introduction to gaming, probably still the best technical one in the 


military field. Other more recent accounts are by SHEPHARD [71j, ARCHER 


and BYRPJE [4],SHUBIK [72], and especially [74]. P. BRACKEN I161 hae 


diecursed through some very interesting historical case etudies some 




very subtle difficulties in the use of war-gaming results. SHUBIK's 


book [72] not only provides an excellent general introduction to gaming 


but also gives an important comparison between game theory and behavioral 


- [72, pp. 156-1661), which has had a significant impact on theories (see 


our own thinking (e.g. se_e_ TABLE 8.1 in Section 8.2). BREWER and SHUBIK 

1171 have concentrated on the professional and organizational environment 


for war gaming in the United States and have made a number of critical 


recommendations for enhancing the effectiveness of war aaming in solving 


defense problems. However, little attention is given to combat-modelling 


aspects. For some European accounts of war gaming, the reader should 


consult SHEPHARD [71], WOLF [106], NIEMEYER [62], and especially HUBER, 


NIEMEYER, and HOFMANN [41]. The latter book [41] probably provides the 


best view of modern German thought on this important topic. Other relate 


references on the general topic of operational gaming are to be found 


in the Notes and References for Chapter 1. Finally, let us note that 


SHUBIK and BREWER [73, p. 81 (discussing gaming more generally) have 


stressed that "the amount of publicity given free-form, political-diploma 


military games has been enormously disproportionate to the financial and 


intellectual investbents in them. Popular accounts aside (such as 1105 1 ) 

research on the intellectual foundations and used of this type of work 


hits been negligible." Unfortunately, these statements are even more 


true about war gaming. 




13. We are using hare the term "simulation" in its broadest sense (cf. 


the simulation types shown in Figure 1.1). 


14. An abbreviated version of this list first appeared in TAYLOR [93, p. 31 


(and later TAYLOR [94, p. 8; 96, p. 12]), where such a factorization of 


a time-sequential combat-optimization problem wan first discussed (see 
also TAYLOR [85; p. 5071). In out work we have stressed the importance 


of this conceptual factorization for tactical decision analysis, but 


others have not yet apparently appreciated our point of view. 


15. Here we mean that fire is exchanged between the two opposing forces 


("bullets fly in both directions") but that only one side l.s faced with 

a fire-distribution-optimization problem. 


16. One simply orders a report from NTIS according to its so-called 


"AD-number," e.g. TAYLOR 1963 would be referred to as AD A033 761. 


17. Other such lists of factors influencing opitmal fire-distribution 


strategies may be found in TAYLOR [ 9 2 ,  p. 2; 93, p. 2; 96, p. 31. 

18. See Footnote 8 above. 


19. HO [ 3 4 ;  351 for a discuesion of generalized control theory (in 

particular, varioue generic types of dyuamic optimization problems). 


Further Information about optimal-control theory may be found in 


PONTRYAGIN et 81. [67], HESTEEJES [32], ATHANS and FALB 151, and BRYSON and 

HO [la], which are standard references (E also BELL and JACOBSON [7]). 

Further information about differential games, may be found in 
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ISAACS [46], BERKBVITZ [9; 101, and FRIEDMAN [24] (see also BRYSON 


and HO [la, Chapter 91 and PARTUSARATHY and RAGHAVAN [ 6 5 ] ) .  A very 

readable general introduction to all these topics is afforded by 


INTRILIGATOR [43]. 


20. Here (us elsewhere in this chapter) one-added (as opposed to two-sided) 


optimization problem means that thsre is only one (as opposed to two 


with conflicting objectives) decision maker. We may think of such a 


situation as arising because the combat strategy for one of the two 


opposing commanders has been previously determined. Hence only one 


player's combat strategy remains to be optimized. 


21. Extension to cases with replacements and/or withdrqwals is discussed in 


TAYLOR [88, p. 1121. 

22. Since our combat model is deterministic, in principle we caa always 


determine who will win before the battle is actually fought. 


23. b we saw for an P I F  attrition process in Section 6.6, it is not 

generally true that such a single unique initial-force-level value 


also Section 2.9). Consequently, we are implicitly assuming 
exists (g. 


here that the combat dynamics are such that it does. 


24. The result (8.9.4) was not explicitly given by TAYLOR [88], but it is 


implicit in his developments. 




-- 
2 5 .  Here we mean that more effort should be apent on developing scientificalPy 

valid (see HUBER, LOW, and TAYLOR [ 4 0 ] )  models of conflict tenninaeion 

because of the sensitivity of analysis results to such models. 


26. As discussed in Section 8.4 above, such perfect information is usually 

assumed for combat-optimization problems. Thus, we are well within the 


current state of the art to assume such perfect information. 


See HO (34; 351; also INTRILIGATOR 143 ,  p. xiii'j. For an introduction27. -
to the literature of optimal-control theory, see Footnote 19 above. 


28. Far example, one could test the capability of a computational approach 


like LAGRANGE dynamic programming (9PUGH [68] )  on a discrete-time 

version of this problem. 


29. Such optimality conditions may be found in, for example, the references 


on optimal-control theory mentioned in Footnote 13. 

30. By an extremal we mean a trajectory on which the necessary conditions 


of optimality are satisfied. An extremal control law is then used to 


denote the policy followed in order to instantaneously oatisfy these 


necessary conditions and is usually determined by considering the maximum 


principle. An extremal policy, of course, may not turn out to be an 


optimal policy. 




31. By the domain of controllability for a given terminal state we mean that 

-a-

subset of the initial state space from which extr2mals lead to the 


terminal state (seeTAYLOR ( 7 6 ,  pp. 542-5431 for further details). 

32. This first characteristic is a consequence of Y causing attrition to 


at a rate proportional to only the number of firers. It is not true 

Xi 

-TAYLOR [ T 6 ;  791 and Section 8.11 below). in general (see 


33.  Except when 6 = R - -1, the optimal fire-distribution policy is 

unique. 


34. It should be noted that for R > 1 we have 0 < 1 - 1/R < 1. 

35. From the relation y = -1 + b/R, we readily see that -(1 - l/R) i y  

if and only if 1 L 6, - ( y < -(1 - 1/R) if and 'only if 

R - JR(R - 1) 5 6 < 1, and -1 y < - if and only if 

o g < R - JR(R- 1) . 

36. The author has developed theoretical results along this line, i.e. boundary 


conditions for the dual variables (see TAYLOR [all). 

37.  See also the discussion in TAYLOR [93, pp. 22-23]. 

* - , 



38. Hare (as elsewhere in this chapter) one-sided (as opposed to two-sided) 


optimization problem means that there is only one (as opposed to two witt 


conflicting objectives) decision maker. A game may then be considered 


to be a two-sided optimization problem. Such a one-sided time-sequential 


optimization problem is also frequently called an optimal-control prablen 


(see also Footnotes 7 and 20 above). 

39.  Some new facets of optimal-control theory have been uncovered by these 

investigations, and consequently a couple of contributions (TAYLOR 177; 

811) have been made to the control-theory literature (see -also 

TAYLOR [ 8 3 ] ) .  

4 0 .  We have already seen above in Section 8.10 that for the fight to the finit 

(8.10.1) the optimal fire-distribution policy depends on only the force 


levels and not 02 tire, i . e .  $*(Problem 2) = $*(xl,x2,y). 

0 0

41. In other wotda, xl, x2, and y are such that xl(T) and x 2 ( T )  > 0

0 


but y(T) = 0 in the terminal-control battle (8.10.1), but that they 

are such that xl(tf), x (t ), and y ( t f )  > 0 with tf = T in the2 f 

prescribed duration battle. Such conditions for the initial force levels 


are given in TAYLOR 192,  Appendix C] for the prescribed-duration battle 

and in TAYLOR [76; 841 for the fight to the finish (8.10.1) (see also 
Table 8.VII above). 


42. Here (as elsewhere) one also makes the physically realistic assumption 


that p, q, and r > 0. 



43. By virtue of (8.11.8), at any giveu point: during the battle will 


suffice. 


44. In our discussion here we are assuming two enemy target types. Extension 


of these remarks to an arbitrary number of enemy target types proceeds 


in the obvious manner. 


45. Here we mean that the marginal return from firing at a particular enemy 


target type does not change aver time due to the. decrease in the number 


of that target type. 


4 6 .  Such a distinction plays an essential role in the development of the 

basic necessary conditions of optimality for such a differential game 


(e.g. see TAYLOR [ 8 4 ;  95,  Appendix A]). 

47. As we have discussed in Section 8.5, GEOFFRION [261 has suggested a siinilar 

conceptual approach of usfng a simple auxiliary model to generate tentative 


hypotheses to be rested in a full-scale operational model and thus to 


provide guidance for further computerized higher-resolation investigations. 


We also have felt (E TAYLOR [79]) that the use of relatively simple 

auxiliary models in conjunction wlth complex operational models has much 


to offer for the analysis of military operations (see also NOLAN and 

SOVEREIGN [ 6 3 ] ) .  In fact, this has been the hypothesis upon which all our 

research has been based. 
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APPENDIX F: COMPREHENSIVE BIBLIOGRP.'?HY ON THE 

LANCMESTER THEORY OF COMBAT 

1. In t roduc t ion .  

This appendix c o n t a i n s  a cornprzhensive b ib l iography  on t h e  LANCHES- 

TER theory o f  combat, i .e,  organized knowledge concerning some a s p e c t  bf 

a LANCHESTER-type paradigm. Its o b j e c t i v e  is t o  provide t h e  i n t e r e s t e d  

r e a d e r  wi th  r e l e v a n t  and a v a i l a b l e  in format ion  concerning LANCHESTJ3R-type 

combat models f o r  f u r t h e r  independent resea rch .  It should be of use  t o  

OR r e s e a r c h e r s  and o t h e r  r e a d e r s  of t h i s  monograph who wish f u r t h e r  more- 

d e t a i l e d  informat ion.  

It seenu a p p r o p r i a t e  t o  d e f i n e  our  terms a l i t t l e  more p r e c i s e l y  

he re  i n  o r d e r  t o  b e t t e r  coauuunicate t o  t h e  r e a d e r  e x a c t l y  what t y p e  of 

in fa rmat ion  h e  can expec t  t o  f i n d  i n  t h e s e  re fe rences .  F i r s t  of a l l ,  t h e  

r e a d e r  should be aware t h a t  any theory  about  m i l i t a r y  combat is  more 

spec t t l a t ive  than  s c i e n t i f i c  because oE t h e  e s s e n t i a l  absence of h i s t o r i -  

cal combat d a t a  (seeS e c t i o n  7.22 f o r  f u r t h e r  d e t a i l s ) ,  and t h e  LANCHES- 

TER theory of comSat ( t aken  here  t o  mean organized knowledge concerning 

some aspec t  of 8 LANCHESTER-type paradigm) i s  no excopt ion.  By t h e  term 

JACiES'TER-type paradigm w e  mean a l u c i d  s imple  example of t h e  approach 
P 

of using d i f  f  s r ~ a n t l a lequa t ions  t o  model t h e  force-on-force combat-

a t t r i t i o n  prdcese.  The t e r i  theory i t s e l f  i n v c l v e s  a number of s u b t l e -

t i e s :  i t  turns o u t  that .  a t e c h n i c a l l y  p r e c i s e  d e f i n i t i o n  of t h e  term 

theory is  acnuewh?' complfcated and no such d e f i n i t i o n  i s  a p p a r e n t l y  univer-  

s a l l y  accepted (e.8. sre ACKOFF [l, pp. 22-23], CAMPBELL [ 5 ] ,  o r  



BLJNGE [4I ) .  Thus, we w i l l  no t  p r e c i s e l y  d e f i n e  t h e  term theory ,  and 

a l l  t h i s  b ib l iography  promises is f u r t h e r  in fo rmat ion  about  some a s p e c t  

concerning t h e  models and t o p i c s  s t u d i e d  i n  t h i s  monograph. 

2. Nature and Scopt  o f  This Bibl iography.  

This  b ib l iography  is  a comprehensive l i s t  of u n c l a s s i f i e d  r e f e r -  

ences on t h e  LANCHESTER theory of combat. It is p r i m a r i l y  composed of 

j o u r n a l  a r t i c l e s  to which t h e  au thor  h a s  s e l e c t i v e l y  added some campany 

and agency r e p o r t s ,  The a u t h o r  has  p e r s o n a l l y  reviewed and has a copy 

cf each e n t r y ,  p a r t i c u l a r l y  o f  i n d u s t r i a l  r e p o r t s .  I n t e r n a l  publ ica-  

t i o n s  t h a t  d u p l i c a t e  open l i t e r a t u r e  p u b l i c a t i o n s  have been s p e c i f i c a l l y  

n o t  included.  To t h e  b e s t  of t h e  a u t h o r ' s  knowledge, t h e  l i s t  of oyen-

l i t e r a t u r e  p u b l i c a t i o n s  is complete. F i n a l l y ,  t h i s  b ib l iography  is  

more than a  s y n t h e s i s  and i n t e g r a t i o n  of t h e  r e f e r e n c e s  c i t e d  i n  t h e  

i n d i v i d u a l  c h a p t e r s  of t h i s  monograph, s i n c e  a d d i t i o n a l  r e f e r e n c e s  t h a t  

f o r  one reason o r  a n o t h e r  would have been inconvenient  t o  c i t e  i n  some 

c h a p t e r  have been ;ncluded h e r e .  Thus, t h i s  b ib l iography  shou ld  b e  

taken a s  t h e  most up-to-date l ist  of LANCHESTER l i t e r a t u r e  con ta ined  i n  

t+is monograph. 

The c ~ i t e r i a  r o r  i n c l u s i o n  of r e f e r e n c e s  t h a t  a r e  n o t  j o u r n a l  

a r t i c l e s  have been re levance  and a v a i l a b i l i t y .  The au thor  has  given 

p re fe rence  t o  c i t i n g  those  documents t h a t  an  i n t e r e s t e d  r e a d e r  would 

have a  good chance i n  o b t a i n i n g .  I n  p a r t i c u l a r ,  t h r e e  good sources  of 

' ' internal ' '  p u b l i c a t i o n s  a r e  t h e  Na t iona l  Technical  Informat ion S e r v i c e  

(NTIS) ,  Univers i ty  Microfi lms I n t e r n a t i o n a l ,  and The RAND Corporat ion,  



for which complete mailing addresses are as follows: 


1. National Technical Information Service 

U.S. Department of Commerce 

5285 Port Royal Road 

Springfield, Virginia 22151 


2. University Microfilm International 

P.O. Box 1764 
Ann Arbor, Michigan 48106 


3. The RAND Corporation 

1700 Main Street 

Santa Monica, California 90406 


Documents available through NTIS are identified by tbeir so-called 


"AD number." 

References have been narrowly limited to only those that consider 


some aspect concerning LANCHESTER-type combat models themselves. The 


closely related topic (at least from the standpoint of combat modelling) 


of stochastic duels has been omitted, except for h few papers that show 


relationships to Lanchester-type combat models. The reader who is 


interested in stochastic duels is directed to the comprehensive, exhaus- 


tive, and fully annotated bibliography on one-cn-one stochastic duels by 


C. ANCKER [3] or his earlier comprehensive review of developments in the 

theory of stochastic duels in general [2]. Likewise, references pertain- 


ing to Monte Carlo simulation of combat and war gaming have been omitted. 


Finally, literature concerning differential-equation modele of conflict ( 2  

opposed to comba:. itself) such as RICHARDSON-type models of a m  races 


(e.g. see ZINNES 1171) has also not been considered here. (The interested 

reader will find an introduction to this closely allied literature in 


MOLL and LUEBBERT [lo].) 



3. Its Or ig ins .  

It may be of i n t e r e s t  f o r  t h e  reader  t o  know how t h e  p r e s e n t  b i b l i -  

ography has  evolved,  e s p e c i a l l y  s i n c e  i ts predecessors  have a p p a r e n t l y  

in f luenced  t h e  work of o t h e r s  i n  ways t h a t  may not  be r e a d i l y  apparen t .  

The a u r h o r ' s  1970 r e p o r t  [12]  on a p p l i c a t i o n s  o f  d i f f e r e n t i a l  games t o  

t a c t i c a l - a l l o c a t i o n  problems a l r e a d y  conta ined t h e  nucleus  o f  a l i tera-

t u r e  review on t h e  LANCHESTER theory o f  combat. F u r t h e r  r e f e r e n c e s  were 

subsequent ly  c o l l e c t e d ,  and a M.S. t h e s i s  t h a t  gave a  comprehensive lit-

e r a t u r e  review was d i r e c t e d  (=HALL [ a ] ) .  This work took DOLANSKY's 

171 1964 review a r t i c l e  a s  i t s  po in t  of d e p a r t u r e .  Subsequently,  t h e  

au thor  prepared i n  December 1972 a s e l e c t e d  b ib l i agraphy  [13] (60 r e f e r -

ences ) ,  which was d i s t r i b u t e d  t o  s t u d e n t s  i n  combat-modelling courses  a t  

t h e  Naval Pos tg radua te  School,  and any o t h e r  i n t e r e s t e d  p a r t i e s  upon 

r e q u e s t .  Here t h e  a u t h o r  followed the p o l i c y  (which h e  s t i l l  does) of 

c i t i n g  on ly  t h o s e  r e f e r e n c e s  t h a t  h e  had p e r s o n a l l y  reviewed. 

It was t h e n  t h e  a u t h o r ' s  good f o r t u n e  t o  be i n v i t e d  by t h e  M i l i t a r y  

Appl ica t ions  S e c t i o n  (MAS) of t h e  Operat ions  Research S o c i e t y  o f  America 

(ORSA) t o  d e l i v e r  a " t u t o r i a l "  e c t i t l e d  "LANCHESTER-Type Ebdels of War- 

f a r e "  a t  t h e  46th Nat iona l  ORSA Meeting on Thursday, October 1 7 ,  1974 i n  

San Juan,  Puer to  Rico. A r e v i s e d  s e l e c t e d  b ib l iography  [14] (82 r e f e r -  

ences)  was consequent ly  prepared i n  September 1974 and d i s t r i b u t e d  a t  t h e  

" t u t o r i a l "  and a f te rwards .  This t u t o r i a l  was repea ted  a t  t h e  35th M i l i -

t a r y  Operat ions  Research Symposium i n  J u l y  1975, and t h e  b ib l iography  had 

by t h i s  t i m e  grown t o  89 r e f e r e n c e s .  By t h e  t ime of t h e  appearance of 

t h e  a u t h o r ' s  MAS monograph Force-on-Force A t t r i t i o n  Modell ing [ 1 6 ]  i n  

January 1980, t h i s  s e l e c t e d  b ib l iography  of  p r i m a r i l y  j o u r n a l  a r t i c l e s  



had evolved i n t o  a comprehensive b ib l iography  of  151 re fe rences .  Subse-

quent work on t h e  monograph a t  hand has  l e d  t o  t h e  comprehensive b ib l iog-  

raphy presen ted  i n  t h i s  appendix. 

4. Other Bib l iograph ies .  

There a r e  a number o f  o t h e r  b ib1, iographies  t h a t  may be  worthwhile 

f o r  t h e  i n t e r e s t e d  r e a d e r  t o  c o n s u l t .  DOLANSKY's [ 5 ]  1964 survey paper 

c o n t a i n s  a f a i r l y  compreheneiva b ib l iography  ( 5 1  r e f e r e n c e s )  of m a t e r i a l  

publ ished through 1962. I n  t h i s  r e s p e c t ,  t h e  Ph.D. t h e s e s  o f  CLARK [ 6 ]  

and SPRINGALL [ I l l  are worthwhile t o  c o n s u l t ,  e s p e c i a l l y  concerning s t o -  

c h a s t i c  LANCHESTER-type combat models. A comprehensive b ib l iography  

(180 r e f e r e n c e s )  of material publ ished up t o  1980 h a s  r e c e n t l y  been pub- 

l i s h e d  by HAYSMAN and MARTAGY [ 9 ] .  It should b e  borne i n  mind, however, 

t h a t  d i f f e r e n t  c r i t e r i a  have apparen t ly  been used f o r  inc lud ing  r e f e r -  

ences i n  t h e s e  v a r i o u s  b i b l i o g r a p h i e s .  It may be  of i n t e r e s t  f o r  t h e  

combat model ler  t o  examine s i m i l a r  m a t e r i a l  on arma r a c e s  and o t h e r  con-

p e t i t i v e  a s p e c t s  of i n t e r n a t i o n a l  r e l a t i c n s ,  e s p e c i a l l y  RICHARDSON-type 

( i . e .  d i f f e r e n t i a l - e q u a t i o n )  models of anus races .  I n  t h i s  r e s p e c t ,  t h e  

book by ZINNES [17] i s  very  readab le  and con ta ins  a f a i r l y  comprehensive 

b ib l iography  concerning such a l l i e d  work, and t h e  r e c e n t  survey a r t i c l e  

by MOLL and LJJEBBERT [I01 (con ta in ing  127 r e f e r e n c e s )  i s  h igh ly  

reconemended. 

5.  4 S o l i c i t a t i o n .  

The a u t h o r  would be  g r a t e f u l  t o  r e c e i v e  informat ion concerning any 



a d d i t i o n s ,  omiss ions ,  o r  c o r r e c t i o n s  t o  t h i s  b ib l iography .  Such m a t e r i a l  

would b e  incorpora ted  i n t o  any f u t u r e  v e r s i o n s  o f  t h i s  work. 
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